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QUANTITATIVE APPROXIMATIONS OF EVOLVING PROBABILITY
MEASURES AND SEQUENTIAL MARKOV CHAIN MONTE CARLO
METHODS

ANDREAS EBERLE AND CARLO MARINELLI

ABSTRACT. We study approximations of evolving probability measures by an interacting par-
ticle system. The particle system dynamics is a combination of independent Markov chain
moves and importance sampling/resampling steps. Under global regularity conditions, we de-
rive non-asymptotic error bounds for the particle system approximation. The main motivation
are applications to sequential MCMC methods for Monte Carlo integral estimation.

1. INTRODUCTION AND MAIN RESULTS

1.1. Setup. Let u; (t > 0) denote a family of mutually absolutely continuous probability
measures on a set S. To keep the presentation as simple and non-technical as possible, we
assume that S is finite, although most results of this paper extend to continuous state spaces
under standard regularity assumptions. We will now explain how to obtain Fokker—Planck
type evolution equations on the space of probability measures on S that are satisfied by uy,
and how to approximate these equations by interacting particle systems. The main purpose of
this paper is to study the error of the particle system approximations in an L? sense.

We assume that the measures are represented in the form
1
() = Z exp (—Hi(2)) po(z),  t=>0, (L.1)

where Z; is a normalization constant, and (¢, z) — H(x) is a given function on [0, 00) x S that
is continuously differentiable in the first variable. If, for example, H;(xz) = t - H(zx) for some
function H : S — R then (p):>0 is the exponential family corresponding to H and pg. Let

0 0
Hi(r) = 2 logp(a) = 2 log Zog))

denote the negative logarithmic time derivative of the measures p;. Note that

o) = e (- [ Ho() is) afe), (1.2)

and
<Ht,,ut) =0 for all ¢ > 07 (13)

where

(fyv) = /5 fdv =3 fw)vla)

zesS
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denotes the integral of a function f :. S — R w.r.t. a measure v on S. In particular,
0 0
H = —H; — (=—H .
t ottt { ottt [i)
In applications we have in mind, the functions H; are given explicitly. Hence H; is known
explicitly up to an additive time-dependent constant. The evaluation of this constant, however,

would require integration w.r.t. p.
If all the functions H;, t > 0, vanish then u; = pg for all t > 0. In this case the measures
are invariant for a Markov transition semigroup (p:):>o, i-¢.,
WsPr—s = Mt forallt > s >0,
provided the generator £ satisfies L*ug = 0, i.e.,
(Lf, o) = 0 forall f: S —R.

This fact is exploited in Markov Chain Monte Carlo (MCMC) methods for approximating
expectation values w.r.t. the measure pg. The particle systems studied below can be applied
for the same purpose when the measures u; are time-dependent.

1.2. Fokker-Planck equation and particle system approximation. To obtain approx-
imations of the measures p;, we consider generators (Q-matrices) Ly, t > 0, of a time-
inhomogeneous Markov process on S satisfying the detailed balance conditions

Mt(x)ﬁt(%y) = Mt(y)[:t(y7x) Vt>0, z,y€ S. (14)

For example, £; could be the generator of a Metropolis dynamics w.r.t. ., i.e.,

Li(z,y) = Ki(x,y) - min <//ZEI:IUU; , 1) for x # v,

Li(z,x) = =3, ., Li(z,y), where the proposal matrix K, is a given symmetric transition
matrix on S. By (1.4), Lfu: =0, i.e.,
(Lef ey = 0 forall f: S — R and t>0.

Therefore, for any choice of non-negative constants A¢, ¢ > 0, the measures y; are the unique
solution of the evolution equation

0
a]/t = )\t ﬁ:l/t - Htl/t (15)
with initial condition vy = pg. In general, the solutions of (1.5) are not probability measures.
Therefore, we consider the equation

0 «
o = e Line — Hymy + (Hy,me) me (1.6)
vt

satisfied by the normalized measures 7, = 7(S) Note that

t
Vi = exp (—/ <Hsms>> M
0

since the right hand side solves (1.5) with initial condition vy.

The Fokker Planck equation (1.6) is an evolution equation for probability measures which is
satisfied by p;. In contrast to the unnormalized equation it is not modified by adding constants
to the functions H;. We now introduce interacting particle systems that discretize the evolution
equations (1.6) and (1.5). Consider right continuous time-inhomogeneous Markov processes
(XN,P), N € N, with state space SV and generators at time ¢ given by

N ) N o
Lo, ox) = MY L, ew) by S (Hilwi) — Hila) (p(a™) — ().
i=1 i,j=1

(1.7)
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Here = (x1,...,7y5) € SV and

(x )k { €j if k =1.
Moreover, Egi) stands for the operator L£; applied to the i-th component of x. Thus the
components Xﬁ, i =1,...,N, of the process X}¥ move like independent Markov processes
with generator \:£; and are occasionally replaced by components with a lower value of Hj.
Note that to compute the generator (and hence to simulate the Markov process) it is enough

to know the functions H; up to an additive constant.

One can show that if the initial distributions of the Markov processes are the N-fold products
7N of a probability measure m on S, then almost surely, the empirical distributions

1 N
niv = NZ‘SX% (1.8)
i=1
and the reweighted empirical distributions

A = o (= [ty n (19)

converge weakly to the solutions of the equations (1.6) and (1.5) with initial conditions
no = vy = m, cf. Corollary 1.6 below. As a consequence, simulating the Markov process
XN with initial distribution ,uév yields a Monte Carlo method for approximating sequentially
the probability measures u¢, t > 0. This Monte Carlo method can be viewed as a combination
of Markov chain Monte Carlo and importance sampling/resampling. It is a continuous-time
analogue of a particular type of sequential Monte Carlo sampler. Sequential Monte Carlo
samplers are used in various applications to estimate expectation values w.r.t. multimodal dis-
tributions, and have been introduced systematically by Del Moral, Doucet and Jasra [1]. They
are related to several multi-level sampling methods including parallel tempering [6, 9, 12] and
the equi-energy sampler [11].

1.3. Quantitative convergence bounds. Our major aim is to quantify the convergence
properties of the approximating particle systems when the initial distribution is uév . Alaw
of large numbers type convergence theorem and a corresponding central limit theorem have
been established in [3, 2] for a related particle system approximation, cf. also [13]. A crucial
question for algorithmic applications, however, are quantitative bounds on the approximation
error

for a given function f : S — R and fixed N. The central limit theorem in [3] in principle yields
such bounds asymptotically as N — oo (at least for a modified particle system). However, two
important questions remain open:

e The expression for the asymptotic variance in the central limit theorem derived in [3]
is not very explicit — it involves L? norms of an associated Feynman-Kac semigroup.
Methods how to bound this expression efficiently in a general setup and in concrete
models have to be developed.

e For applications it is crucial to derive non-asymptotic bounds (i.e., bounds for fixed
N), because the asymptotic estimates could be far off when only a limited number of
particles is available. The arguments in the proof of the CLT in [3] and the results
in [13] in principle yield non-asymptotic bounds but the constants showing up are of
order exp f(f osc (Hs)ds. Even in many simple models with strong mixing properties,
this quantity is extremely large. Hence in spite of the LLN and CLT, even in nice cases
it remains unclear if the empirical distributions yield a reasonable approximation to
for a realistic number N of particles (e.g. N = 10, 000).
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Dobrushin contraction coefficients do not seem to be an appropriate tool to answer these
more delicate questions. In [4] we propose an L? approach to quantify asymptotic stability
properties of the Fokker-Planck equations for multimodal distributions where good global
mixing properties fail. Our aim in the present article is to develop foundations of an LP
approach to non-asymptotic bounds for the particle system approximations.

To state our results in detail let us consider the Markov process (XV,N) with initial dis-
tribution Y. To derive error bounds for the particle system approximation it is convenient
to consider at first the error for the Monte Carlo estimates based on the reweighted empirical
distributions ¥ defined in (1.9). By a martingale argument it can be shown that (f,v}) is
an unbiased estimator of (f, u;) for any function f : S — R and ¢ > 0, see Corollary 1.6 below.
Elementary estimates show that the approximation error (1.10) can be controlled by variances
of estimators based on v}":

Lemma 1.1. For all functions f: S — R and t > 0 we have

E () = (Fudl*] < 2Var () + 20f = (Fopadl2p Var (L) (11D)
and
E[|(fn)) = (fun)]] < Var (£ )2 + V2IF = (f ) lowp Var (1, 1Y)) (1.12)
++/2 Var ((f, ng>)1/2 Var (<1, I/tN))l/Q .

The proof is given in Section 4 below. Because of the lemma, the errors can be quantified
in terms of the variance bounds

e i=sup {E [[(£0) = (L] |+ £:S 2R Mfliguy 1}, pel200). (113)

To efficiently bound the quantities 5,{\] P we apply estimates of LP-L4 operator norms of Feynman-

Kac type transition operators gs ¢, which we now define. For 0 < s < ¢ < oo and a function
f:S =R, let g5+ f(z) denote the unique solution of the backward equation

0
_%q&tf = )\S»CSQS,tf - Hst,tfa ERS [O,t], (1'14)

with terminal condition g;¢f = f. It can be shown that g f is also the unique solution of the
corresponding forward equation

0
aqsng = qs (ML — Hi f), t € [s,00), (1.15)

with initial condition ¢, s f = f. As a consequence, a probabilistic representation of ¢ ; is given
by Feynman-Kac formula

(gstf)(x) =Eg4 [e_fst H”(X”)drf(Xt)] for all z € S, (1.16)

where (X;)¢>s is a time-inhomogeneous Markov process w.r.t. P, with generators £; and
initial condition X = z P, ;-a.s., see e.g. [7], [8].

For p, q € [2,00] with p < g, let us consider the operator norms

Gs,t f Il e (s

Cyt(p) = sup st JIILP (ps)
120 N fllze(u

Cs,t(]% q) — sup HQS,tfHL2T(u5) V sup HQS,tf”Lp(MS)
720 N Flloe(u 20 1 fllperzgu)

1 —1

and

Vi1,
where r € [p, 0] is chosen such that p~! = ¢=! + =1, Moreover, for § > 0 we set
B (t—8)*
Culp0.8)i= [ |l Coslp.0)? s,

0
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Remark 1.2. Since we assume that the state space is finite, all the constants are finite, but
their numerical values can be very large. It is a straightforward consequence of the forward
equation (1.15) that

Hsqst = [t, 0<s<H, (1.17)

and hence Cs+(1) = 1. On the other hand, in contrast to Markov transition operators which are
contractions on L, the constant C;+(c0) is extremely large in typical applications. Therefore
bounds on Cs:(p) are very sensitive to the choice of p, see [5] for details. The constants
Cs.t(p,q) and Cy(p, q, ) are related to hypercontractivity properties and can only be expected
to be bounded in a feasible way if ¢ — s and ¢ respectively are not too small.

For a function f: S — R let

Vas(f) = —(Hi(ass )%, / Ho(@) (000 () — @uef(@))? pa(de) pa(dy). (118)

Our first main result shows that for p > 4 the asymptotic (as N — 00) variance of the estimator
(f, utN ) is bounded from above by

t
N1 (Varm(f) +/0 Vsi(f)ds + ||f||%p(ut)> )

and it quantifies the deviation of the mean square error Var (( v )) from the expression in
the previous display non-asymptotically, i.e. for a fixed N:

Theorem 1.3. Fizty >0, q €]6,00], and p e];‘_—q2,q[. Let N € N be such that
N >80 max (1,Cs(p, ,9),Cs(p,q,0))  for all 0 < s <tq,

where P is defined by p~' = ¢~ + (p/2)~! and

§:= (35 sup oscH,) . (1.19)
s€[0,t0]
Then for t € [0, ty] we have
t
B0 — (L) < Vanu (0 + [ V() ds (1.20)

+F+@m%aww(w@%v”+ﬂﬁﬂ]”ﬂ%%y

s<t

In particular,

Ver? < (2+ui(p)/2NY2 423 Ci(p, ¢, 6)N " + 7Ci(p, 4, 8)(2 + ve(p)) PN P2, (1.21)

where

fo st

wlp) =
fﬂ\mmm

To apply Theorem 1.3 we need bounds for the constants v;(p) and Cy(p,q,5). We will now
discuss how to derive such bounds from Poincaré and logarithmic Sobolev inequalities in the
following particular cases:

a) The Markov processes with generators Ly, t > 0, have “good” global mixing properties.

b) The state space S is decomposed into disjoint subsets S;, ¢ € I, such that L(z,y) =0
forallt >0, z € S; and y € S; with i # j, and “good” mixing properties hold on each
of the subsets S;.
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1.4. Non-asymptotic bounds from global Poincaré and log Sobolev inequalities. For
t >0 and g € [1, 0] let us define

t
Ki(q) = /0 | Holl o ds.

Since Hy = —% log s, the quantities K;(q) are a way to control how much the measures p
change for s € [0,¢]. A rough estimate yields
vi(p) < 5-K4(2)- sup Csy(4)>  forallp>4,  and (1.22)
s€[0,t]
Ci(p,q,6) < Ki(q) sup Cisu(p,q)®  forallg>p>1. (1.23)
s€[0,t—4]

Hence estimates for v;(p) and Cy(p, ¢, §) follow from appropriate LP-L? bounds for the Feynman-
Kac propagators ¢s ;. In [5], we derive such bounds systematically from Poincaré and logarith-
mic Sobolev inequalities. To apply these results let us define the weighted Poincaré and log
Sobolev constants

— [Hf? d
Ay == sup ——————,
! fESo 5t(f>
| [ Hef du|?
B := sup ————,
' fe:?o E(f)
g 1= SUp ffz log | f| dput
feS gt(f) '

whereSoz{f:S—ﬂR\ (fyue) =0, f;éO}, Slz{f:S—>]R] (f2,,ut>:1},and

&) = = [ faafdu = 5 Y (F0) - F@)P Loyl
z,YyEeS
denotes the Dirichlet form of the self-adjoint operator £; on L?(S, u:). We refer to [14] for
background on Poincaré and logarithmic Sobolev inequalities and their applications to es-
timate LP contractivity properties of transition semigroups and mixing times of reversible
time-homogeneous Markov chains. In [5] we apply similar techniques to derive LP-L? bounds
for Feynman-Kac propagators. We show that Cs ;(p) and Cs+(p, ¢) are small (in particular less
than 2) if the intensities s, 0 < s < ¢, of MCMC moves are sufficiently large in terms of the
constants Ag, Bs and v, respectively. By combining these results with Theorem 1.3 we obtain:

Theorem 1.4. Fiz ty >0, q €]6,00[ and p G]qA‘TqQ,q[. Suppose that
N > 120 - max(Ky,(q), 1), and

pAs | plp+3)
>
As > max( 1 + 1

where 0 is defined by (1.19) and

Js
46

toBs | log a(p, q)) for all s € [0, to], (1.24)

2r—12p—2 p—1 2;5—2)

with p and r determined by p~' = ¢~ +2p~ ! and p~' = ¢~ +r~L. Then fort € [0,t],

NP < 24 9K,2)PNTV2 435 K,(q) NP+ 11K (q) - (249 K (2)) /2 N73/2. (1.25)
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Remark 1.5. (i) The assumptions on p and g guarantee that p > 2, so that a(p, q) is finite.
(ii) In particular, if (1.24) holds, then

-1/ - 5/
e’ < (Z—I-éVKt(q)) 12+4'(2+9m<q>) 1+2'(2+gm<q>) .

Therefore a number N of particles of order O(K;(q)/a?) is sufficient to ensure that \/giv P <
for a small enough.

Theorems 1.3 and 1.4 provide non-asymptotic bounds on the variance of the Monte Carlo
estimator (f,7}V) that hold uniformly over all functions f € LP(y;). One can also combine
these bounds with (1.20) and (1.12) to obtain more precise non-asymptotic bounds for the
Monte Carlo approximation errors (f,7{") and (f,n") for a fixed function f.

Corollary 1.6. Suppose that the assumptions of Theorem 1.4 hold, and let f € LP(u;). Then

t
NEU%#W—UwMﬂé\wMﬁ+A¥@UMH4ﬂhM+R@N%WﬁWW
1/2

t
NY2E[|(fn) = (fop)]] < (Varut(f)vL/o Vs,t(f)d8+||f—<faut>||%p(,”))
+ R(t, N) - f = {f )l lsup
with explicit constants R(t,N) and R(t,N) of order O(N'/?).

1.5. Non-asymptotic bounds from local estimates. It is not very surprising that the
empirical distributions are good approximations of the measures p; if strong global mixing
properties hold. On the other hand, with suitable modifications the above analysis can be also
be applied to derive bounds when good mixing properties hold only locally. As an illustra-
tion, we consider another extreme case in which the state space is decomposed into several
components that are not connected by the underlying Markovian dynamics.

Suppose that
s=Js;
iel
is a decomposition of S into disjoint non-empty subsets {.S;}, ¢ € I, such that
Li(z,y) = 0 forallt >0, z € S; and y € S; with ¢ # j.

Let p¢ := p14(:|S;) denote the measure p; conditioned by S;. Then we can apply the arguments
above with the L” norm replaced by the stronger norm

Hf||fp(m) = r?g[XHfHLP(Si,ui)‘

Since Holder’s inequality and related estimates hold for these modified LP norms as well, the
assertion of Theorem 1.3 still remains true if 87{\[ P is replaced by

¥ = sup {E () = (Ful] ¢ 128 = Rowith |1F]5 <1}

and the constants Cs+(p, q) and Cy(p, q, ) are defined w.r.t. the modified LP and LY norms as
well. Moreover, the representation (1.2) and (1.3) hold for p¢ instead of y if Hy is replaced by
H} := H;— (Hy,ub).

Let A}, B! and ~} denote the Poincaré and logarithmic Sobolev constants defined as above but
with S, p; and H; replaced by S;, uy and H; respectively. We set

A; = max Aj, B, := max By, A = max 7y,
el icl el
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t
Ki(q) = /0 [ Hs || Za( i, D, and

M, := max sup Hs(50)

i€l o<r<s<t e (Ss) .

Then, by estimating LP norms separately on each component, we can prove the following
extension of Theorem 1.4:

Theorem 1.7. Fiz ty > 0, q €]6,00[ and p €] =L q[. Suppose that

21
N > 120 - max(Ky,(q), 1), and

Ay
As > max <p4 + p(pz- 3) toBs , 4—510g a(p, )) for all s € [0, to]. (1.26)

Then fort € [0, o],

VENP < (24 9K,(2)2 My N~Y? 435 Ky(q) M2 N~' + 11 K,(q) (2 + 9K,(2))/2 N~3/2,

Remark 1.8. (i) If there is only one component, the assertion of Theorem 1.7 reduces to that
of Theorem 1.4.
(i) Error bounds for the estimators (f, ) and (f,n}¥) for a fixed function f hold analogously
to Corollary 1.6.

1.6. Open problems. The cases discussed in Sections 1.4 and 1.5 are extreme cases. In many
typical applications, one would expect the state space to split up as time evolves into more
and more components that get almost disconnected by the dynamics (local modes, metastable
states). The study of such more complicated situations is an important topic for future research.

1.7. Outline. The rest of this paper contains the proofs of the results above. We will first in
Section 2 derive by martingale arguments an explicit formula for the variances of the estimators
(f,v}), cf. Theorem 2.1 below. In Section 3 we apply this formula to prove Theorem 1.3.
Finally, Section 4 contains the proofs of Theorem 1.4 and Theorem 1.7.

2. VARIANCES OF WEIGHTED EMPIRICAL AVERAGES

In this section we will prove the following theorem which shows that (f, V) is an unbiased
estimator for (f, uy) and gives an explicit formula for the variance:

Theorem 2.1. For all f: S — R,

E[<va£N>] = <fa:u't>7 and
E[0) = thl?] = §Van(n)+ 5 [ BV ds.
where
V;J,\é(f) QS tf >< > <H87Vs ><QS tf (QS,tf)QayéV>

/ Ho(2) = Ho)| (g0 f(2) — quaf )2 0N () vV (dz). (21

The proof of Theorem 2.1 relies on the identification of appropriate martingales. Recall
that the Carré du champ (square field) operator I')¥ associated to £} is defined for functions
0: SV =R by

TN () = LYe* —20LY ¢,
ie.,
) = S N@y) - (ply) — p(@)?  forallze SV, (2.2)
yeS
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It is well-known that the processes

t
0
ME =t XD = 0. X = [+ Epls XD s and (23

NE = - [ Tl DO ds (2.4
0

are martingales w.r.t. the filtration induced by the process X}V for any function ¢ : R x SV —
R that is twice continuously differentiable in the first variable, cf. e.g. Kipnis and Landim [10],
Appendix 1, Lemma 5.1. For z € SV let

1 N
= ¥ 2%y
i=1

denote the corresponding empirical average. In the next lemma we derive expressions for £J¥
and T'YV acting on linear functions on S% of the form

pr@) = (fin(@) = 1Zf:cz

Lemma 2.2. For any function f : S — R and t > 0, one has
LYfm) = M{Lef,n) + (Hen)(f,m) — (Hef,m)

and
O = )+ [ [ (Hily) = B (5G) = 7)) i) n(a),
where I'y denotes the Carré du champ operator w.r.t. L.

Proof. The definition of £ immediately yields

LY () thf ) + 52 Z Hy(xi) — He(2))* (f(25) = f(z:)). (2.5)
t,j=1
Moreover,
N
> (Hi(wi) — Ho(x) " (f () — f2:) = > (He(zi) — He(x;))(f () — f (@)
ij=1 i,j:He(wi)>He ()
= > (He(z;) — He(z:))(f (zi) = f(25))
i,j:Hy(25)>He (;)
= (He(xi) — He())(f (x5) — f (@)
'7j-Ht(wJ)>Ht( i)
= - Z (Hi(zi) — Hi(zj)” (f (z5) — f(@3)),
t,j=1
and hence
N
> (Hi(w:) = He(w)(f () = f(a:)) = 2 Z Hy(w;) — He(a;)) " (f(25) — f(2)-
ij=1 i5=1

Therefore the second term on the right hand side of (2.5) is equal to

1 & 1 & 1 & 1 &
aie O (Hilwd) = Hia)(flay) = @) = (5 20 Hilwn) (55 22 7)) = 57 D Helwi) (@)

i,j=1 i=1 j=1 =1

= (Hy,n(@))(f,n(z)) — (Hf,n(z)),
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from which the first claim follows.
Furthermore, since

(i@ =N) = {fn(x)) = N5 (F(2g) — f(a),
(2.2) and (1.7) imply

N (f,n) Zzﬁt Ty — f(@:))?

i=1 yes

N
ok > (Hila) = i) (Flay) — @)

ij=1
from which the second claim follows noting that the first term on the right hand side of the
previous expression is equal to

)\t al )\t
S5 ST = ST (). .
i=1
Now let us define
N
A_éc,t = <QS,tf7 775 = %Z qstf

As a consequence of Lemma 2.2 we obtain:

Proposition 2.3. The processes M and qu, u € [0,t], defined by
u A’z]z,t Agt / <H57778 ><QStf777£V> dS,
NJ - u / qs tf Ns >
2 N N
-5 /0 / [ ()~ H(2) (000 2) = 00ad ) ) (d2) s

are martingales w.r.t. the filtration F; = o(XN | s € [0,1]).

=
Il

Proof. Note that A = (s, XNV), where

N
o(s,x) = Nﬁlzqstf(xi).
=1

By the backward equation (1.14),

9 psa) = —*iﬁ £ ->+1f;H f(s)
88@ S, T = Ni:1 sqstJ\ T3 Ni:1 sqstJ \Ts

= *)\s<£sq$tfa 77($)> + <qu$tfv 77(1“)%
and by lemma 2.2,

(»CéVQO) (57 33) = A <£Sq5,tf7 77(90)> + <H57 n($)><QS,tf7 77($)> - <HSQS7tf> 77($)>

Hence

(8@ +£;v> o(5,2) = (Ho,n(@){gsaf, 0(a)),
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which proves that Mf = M¥ is a martingale, cf. (2.3). Similarly, by Lemma 2.2,
As
Ii(e)(s,a) = v (Lslasef)n(@)
2
by [ ) = ) (@) = 00af ) 0 (@) 02,

which proves that N/ = N¥ is a martingale, cf. (2.4). O

Since in general, /Igt is not a martingale, (f,7;") is not an unbiased estimator for (f, pi).
This motivates considering (f, ) instead. Let

Ag,t = <QS,tf,V£V> = effosmrv"wdrjlgt_ (2.6)

Proposition 2.4. The process Afi +» u € [0,1], is a martingale with increasing process given by

<A{t - N/ (Ds(gsif), v) ds
+N/0 // (H(:v)—H(y))+(qs,tf(y)—qs,tf(a;))Qy;V(dx) N (dy) ds.

Proof. By the integration by parts formula for Stieltjes integrals and Proposition 2.3, we get

Ait—A&t _ / e_.]65<Hr’n£y>drdA£,t _/ <H8777 > Io(H’r”h dTAf ds
0 0

= /0 €_fos<HT’n7]“V>drdMsf+< Hg, s >Af ds — < s 1s >Af ds.

Hence Aiit, s € [0,¢], is a martingale, whose increasing process can be written as
u ) B
Al = [l i),
0

The result now follows by Proposition 2.3 and Equation (1.9). O

The purpose of the next lemma is to obtain an alternative representation (mudulo martingale
terms) of the term involving the Carré du champ operator in the expression for (A{t).

Lemma 2.5. The following decomposition holds:
| AL ) v) ds
0
= Wt 0 (aad o)+ [ and P ds
- [y s

where M is a martingale.

Proof. Let
Y, =e =2 Jg (Hrn) dT< (Gu tf >_ u Qutf) >

By applying the martingale problem to the functlons ©(s, x) <(q8t f)? ,n($)>, we obtain that
the following processes differ only by a martingale term:

SRR o) 2 [ ) (g ) ds
0

+/ o2 (HenlN) dr 3+£§V (s, X)ds.
0 0s
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Proceeding as in the proof of proposition 2.3, we get that

PRAS xY) = 2gstf 5 qstf7775> = =20 (qstfLsqsef, ) + 2(Hs(gse )% nlY),

and

LY o(s, XYY = M(Lslqse )2 ) + (He,nd ) ((gse f)? 02 ) = (Ho(gse ))*,nd ).

Recalling that Ls(qstf)? — 2qstf Lsqstf = Ts(gs+f) and v = exp(— fg(HT, vNdr)nkN,
we obtain

LW ()2 o) ~ — /OU<HS,V;V><<qstf>2,u§V>ds
' vN 2 VY ds ' N ), v ds
[T gy s+ [ L) T s

which proves the assertion. O

Lemma 2.6. For allt > 0,

t
B[ 1] = (o) B | [ aar ) as).
Proof. By the product rule for Stieltjes integrals,
(LN a2 o) = e Jotay d’"AfQ

= /efo (HprnY) deA{ft _ /< s u>Af du.
0

0

2
Since s — A£ , is a martingale,
7

E (L) (%)) = <QO,tf27ﬂ0>_E[/ (Hu, v )AL dU]-

0
The proof is completed by noting that {qo.¢f?, po) = (f2, ). O

Proof of Theorem 2.1. Fix a function f: S — R and ¢t > 0. Recalling that by (1.17), (f, ) =
(qo,tf, o), we have

(Fuly = (fom) = gl o) — (qopf, 8" ) + qouf, 11") — (qoef, ko)
= A{,t - Ag,t + <QO,tf7 l/év> - <qo,tfv MO)'

Taking expectations on both sides, we immediately obtain

E[(fvytN>] = (faﬂt>a

because s — A, f is a martingale by Proposition 2.4, and I/[])V is the empirical distribution of
N i.i.d. random variables with distribution ug. Moreover, by Proposition 2.4 and Lemma 2.5,

E|[(£.0) = (foudl| = N-E (], = 40 2] + N-E [ ((a0ef: ) = (a0 10)) ]
= N-E [(Af,ﬁt} + Vary,(qo,t f)
= E[0r) (")~ {(a0e /1) + Vary (ane)
t vN 2 uNyds — t vN t 2 yNY ds
A8 [ {2 (PP ds = B [ (L) aaf P

R / [ (@) = Hw) (007 ) = s f @) 2 ) v () ds.
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The assertion now follows from Lemma 2.6 by noting that

—E[((QO,tf)Q,VéW + Vary, (qoef) = —((qof)? po) + Varu,(qorf)
= {qouf p0)® = (f u)?

3. PROOF OoF THEOREM 1.3

Proposition 3.1. Let p, q, r € [1,00] be such that p~* = ¢~ +r~L. Then for 0 < s <t,

N)
E V3] < Vaelf) + 191Hol £aguy) max (l1gs.ef 1 For ) 1 1220)) Vs
- (L0 oy s F1Z2r gy + 1 H oy .82 1y )22
Proof. Let us first observe that by the Cauchy-Schwarz inequality,
E [[(f, ) g, v¥) = (f, 1s)(gs 1) ] (3.1)

< @Y ) N9l Loy + 10 )] I o)) + €2 P1F L uo 191 Lo an)

for all 0 < s <t and all functions f, g : S — R. Since the last term on the right-hand side of
(2.1) can be estimated by

J 10l ) = s ()2 v a2) 2 ),
an application of (3.1) yields

E[‘/s],\i(f)] < - QStf) ><1 Hs)*<H57Hs><QS,tf2*(QS,tf)27,LLs>
/ Ho(9)|(05.0 £ (2) — o ()2 pold2) s (dy) + VENPRY(f) + eNPRY, (1),
where
RY,() = Hs(@sf)?Niw(ue) + (Hs(ast )2 ps) + 1 Hsll o (uo) [ 1) — ((@s,ef)% ps)|
+ A Hs(qs0.f)* 2o (o) + A Hs (s )2, 1) + A H | 1o ) (@5, )%, 1)
+ A Hs |, ps) | (as.6.)* N 2oy
< 191 Hy | £y 2% (1051220 s 11 2y
and
RY(F) = 1Hs(qstf)* N Lou) + 1Hs 2o uo 195,68 = (@s.6£) 2l Lo (o)
+ 4| Ho(qs.t f)? Lo o) + A Hll Lo o) (@505 | o ()
Vel 5.2 20 ) + 10 Hsll oy e 3

Here we have used the elementary inequality

(QS,tf(y> - qs,tf(x))z S 2(Qs,tf<y)2 + QS,tf($)2)
and the fact that (g f, us) = (f, ). O

IN

In order to bound VY (f) uniformly over f € LP(p;) with || fllze(.) < 1, one needs to be
able to control [|gs ¢ f||z2r(,,) in terms of || f[|zr(,,). This is possible if hypercontractivity holds
and ¢t — s is sufficiently large. Over short time intervals [s,t] we apply in a first step another
rough estmate instead:
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Lemma 3.2. Let p > 2 and N € N. Then for 0 < s <'t,

1

t
v IE[VS]\g(f)] < 4dosc(Hy)(1+ (e vp)l/Qexp/S osc(H,) dr)2||f|]%p(ut).

Proof. Setting
t
= () = ) e (= [ () as).

we have Af = (f,nN)- Al for all f: S — R. Since

N
1 2
) =~ Zf 2< (D) = N,
i=1
we obtain, recalling that 5,V is a probability measure,
V() < N (A2 ((max Hy + mas H ) (o fl,n¥)? + ma Hy (a0 )2, )2
+2080(H,) (1gs. f1,n)?)

< Nose(H,) (3(aual 1. 72)? + ((qued) 2 v))?). (3:2)

Moreover, observing that inequality (3.1) implies

E[<f7Vt1V>2] < (’<f,,ut>’+ 5{5\[’prHL”(ut)>27

we obtain, taking expectations on both sides of (3.2),

% E [Vsj\i(f)] < 3osc(Hy) [(%,t’f\,,&;) + (55’1))1/2“‘18#5”‘HLp(us)]2

+ osc(Hs) [<QS,tf2> HS>1/2 + (Eév’p)l/z Hqs,thHLp/Q(ut)]Q

4osc(HS)[<f ) (€7 ’p)l/Qexp</:OSC( r)d ) HfHLer7

IN

where we have used the fact that (gs+f, us) = (f, pt), and the estimate

t
0181 1y < 0 ([ osclttyar ) - 1lsg (33)

The proof of (3.3) is elementary, cf. [5]. O
Remark 3.3. Note that, in particular, by (1.19),

% (:w E V()] ds < 345 (14+5) 11 ysupet PV < %Hf\l%p(m) supelf? V1.
(3.4)
Combining Proposition 3.1 and Lemma 3.2 we obtain the following (rough) a priori estimate:
Lemma 3.4. Let p, q, r € [2,00] be such that p~t = ¢t +r~L. If
N > 80 - max (1, Ci(p, q, 5)) for all t € [0, o],

then
eNP <1 for all t €0, ).
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Proof. Proposition 3.1 implies

E[VI(A] < Hel e Cot(pr @)1y (9 + 19(EN) /2 4 111)
forall f: S — R and 0 < s <t. Choosing N as stated we get, for t < ¢,

t—0
N 9.
¥ RG] ds < Ul s v

Recalling now (3.4) and applying theorem 2.1 we get

N. .
g ! = Sup{NVarm N/ ds : f:S5 — R with Hf”Lp(ut)Sl}
1 39 1 N
< 5] Pvi1
80 " <80 * ) P
for all ¢ € [0,%9]. The claim follows since S is finite, and therefore the functions ¢ — eiv P are
right continuous. O

The a priori estimate just obtained can be used instead of Lemma 3.2 to estimate E [V;At’ (f )]
when t — s is small:

Lemma 3.5. Let q €]6,00] and p €]4q/(q — 2),00[. Suppose that
N > 80max (1,C't(]5,q,6)) for all t € [0, t],
where p is defined by p~! = q~1 + (p/2)~t. Then for 0 < s <t <to,

t
EVA()] < Vaalf) +30 exp (2 / Hd) AN T

Proof. Noting that p~ = ¢~ '+ (p/2)~! < 1/2 by the assumptions on p and ¢, Proposition 3.1
yields

E[VAN] < VaelF) + 19 Hall ooy max (g5 12 112 2() (€87) 1

+ (101 Hll oo 1956 £ 1y + 1Hs | 1) 195,65 1 13y J £8P
Since p < min(q,p/2), the claim follows by Lemma 3.4 and the estimate (3.3). O

We are now ready to prove the theorem:

Proof of Theorem 1.3. For t € [0, 1] let
e‘iv’p = sup VP,
s<t

By Proposition 3.1 we have

E[VY(N] < VoalF) + I1HollLaun) Cot (0, ) f 170y (19 7) /2 + 1127°)
for all f: S — R and 0 < s <t. Therefore by Theorem 2.1, Lemma 3.5, and (1.19),

t

(t—0)*
B[l ~ (] = Vem(p+ [T BN as + [ B[] s

t—8)+

t
< Varm(f)—i—/o Vsi(f)ds

t
+|Culp.a.8)(19E) + 11Y7) + 306 / gy ds] - 1o

Observing that || Hs||zq(,,) < osc(Hs) and that 30 - e%/35 /35 < 1, we obtain (1.20).
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Furthermore, by maximizing (1.20) over all f : S — R with || f||z»(,,) < 1 and over ¢, we get
Ne? < 24 0f + Cilp,0.6) - (19572 + 1127
for all t € [0,%0]. Hence, recalling that N > 11 Cy(p, ¢, §) by assumption,
NEY? < a+ B(NEP)!2,

with
a = (2+v)) N/(N —11-Ci(p,q,9)),
B = 19-Ci(p,q.0) - N'2/(N —11-Ci(p, q.9)).
Therefore
(Néiv’p)l/Q < §+ ((5/2)2 +04)1/2 < all? + 6. (3.5)
Since Cy(p,q,0) < N/80, we have N — 11 - Cy(p, q,6) > %N and
N —11 .Nc_'t(p’ q,9) =1 Nllllcit(c%é;’(;)? 5) < 1+ 116980@(177(]75) N1

Therefore, by (3.5),

11-80 - 80-19 -
C SNt C Sy N~1/2
269 t(pa q, ) ) + 69 t(p7Q7 ) )

which implies (1.21). O

(v < @ (14

4. PROOFS OF THEOREMS 1.4 AND 1.7
Proof of Theorem 1.4. By the estimates in [5] we have, for 0 < s <t < tg,
las,efllogus) < 2" 11F o)
for all f:S — R, provided

p(p+3)
4

Hence, under this condition, we get Cs+(p) < 21/4. Moreover, by [5],

As = %As + to Bs for all s € [0, to]. (4.1)

t
Vst flzogu) < exp / i H7dr) - |
t—

forall f: S —Rand0<§<t<tgy, provided

Vs q—1
> — —_— . .
As > 5 log — for all s € [0, to] (4.2)

Since § = (35 SUP,¢|o,4] OSC Hs)fl, we obtain that, for s <t — 4,

Hqs,tfHLp(Hs) = HQS,t—JQt—é,tfHLP(us) < 21/461/35”f”m(m);

if both (4.1) and (4.2) hold. Hence
Csi(p,q) < 2'/%€!/%

provided (4.1) holds and
2r—1 2p—2
p—1"p-—2
Since 2 < p < p and p~! = ¢~ + (p/2)”!, we obtain similarly that Cs.(p,q) < 21/4¢1/35
provided (4.1) holds and

> ) for all s € [0, to]. (4.3)

Vs
As > Zélogmax(

p—1 25—2

Vs
Ay > =
s ﬁ—l’ﬁ—Q

46

log max ( ) for all s € [0, to]. (4.4)
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The assertion now follows from Theorem 1.3 and the estimates (1.22) and (1.23). O

Proof of Lemma 1.1 and Corollary 1.6. For a function f: S — Rand ¢ > 0let f; := f—(f, ).
Then

(fenl) = (fonl) = (fop),  and
E[(fin)?] < 2-E[((Fon) = (fori)’] + 2 E[(fe )]
< 2 Al E[((10) = 1)°] + 2-E[(f )] .
Applying this bound, we obtain an improved L' estimate:
B[] < B B [(un) - )]+ B [

< E[uut)]? + V21l (L) = 1)°] + VZE [0 P E [(1,0Y) - 1)°]

This proves Lemma 1.1. The assertion of Corollary 1.6 now follows from the lemma and
Theorem 1.4. O

1/2

1/2

Proof of Theorem 1.7. Fix i € I and define
(i) = (o) = | Hydpa/ ().
Si

Note that

, d
he(i) = —ﬁlogut(Si).
Since (1.2) and (1.3) hold, H} = Hy — hy(i) is the negative logarithmic time derivative of pi. If
we define g, , f for functions f : S; — R in the same way as g5 f with H; replaced by Hy, then
e (Si)

wef(@) = oo (= [ hi(@)dr) @) = BUER G fa),

In particular, for p € [1,00], we have

e (S5)

H(Js,tf”Zp(#s) = I?EaIX||Qs,tf||Lp(ug) < max 115(S;) Hq;,tfHLP(,ug)' (4.5)

i€l
Assuming Poincaré and log Sobolev inequalities with respect to the measures u! and the
functions Hy, we obtain the same type of LP-L? bounds for the operators g, , as we did for the

operators gs; in the proof of Theorem 1.4. Because of (4.5) the assertion then follows similarly
as above. U
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