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QUANTITATIVE APPROXIMATIONS OF EVOLVING PROBABILITY
MEASURES AND SEQUENTIAL MARKOV CHAIN MONTE CARLO

METHODS

ANDREAS EBERLE AND CARLO MARINELLI

Abstract. We study approximations of evolving probability measures by an interacting par-
ticle system. The particle system dynamics is a combination of independent Markov chain
moves and importance sampling/resampling steps. Under global regularity conditions, we de-
rive non-asymptotic error bounds for the particle system approximation. The main motivation
are applications to sequential MCMC methods for Monte Carlo integral estimation.

1. Introduction and main results

1.1. Setup. Let µt (t ≥ 0) denote a family of mutually absolutely continuous probability
measures on a set S. To keep the presentation as simple and non-technical as possible, we
assume that S is finite, although most results of this paper extend to continuous state spaces
under standard regularity assumptions. We will now explain how to obtain Fokker–Planck
type evolution equations on the space of probability measures on S that are satisfied by µt,
and how to approximate these equations by interacting particle systems. The main purpose of
this paper is to study the error of the particle system approximations in an Lp sense.

We assume that the measures are represented in the form

µt(x) =
1
Zt

exp (−Ht(x) ) µ0(x) , t ≥ 0, (1.1)

where Zt is a normalization constant, and (t, x) 7→ Ht(x) is a given function on [0,∞)×S that
is continuously differentiable in the first variable. If, for example, Ht(x) = t · H(x) for some
function H : S → R then (µt)t≥0 is the exponential family corresponding to H and µ0. Let

Ht(x) := − ∂

∂t
log µt(x) = − ∂

∂t
log

µt(x)
µ0(x)

denote the negative logarithmic time derivative of the measures µt. Note that

µt(x) = exp
(
−

∫ t

0
Hs(x) ds

)
µ0(x) , (1.2)

and
〈Ht, µt〉 = 0 for all t ≥ 0, (1.3)

where

〈f, ν〉 :=
∫

S
f dν =

∑

x∈S

f(x) ν(x)
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2 ANDREAS EBERLE AND CARLO MARINELLI

denotes the integral of a function f : S → R w.r.t. a measure ν on S. In particular,

Ht =
∂

∂t
Ht − 〈 ∂

∂t
Ht, µt〉 .

In applications we have in mind, the functions Ht are given explicitly. Hence Ht is known
explicitly up to an additive time-dependent constant. The evaluation of this constant, however,
would require integration w.r.t. µt.

If all the functions Ht, t ≥ 0, vanish then µt = µ0 for all t ≥ 0. In this case the measures
are invariant for a Markov transition semigroup (pt)t≥0, i.e.,

µspt−s = µt for all t ≥ s ≥ 0,

provided the generator L satisfies L∗µ0 = 0, i.e.,

〈Lf, µ0〉 = 0 for all f : S → R.

This fact is exploited in Markov Chain Monte Carlo (MCMC) methods for approximating
expectation values w.r.t. the measure µ0. The particle systems studied below can be applied
for the same purpose when the measures µt are time-dependent.

1.2. Fokker-Planck equation and particle system approximation. To obtain approx-
imations of the measures µt, we consider generators (Q-matrices) Lt, t ≥ 0, of a time-
inhomogeneous Markov process on S satisfying the detailed balance conditions

µt(x)Lt(x, y) = µt(y)Lt(y, x) ∀ t ≥ 0, x, y ∈ S. (1.4)

For example, Lt could be the generator of a Metropolis dynamics w.r.t. µt, i.e.,

Lt(x, y) = Kt(x, y) ·min
(

µt(y)
µt(x)

, 1
)

for x 6= y,

Lt(x, x) = −∑
y 6=x Lt(x, y), where the proposal matrix Kt is a given symmetric transition

matrix on S. By (1.4), L∗t µt = 0, i.e.,

〈Ltf, µt〉 = 0 for all f : S → R and t ≥ 0.

Therefore, for any choice of non-negative constants λt, t ≥ 0, the measures µt are the unique
solution of the evolution equation

∂

∂t
νt = λt L∗t νt − Htνt (1.5)

with initial condition ν0 = µ0. In general, the solutions of (1.5) are not probability measures.
Therefore, we consider the equation

∂

∂t
ηt = λt L∗t ηt − Htηt + 〈Ht, ηt〉 ηt (1.6)

satisfied by the normalized measures ηt = νt
νt(S) . Note that

νt = exp
(
−

∫ t

0
〈Hs, ηs〉

)
ηt ,

since the right hand side solves (1.5) with initial condition ν0.

The Fokker Planck equation (1.6) is an evolution equation for probability measures which is
satisfied by µt. In contrast to the unnormalized equation it is not modified by adding constants
to the functions Ht. We now introduce interacting particle systems that discretize the evolution
equations (1.6) and (1.5). Consider right continuous time-inhomogeneous Markov processes
(XN

t ,P), N ∈ N, with state space SN and generators at time t given by

LN
t ϕ(x1, . . . , xN ) = λt

N∑

i=1

L(i)
t ϕ(x1, . . . , xN ) +

1
N

N∑

i,j=1

(Ht(xi)−Ht(xj))+(ϕ(xi→j)− ϕ(x)).

(1.7)
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Here x = (x1, . . . , xN ) ∈ SN and

(xi→j)k =
{

xk if k 6= i,
xj if k = i.

Moreover, L(i)
t stands for the operator Lt applied to the i-th component of x. Thus the

components XN
t,i, i = 1, . . . , N , of the process XN

t move like independent Markov processes
with generator λtLt and are occasionally replaced by components with a lower value of Ht.
Note that to compute the generator (and hence to simulate the Markov process) it is enough
to know the functions Ht up to an additive constant.

One can show that if the initial distributions of the Markov processes are the N -fold products
πN of a probability measure π on S, then almost surely, the empirical distributions

ηN
t =

1
N

N∑

i=1

δXN
t,i

(1.8)

and the reweighted empirical distributions

νN
t = exp

(
−

∫ t

0
〈Hs, η

N
s 〉

)
ηN

t (1.9)

converge weakly to the solutions of the equations (1.6) and (1.5) with initial conditions
η0 = ν0 = π, cf. Corollary 1.6 below. As a consequence, simulating the Markov process
XN

t with initial distribution µN
0 yields a Monte Carlo method for approximating sequentially

the probability measures µt, t ≥ 0. This Monte Carlo method can be viewed as a combination
of Markov chain Monte Carlo and importance sampling/resampling. It is a continuous-time
analogue of a particular type of sequential Monte Carlo sampler. Sequential Monte Carlo
samplers are used in various applications to estimate expectation values w.r.t. multimodal dis-
tributions, and have been introduced systematically by Del Moral, Doucet and Jasra [1]. They
are related to several multi-level sampling methods including parallel tempering [6, 9, 12] and
the equi-energy sampler [11].

1.3. Quantitative convergence bounds. Our major aim is to quantify the convergence
properties of the approximating particle systems when the initial distribution is µN

0 . A law
of large numbers type convergence theorem and a corresponding central limit theorem have
been established in [3, 2] for a related particle system approximation, cf. also [13]. A crucial
question for algorithmic applications, however, are quantitative bounds on the approximation
error

〈f, ηN
t 〉 − 〈f, µt〉 (1.10)

for a given function f : S → R and fixed N . The central limit theorem in [3] in principle yields
such bounds asymptotically as N →∞ (at least for a modified particle system). However, two
important questions remain open:

• The expression for the asymptotic variance in the central limit theorem derived in [3]
is not very explicit – it involves L2 norms of an associated Feynman-Kac semigroup.
Methods how to bound this expression efficiently in a general setup and in concrete
models have to be developed.

• For applications it is crucial to derive non-asymptotic bounds (i.e., bounds for fixed
N), because the asymptotic estimates could be far off when only a limited number of
particles is available. The arguments in the proof of the CLT in [3] and the results
in [13] in principle yield non-asymptotic bounds but the constants showing up are of
order exp

∫ t
0 osc (Hs) ds. Even in many simple models with strong mixing properties,

this quantity is extremely large. Hence in spite of the LLN and CLT, even in nice cases
it remains unclear if the empirical distributions yield a reasonable approximation to µt

for a realistic number N of particles (e.g. N = 10, 000).
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Dobrushin contraction coefficients do not seem to be an appropriate tool to answer these
more delicate questions. In [4] we propose an L2 approach to quantify asymptotic stability
properties of the Fokker-Planck equations for multimodal distributions where good global
mixing properties fail. Our aim in the present article is to develop foundations of an Lp

approach to non-asymptotic bounds for the particle system approximations.

To state our results in detail let us consider the Markov process (XN
t ,N) with initial dis-

tribution µN
0 . To derive error bounds for the particle system approximation it is convenient

to consider at first the error for the Monte Carlo estimates based on the reweighted empirical
distributions νN

t defined in (1.9). By a martingale argument it can be shown that 〈f, νN
t 〉 is

an unbiased estimator of 〈f, µt〉 for any function f : S → R and t ≥ 0, see Corollary 1.6 below.
Elementary estimates show that the approximation error (1.10) can be controlled by variances
of estimators based on νN

t :

Lemma 1.1. For all functions f : S → R and t ≥ 0 we have

E
[∣∣〈f, ηN

t 〉 − 〈f, µt〉
∣∣2

]
≤ 2Var

(〈f, νN
t 〉

)
+ 2‖f − 〈f, µt〉‖2

sup Var
(〈1, νN

t 〉
)

(1.11)

and

E
[∣∣〈f, ηN

t 〉 − 〈f, µt〉
∣∣] ≤ Var

(〈f, νN
t 〉

)1/2
+
√

2‖f − 〈f, µt〉‖sup Var
(〈1, νN

t 〉
)

(1.12)

+
√

2 Var
(〈f, νN

t 〉
)1/2

Var
(〈1, νN

t 〉
)1/2

.

The proof is given in Section 4 below. Because of the lemma, the errors can be quantified
in terms of the variance bounds

εN,p
t := sup

{
E

[∣∣〈f, νN
t 〉 − 〈f, µt〉

∣∣2
] ∣∣∣ : f : S → R, ‖f‖Lp(µt) ≤ 1

}
, p ∈ [2,∞). (1.13)

To efficiently bound the quantities εN,p
t we apply estimates of Lp-Lq operator norms of Feynman-

Kac type transition operators qs,t, which we now define. For 0 ≤ s ≤ t < ∞ and a function
f : S → R, let qs,tf(x) denote the unique solution of the backward equation

− ∂

∂s
qs,tf = λsLsqs,tf −Hsqs,tf, s ∈ [0, t], (1.14)

with terminal condition qt,tf = f . It can be shown that qs,tf is also the unique solution of the
corresponding forward equation

∂

∂t
qs,tf = qs,t(λtLtf −Htf), t ∈ [s,∞), (1.15)

with initial condition qs,sf = f . As a consequence, a probabilistic representation of qs,t is given
by Feynman-Kac formula

(qs,tf)(x) = Es,x

[
e−

∫ t
s Hr(Xr) drf(Xt)

]
for all x ∈ S, (1.16)

where (Xt)t≥s is a time-inhomogeneous Markov process w.r.t. Ps,x with generators Lt and
initial condition Xs = x Ps,x-a.s., see e.g. [7], [8].

For p, q ∈ [2,∞] with p ≤ q, let us consider the operator norms

Cs,t(p) = sup
f 6=0

‖qs,tf‖Lp(µs)

‖f‖Lp(µt)
and

Cs,t(p, q) = sup
f 6=0

‖qs,tf‖L2r(µs)

‖f‖Lp(µt)
∨ sup

f 6=0

‖qs,tf‖Lp(µs)

‖f‖Lp/2(µt)

∨ 1,

where r ∈ [p,∞] is chosen such that p−1 = q−1 + r−1. Moreover, for δ > 0 we set

C̄t(p, q, δ) :=
∫ (t−δ)+

0
‖Hs‖Lq(µs)Cs,t(p, q)2 ds.
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Remark 1.2. Since we assume that the state space is finite, all the constants are finite, but
their numerical values can be very large. It is a straightforward consequence of the forward
equation (1.15) that

µsqs,t = µt, 0 ≤ s ≤ t, (1.17)

and hence Cs,t(1) = 1. On the other hand, in contrast to Markov transition operators which are
contractions on L∞, the constant Cs,t(∞) is extremely large in typical applications. Therefore
bounds on Cs,t(p) are very sensitive to the choice of p, see [5] for details. The constants
Cs,t(p, q) and C̄t(p, q, δ) are related to hypercontractivity properties and can only be expected
to be bounded in a feasible way if t− s and δ respectively are not too small.

For a function f : S → R let

Vs,t(f) = −〈Hs(qs,tf)2, µs〉+
∫∫

|Hs(x)|(qs,tf(y)− qs,tf(x))2 µs(dx) µs(dy). (1.18)

Our first main result shows that for p > 4 the asymptotic (as N →∞) variance of the estimator
〈f, νN

t 〉 is bounded from above by

N−1 ·
(

Varµt(f) +
∫ t

0
Vs,t(f) ds + ‖f‖2

Lp(µt)

)
,

and it quantifies the deviation of the mean square error Var
(〈f, νN

t 〉
)

from the expression in
the previous display non-asymptotically, i.e. for a fixed N :

Theorem 1.3. Fix t0 ≥ 0, q ∈]6,∞], and p ∈] 4q
q−2 , q[. Let N ∈ N be such that

N ≥ 80 ·max
(
1, C̄s(p, q, δ), C̄s(p̃, q, δ)

)
for all 0 ≤ s ≤ t0,

where p̃ is defined by p̃−1 = q−1 + (p/2)−1 and

δ :=
(
35 sup

s∈[0,t0]
oscHs

)−1
. (1.19)

Then for t ∈ [0, t0] we have

N · E [|〈f, νN
t 〉 − 〈f, µt〉|2

] ≤ Varµt(f) +
∫ t

0
Vs,t(f) ds (1.20)

+
[
1 + C̄t(p, q, δ) · sup

s≤t

(
19(εN,p

s )1/2 + 11εN,p
s

)]
· ‖f‖2

Lp(µt)
.

In particular,
√

εN,p
t ≤ (2 + vt(p))1/2N−1/2 + 23 · C̄t(p, q, δ)N−1 + 7C̄t(p, q, δ)(2 + vt(p))1/2N−3/2, (1.21)

where

vt(p) := sup
f 6=0

∫ t
0 Vs,t(f) ds

‖f‖2
Lp(µt)

.

To apply Theorem 1.3 we need bounds for the constants vt(p) and C̄t(p, q, δ). We will now
discuss how to derive such bounds from Poincaré and logarithmic Sobolev inequalities in the
following particular cases:

a) The Markov processes with generators Lt, t ≥ 0, have “good” global mixing properties.
b) The state space S is decomposed into disjoint subsets Si, i ∈ I, such that Lt(x, y) = 0

for all t ≥ 0, x ∈ Si and y ∈ Sj with i 6= j, and “good” mixing properties hold on each
of the subsets Si.
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1.4. Non-asymptotic bounds from global Poincaré and log Sobolev inequalities. For
t ≥ 0 and q ∈ [1,∞] let us define

Kt(q) =
∫ t

0
‖Hs‖Lq(µs) ds.

Since Hs = − ∂
∂s log µs, the quantities Kt(q) are a way to control how much the measures µs

change for s ∈ [0, t]. A rough estimate yields

vt(p) ≤ 5 ·Kt(2) · sup
s∈[0,t]

Cs,t(4)2 for all p ≥ 4, and (1.22)

C̄t(p, q, δ) ≤ Kt(q) sup
s∈[0,t−δ]

Cs,t(p, q)2 for all q ≥ p ≥ 1. (1.23)

Hence estimates for vt(p) and C̄t(p, q, δ) follow from appropriate Lp-Lq bounds for the Feynman-
Kac propagators qs,t. In [5], we derive such bounds systematically from Poincaré and logarith-
mic Sobolev inequalities. To apply these results let us define the weighted Poincaré and log
Sobolev constants

At := sup
f∈S0

− ∫
Htf

2 dµt

Et(f)
,

Bt := sup
f∈S0

∣∣ ∫
Htf dµt

∣∣2
Et(f)

,

γt := sup
f∈S1

∫
f2 log |f | dµt

Et(f)
,

where S0 =
{
f : S → R| 〈f, µt〉 = 0, f 6≡ 0

}
, S1 =

{
f : S → R| 〈f2, µt〉 = 1

}
, and

Et(f) = −
∫

fLtf dµt =
1
2

∑

x,y∈S

(f(y)− f(x))2Lt(x, y)µt(x)

denotes the Dirichlet form of the self-adjoint operator Lt on L2(S, µt). We refer to [14] for
background on Poincaré and logarithmic Sobolev inequalities and their applications to es-
timate Lp contractivity properties of transition semigroups and mixing times of reversible
time-homogeneous Markov chains. In [5] we apply similar techniques to derive Lp-Lq bounds
for Feynman-Kac propagators. We show that Cs,t(p) and Cs,t(p, q) are small (in particular less
than 2) if the intensities λs, 0 ≤ s ≤ t, of MCMC moves are sufficiently large in terms of the
constants As, Bs and γs, respectively. By combining these results with Theorem 1.3 we obtain:

Theorem 1.4. Fix t0 ≥ 0, q ∈]6,∞[ and p ∈] 4q
q−2 , q[. Suppose that

N ≥ 120 ·max(Kt0(q), 1), and

λs ≥ max
(

pAs

4
+

p(p + 3)
4

t0Bs ,
γs

4δ
log a(p, q)

)
for all s ∈ [0, t0], (1.24)

where δ is defined by (1.19) and

a(p, q) = max
(

2r − 1
p− 1

,
2p− 2
p− 2

,
p− 1
p̃− 1

,
2p̃− 2
p̃− 2

)

with p̃ and r determined by p̃−1 = q−1 + 2p−1 and p−1 = q−1 + r−1. Then for t ∈ [0, t0],
√

εN,p
t ≤ (2 + 9Kt(2))1/2 N−1/2 + 35 Kt(q)N−1 + 11 Kt(q) · (2 + 9 Kt(2))1/2 N−3/2. (1.25)



APPROXIMATIONS OF EVOLVING PROBABILITY MEASURES 7

Remark 1.5. (i) The assumptions on p and q guarantee that p̃ > 2, so that a(p, q) is finite.
(ii) In particular, if (1.24) holds, then

√
εN,p
t ≤

( N

2 + 9Kt(q)

)−1/2
+ 4 ·

( N

2 + 9Kt(q)

)−1
+ 2 ·

( N

2 + 9Kt(q)

)−3/2
.

Therefore a number N of particles of order O(Kt(q)/α2) is sufficient to ensure that
√

εN,p
t < α

for α small enough.

Theorems 1.3 and 1.4 provide non-asymptotic bounds on the variance of the Monte Carlo
estimator 〈f, νN

t 〉 that hold uniformly over all functions f ∈ Lp(µt). One can also combine
these bounds with (1.20) and (1.12) to obtain more precise non-asymptotic bounds for the
Monte Carlo approximation errors 〈f, νN

t 〉 and 〈f, ηN
t 〉 for a fixed function f .

Corollary 1.6. Suppose that the assumptions of Theorem 1.4 hold, and let f ∈ Lp(µt). Then

N · E
[∣∣〈f, νN

t 〉 − 〈f, µt〉
∣∣2

]
≤ Varµt(f) +

∫ t

0
Vs,t(f) ds + ‖f‖2

Lp(µt)
+ R(t,N) · ‖f‖2

Lp(µt)
,

N1/2 · E [∣∣〈f, ηN
t 〉 − 〈f, µt〉

∣∣] ≤
(

Varµt(f) +
∫ t

0
Vs,t(f) ds + ‖f − 〈f, µt〉‖2

Lp(µt)

)1/2

+ R̃(t,N) · ‖f − 〈f, µt〉‖sup

with explicit constants R(t,N) and R̃(t,N) of order O(N1/2).

1.5. Non-asymptotic bounds from local estimates. It is not very surprising that the
empirical distributions are good approximations of the measures µt if strong global mixing
properties hold. On the other hand, with suitable modifications the above analysis can be also
be applied to derive bounds when good mixing properties hold only locally. As an illustra-
tion, we consider another extreme case in which the state space is decomposed into several
components that are not connected by the underlying Markovian dynamics.

Suppose that
S =

⋃

i∈I

Si,

is a decomposition of S into disjoint non-empty subsets {Si}, i ∈ I, such that

Lt(x, y) = 0 for all t ≥ 0, x ∈ Si and y ∈ Sj with i 6= j.

Let µi
t := µt(·|Si) denote the measure µt conditioned by Si. Then we can apply the arguments

above with the Lp norm replaced by the stronger norm

‖f‖∼Lp(µt)
:= max

i∈I
‖f‖Lp(Si,µi

t)
.

Since Hölder’s inequality and related estimates hold for these modified Lp norms as well, the
assertion of Theorem 1.3 still remains true if εN,p

t is replaced by

ε̃N,p
t := sup

{
E

[∣∣〈f, νN
t 〉 − 〈f, µt〉

∣∣2
]

: f : S → R with ‖f‖∼Lp(µt)
≤ 1

}
,

and the constants Cs,t(p, q) and C̄t(p, q, δ) are defined w.r.t. the modified Lp and Lq norms as
well. Moreover, the representation (1.2) and (1.3) hold for µi

t instead of µt if Ht is replaced by

H i
t := Ht − 〈Ht, µ

i
t〉 .

Let Ai
t, Bi

t and γi
t denote the Poincaré and logarithmic Sobolev constants defined as above but

with S, µt and Ht replaced by Si, µi
t and H i

t respectively. We set

Ãt := max
i∈I

Ai
t, B̃t := max

i∈I
Bi

t, γ̃t := max
i∈I

γi
t ,
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K̃t(q) :=
∫ t

0
‖Hs‖∼Lq(µs)

ds, and

M̃t := max
i∈I

sup
0≤r≤s≤t

µs(Si)
µr(Si)

.

Then, by estimating Lp norms separately on each component, we can prove the following
extension of Theorem 1.4:

Theorem 1.7. Fix t0 ≥ 0, q ∈]6,∞[ and p ∈] 4q
q−2 , q[. Suppose that

N ≥ 120 ·max(K̃t0(q), 1), and

λs ≥ max

(
pÃs

4
+

p(p + 3)
4

t0B̃s ,
γ̃s

4δ
log a(p, q)

)
for all s ∈ [0, t0]. (1.26)

Then for t ∈ [0, t0],√
ε̃N,p
t ≤ (2 + 9Kt(2))1/2 M̃t N−1/2 + 35 K̃t(q) M̃2

t N−1 + 11 K̃t(q) (2 + 9Kt(2))1/2 N−3/2.

Remark 1.8. (i) If there is only one component, the assertion of Theorem 1.7 reduces to that
of Theorem 1.4.
(ii) Error bounds for the estimators 〈f, νN

t 〉 and 〈f, ηN
t 〉 for a fixed function f hold analogously

to Corollary 1.6.

1.6. Open problems. The cases discussed in Sections 1.4 and 1.5 are extreme cases. In many
typical applications, one would expect the state space to split up as time evolves into more
and more components that get almost disconnected by the dynamics (local modes, metastable
states). The study of such more complicated situations is an important topic for future research.

1.7. Outline. The rest of this paper contains the proofs of the results above. We will first in
Section 2 derive by martingale arguments an explicit formula for the variances of the estimators
〈f, νN

t 〉, cf. Theorem 2.1 below. In Section 3 we apply this formula to prove Theorem 1.3.
Finally, Section 4 contains the proofs of Theorem 1.4 and Theorem 1.7.

2. Variances of weighted empirical averages

In this section we will prove the following theorem which shows that 〈f, νN
t 〉 is an unbiased

estimator for 〈f, µt〉 and gives an explicit formula for the variance:

Theorem 2.1. For all f : S → R,

E
[〈f, νN

t 〉
]

= 〈f, µt〉, and

E
[∣∣〈f, νN

t 〉 − 〈f, µt〉
∣∣2

]
=

1
N

Varµt(f) +
1
N

∫ t

0
E

[
V N

s,t(f)
]

ds ,

where

V N
s,t(f) =− 〈Hs(qs,tf)2, νN

s 〉〈1, νN
s 〉 − 〈Hs, ν

N
s 〉〈qs,tf

2 − (qs,tf)2, νN
s 〉

+
1
2

∫∫
|Hs(z)−Hs(y)|(qs,tf(z)− qs,tf(y))2 νN

s (dy) νN
s (dz). (2.1)

The proof of Theorem 2.1 relies on the identification of appropriate martingales. Recall
that the Carré du champ (square field) operator ΓN

t associated to LN
t is defined for functions

ϕ : SN → R by
ΓN

t (ϕ) = LN
t ϕ2 − 2ϕLN

t ϕ,

i.e.,
ΓN

t (ϕ)(x) =
∑

y∈S

LN
t (x, y) · (ϕ(y)− ϕ(x))2 for all x ∈ SN . (2.2)
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It is well-known that the processes

Mϕ
t = ϕ(t,XN

t )− ϕ(0, XN
0 )−

∫ t

0
(

∂

∂s
+ LN

s )ϕ(s,XN
s ) ds, and (2.3)

Nϕ
t = (Mϕ

t )2 −
∫ t

0
ΓN

s (ϕ(s, · ))(XN
s ) ds (2.4)

are martingales w.r.t. the filtration induced by the process XN
t for any function ϕ : R+×SN →

R that is twice continuously differentiable in the first variable, cf. e.g. Kipnis and Landim [10],
Appendix 1, Lemma 5.1. For x ∈ SN let

η(x) =
1
N

N∑

i=1

δXN
i

denote the corresponding empirical average. In the next lemma we derive expressions for LN
t

and ΓN
t acting on linear functions on SN of the form

ϕf (x) = 〈f, η(x)〉 = N−1
N∑

i=1

f(xi).

Lemma 2.2. For any function f : S → R and t ≥ 0, one has

LN
t 〈f, η〉 = λt〈Ltf, η〉+ 〈Ht, η〉〈f, η〉 − 〈Htf, η〉

and

ΓN
t (〈f, η〉) =

λt

N
〈Γt(f), η〉+

1
N

∫∫ (
Ht(y)−Ht(z)

)+(
f(z)− f(y)

)2
η(dy) η(dz),

where Γt denotes the Carré du champ operator w.r.t. Lt.

Proof. The definition of LN
t immediately yields

LN
t 〈f, η〉(x) =

λt

N

N∑

i=1

Ltf(xi) +
1

N2

N∑

i,j=1

(Ht(xi)−Ht(xj))+(f(xj)− f(xi)). (2.5)

Moreover,
N∑

i,j=1

(Ht(xi)−Ht(xj))+(f(xj)− f(xi)) =
∑

i,j:Ht(xi)>Ht(xj)

(Ht(xi)−Ht(xj))(f(xj)− f(xi))

=
∑

i,j:Ht(xj)>Ht(xi)

(Ht(xj)−Ht(xi))(f(xi)− f(xj))

=
∑

i,j:Ht(xj)>Ht(xi)

(Ht(xi)−Ht(xj))(f(xj)− f(xi))

= −
N∑

i,j=1

(Ht(xi)−Ht(xj))−(f(xj)− f(xi)),

and hence
N∑

i,j=1

(Ht(xi)−Ht(xj))(f(xj)− f(xi)) = 2
N∑

i,j=1

(Ht(xi)−Ht(xj))+(f(xj)− f(xi)).

Therefore the second term on the right hand side of (2.5) is equal to

1
2N2

N∑

i,j=1

(Ht(xi)−Ht(xj))(f(xj)− f(xi)) =
( 1

N

N∑

i=1

Ht(xi)
)( 1

N

N∑

j=1

f(xj)
)
− 1

N

N∑

i=1

Ht(xi)f(xi)

= 〈Ht, η(x)〉〈f, η(x)〉 − 〈Htf, η(x)〉,
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from which the first claim follows.
Furthermore, since

〈f, η(xi→j)〉 − 〈f, η(x)〉 = N−1 · (f(xj)− f(xi)) ,

(2.2) and (1.7) imply

ΓN
t 〈f, η〉(x) =

λt

N2

N∑

i=1

∑

y∈S

Lt(xi, y)(f(y)− f(xi))2

+
1

N3

N∑

i,j=1

(
Ht(xi)−Ht(xj)

)+(
f(xj)− f(xi)

)2
,

from which the second claim follows noting that the first term on the right hand side of the
previous expression is equal to

λt

N2

N∑

i=1

Γt(f)(xi) =
λt

N
〈Γt(f), η(x)〉. ¤

Now let us define

Āf
s,t = 〈qs,tf, ηN

s 〉 =
1
N

N∑

i=1

(qstf)(XN
s,i) .

As a consequence of Lemma 2.2 we obtain:

Proposition 2.3. The processes M̄f
u and N̄f

u , u ∈ [0, t], defined by

M̄f
u = Āf

u,t − Āf
0,t −

∫ u

0
〈Hs, η

N
s 〉〈qs,tf, ηN

s 〉 ds,

N̄f
u = (M̄f

u )2 − 1
N

∫ u

0
λs 〈Γs(qs,tf), ηN

s 〉 ds

− 1
N

∫ u

0

∫∫ (
Hs(y)−Hs(z)

)+(
qs,tf(z)− qs,tf(y)

)2
ηN

s (dy) ηN
s (dz) ds

are martingales w.r.t. the filtration Ft = σ(XN
s | s ∈ [0, t]).

Proof. Note that Āf
s = ϕ(s, XN

s ), where

ϕ(s, x) = N−1
N∑

i=1

qstf(xi).

By the backward equation (1.14),

∂

∂s
ϕ(s, x) = −λs

N

N∑

i=1

Lsqstf(xi) +
1
N

N∑

i=1

Hsqstf(xi)

= −λs〈Lsqstf, η(x)〉+ 〈Hsqstf, η(x)〉,
and by lemma 2.2,

(LN
s ϕ

)
(s, x) = λs〈Lsqs,tf, η(x)〉+ 〈Hs, η(x)〉〈qs,tf, η(x)〉 − 〈Hsqs,tf, η(x)〉

Hence (
∂

∂s
+ LN

s

)
ϕ(s, x) = 〈Hs, η(x)〉〈qs,tf, η(x)〉,
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which proves that M̄f = Mϕ is a martingale, cf. (2.3). Similarly, by Lemma 2.2,

ΓN
s (ϕ)(s, x) =

λs

N
〈Γs(qs,tf), η(x)〉

+
1
N

∫∫ (
Hs(y)−Hs(z)

)+(
qs,tf(z)− qs,tf(y)

)2
ηN

s (dy) ηN
s (dz),

which proves that N̄f = Nϕ is a martingale, cf. (2.4). ¤

Since in general, Āf
s,t is not a martingale, 〈f, ηN

t 〉 is not an unbiased estimator for 〈f, µt〉.
This motivates considering 〈f, νN

t 〉 instead. Let

Af
s,t = 〈qs,tf, νN

s 〉 = e−
∫ s
0 〈Hr,ηN

r 〉 drĀf
s,t. (2.6)

Proposition 2.4. The process Af
u,t, u ∈ [0, t], is a martingale with increasing process given by

〈Af
•,t〉u =

1
N

∫ u

0
λs 〈1, νN

s 〉〈Γs(qs,tf), νN
s 〉 ds

+
1
N

∫ u

0

∫∫ (
H(x)−H(y)

)+(
qs,tf(y)− qs,tf(x)

)2
νN

s (dx) νN
s (dy) ds.

Proof. By the integration by parts formula for Stieltjes integrals and Proposition 2.3, we get

Af
u,t −Af

0,t =
∫ u

0
e−

∫ s
0 〈Hr,ηN

r 〉 drdĀf
s,t −

∫ u

0
〈Hs, η

N
s 〉e−

∫ s
0 〈Hr,ηN

r 〉 drĀf
s,t ds

=
∫ u

0
e−

∫ s
0 〈Hr,ηN

r 〉 drdM̄f
s + 〈Hs, η

N
s 〉Af

s ds− 〈Hs, η
N
s 〉Af

s ds.

Hence Af
s,t, s ∈ [0, t], is a martingale, whose increasing process can be written as

〈Af
•,t〉u =

∫ u

0
e−2

∫ s
0 〈Hr,ηN

r 〉 dr d〈M̄f 〉s.

The result now follows by Proposition 2.3 and Equation (1.9). ¤

The purpose of the next lemma is to obtain an alternative representation (mudulo martingale
terms) of the term involving the Carré du champ operator in the expression for 〈Af

•,t〉.
Lemma 2.5. The following decomposition holds:∫ u

0
λs〈1, νN

s 〉〈Γs(qstf), νN
s 〉 ds

= M̃u + 〈1, νN
u 〉

〈
(qutf)2, νN

u

〉
+

∫ u

0
〈Hs, ν

N
s 〉〈(qstf)2, νN

s 〉 ds

−
∫ u

0
〈1, νN

s 〉〈Hs(qstf)2, νN
s 〉 ds,

where M̃ is a martingale.

Proof. Let
Yu := e−2

∫ u
0 〈Hr,ηN

r 〉 dr
〈
(qutf)2, ηN

u

〉
= 〈1, νN

u 〉〈(qutf)2, νN
u 〉.

By applying the martingale problem to the functions ϕ(s, x) =
〈
(qstf)2, η(x)

〉
, we obtain that

the following processes differ only by a martingale term:

e−2
∫ u
0 〈Hr,ηN

r 〉 dr
〈
(qutf)2, ηN

u

〉 ∼ −2
∫ u

0
e−2

∫ s
0 〈Hr,ηN

r 〉 dr〈Hs, η
N
s 〉

〈
(qstf)2, ηN

s

〉
ds

+
∫ u

0
e−2

∫ s
0 〈Hr,ηN

r 〉 dr

(
∂

∂s
+ LN

s

)
ϕ(s,XN

s ) ds.
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Proceeding as in the proof of proposition 2.3, we get that
∂

∂s
ϕ(s,XN

s ) = 2〈qstf
∂

∂s
qstf, ηN

s 〉 = −2λs〈qstfLsqstf, ηN
s 〉+ 2〈Hs(qstf)2, ηN

s 〉,
and

LN
s ϕ(s,XN

s ) = λs〈Ls(qstf)2, ηN
s 〉+ 〈Hs, η

N
s 〉〈(qstf)2, ηN

s 〉 − 〈Hs(qstf)2, ηN
s 〉.

Recalling that Ls(qstf)2 − 2qstfLsqstf = Γs(qs,tf) and νN
s = exp(− ∫ s

0 〈Hr, ν
N
r 〉dr) ηN

s ,
we obtain

〈1, νN
u 〉〈(qutf)2, νN

u 〉 ∼ −
∫ u

0
〈Hs, ν

N
s 〉〈(qstf)2, νN

s 〉 ds

+
∫ u

0
〈1, νN

s 〉〈Hs(qstf)2, νN
s 〉 ds +

∫ u

0
λs 〈1, νN

s 〉〈Γs(qstf), νN
s 〉 ds,

which proves the assertion. ¤

Lemma 2.6. For all t ≥ 0,

E
[
〈1, νN

t 〉〈f2, νN
t 〉

]
= 〈f2, µt〉 − E

[∫ t

0
〈Hs, ν

N
s 〉〈qstf

2, νN
s 〉 ds

]
.

Proof. By the product rule for Stieltjes integrals,

〈1, νN
s 〉〈qstf

2, νN
s 〉 = e−

∫ s
0 〈Hr,ηN

r 〉 drAf2

s,t

=
∫ s

0
e−

∫ u
0 〈Hr,ηN

r 〉 drdAf2

u,t −
∫ s

0
〈Hu, νN

u 〉Af2

u,t du.

Since s 7→ Af2

s,t is a martingale,

E
[〈1, νN

t 〉〈f2, νN
t 〉

]
= 〈q0,tf

2, µ0〉 − E
[∫ t

0
〈Hu, νN

u 〉Af2

u,t du

]
.

The proof is completed by noting that 〈q0,tf
2, µ0〉 = 〈f2, µt〉. ¤

Proof of Theorem 2.1. Fix a function f : S → R and t ≥ 0. Recalling that by (1.17), 〈f, µt〉 =
〈q0,tf, µ0〉, we have

〈f, νN
t 〉 − 〈f, µt〉 = 〈qt,tf, νN

t 〉 − 〈q0,tf, νN
0 〉+ 〈q0,tf, νN

0 〉 − 〈q0,tf, µ0〉
= Af

t,t −Af
0,t + 〈q0,tf, νN

0 〉 − 〈q0,tf, µ0〉.
Taking expectations on both sides, we immediately obtain

E
[〈f, νN

t 〉
]

= 〈f, µt〉,
because s 7→ As,tf is a martingale by Proposition 2.4, and νN

0 is the empirical distribution of
N i.i.d. random variables with distribution µ0. Moreover, by Proposition 2.4 and Lemma 2.5,

N · E
[∣∣〈f, νN

t 〉 − 〈f, µt〉
∣∣2

]
= N · E

[
(Af

t,t −Af
0,t)

2
]

+ N · E
[(〈q0,tf, νN

0 〉 − 〈q0,tf, µ0〉
)2

]

= N · E
[
〈Af

•,t〉t
]

+ Varµ0(q0,tf)

= E
[
〈1, νN

t 〉〈f2, νN
t 〉 − 〈(q0,tf)2, νN

0 〉
]

+ Varµ0(q0,tf)

+E
∫ t

0
〈Hs, ν

N
s 〉〈(qstf)2, νN

s 〉 ds − E
∫ t

0
〈1, νN

s 〉〈Hs(qstf)2, νN
s 〉 ds

+E
∫ t

0

∫∫ (
H(x)−H(y)

)+(
qs,tf(y)− qs,tf(x)

)2
νN

s (dx) νN
s (dy) ds.
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The assertion now follows from Lemma 2.6 by noting that

−E
[
〈(q0,tf)2, νN

0 〉
]

+ Varµ0(q0,tf) = −〈(q0,tf)2, µ0〉 + Varµ0(q0,tf)

= 〈q0,tf, µ0〉2 = 〈f, µt〉2.
¤

3. Proof of Theorem 1.3

Proposition 3.1. Let p, q, r ∈ [1,∞] be such that p−1 = q−1 + r−1. Then for 0 ≤ s ≤ t,

E
[
V N

s,t(f)
] ≤ Vs,t(f) + 19‖Hs‖Lq(µs) max

(‖qs,tf‖2
L2r(µs)

, ‖f‖2
L2(µt)

)√
εN,p
s

+
(
10‖Hs‖Lq(µs)‖qs,tf‖2

L2r(µs)
+ ‖Hs‖Lp(µs)‖qs,tf

2‖Lp(µs)

)
εN,p
s .

Proof. Let us first observe that by the Cauchy-Schwarz inequality,

E
[∣∣〈f, νN

s 〉〈g, νN
s 〉 − 〈f, µs〉〈g, µs〉

∣∣] (3.1)

≤ (εN,p
t )1/2

(|〈f, µs〉| · ‖g‖Lp(µs) + |〈g, µs〉| · ‖f‖Lp(µs)

)
+ εN,p

t ‖f‖Lr(µs)‖g‖Lq(µs)

for all 0 ≤ s ≤ t and all functions f , g : S → R. Since the last term on the right-hand side of
(2.1) can be estimated by

∫∫
|Hs(y)|(qs,tf(z)− qs,tf(y))2 νN

s (dz) νN
s (dy),

an application of (3.1) yields

E
[
V N

s,t(f)
] ≤ − 〈Hs(qs,tf)2, µs〉〈1, µs〉 − 〈Hs, µs〉〈qs,tf

2 − (qs,tf)2, µs〉

+
∫∫

|Hs(y)|(qs,tf(z)− qs,tf(y))2 µs(dz) µs(dy) +
√

εN,p
s RN

s,t(f) + εN,p
s R̄N

s,t(f),

where

RN
s,t(f) = ‖Hs(qs,tf)2‖Lp(µs) + 〈Hs(qs,tf)2, µs〉+ ‖Hs‖Lp(µs)|〈f2, µt〉 − 〈(qs,tf)2, µs〉|

+ 4‖Hs(qs,tf)2‖Lp(µs) + 4〈|Hs|(qs,tf)2, µs〉+ 4‖Hs‖Lp(µs)〈(qs,tf)2, µs〉
+ 4〈|Hs|, µs〉‖(qs,tf)2‖Lp(µs)

≤ 19‖Hs‖Lq(µs) max
(‖qs,tf‖2

L2r(µs)
, ‖f‖2

L2(µt)

)
,

and

R̄N
s,t(f) = ‖Hs(qs,tf)2‖Lp(µs) + ‖Hs‖Lp(µs)‖qs,tf

2 − (qs,tf)2‖Lp(µs)

+ 4‖Hs(qs,tf)2‖Lp(µs) + 4‖Hs‖Lp(µs)‖(qs,tf)2‖Lp(µs)

≤ ‖Hs‖Lp(µs)‖qs,tf
2‖Lp(µs) + 10‖Hs‖Lq(µs)‖qs,tf‖2

L2r(µs)
.

Here we have used the elementary inequality
(
qs,tf(y)− qs,tf(x)

)2 ≤ 2
(
qs,tf(y)2 + qs,tf(x)2

)

and the fact that 〈qs,tf, µs〉 = 〈f, µt〉. ¤

In order to bound V N
s,t(f) uniformly over f ∈ Lp(µt) with ‖f‖Lp(µt) ≤ 1, one needs to be

able to control ‖qs,tf‖L2r(µt) in terms of ‖f‖Lp(µt). This is possible if hypercontractivity holds
and t − s is sufficiently large. Over short time intervals [s, t] we apply in a first step another
rough estmate instead:



14 ANDREAS EBERLE AND CARLO MARINELLI

Lemma 3.2. Let p ≥ 2 and N ∈ N. Then for 0 ≤ s ≤ t,

1
N
· E [

V N
s,t(f)

] ≤ 4 osc(Hs)
(
1 + (εN,p

s )1/2 exp
∫ t

s
osc(Hr) dr

)2‖f‖2
Lp(µt)

.

Proof. Setting

Af
t := 〈f, νN

t 〉 = 〈f, ηN
t 〉 · exp

(
−

∫ t

0
〈Hs, η

N
s 〉 ds

)
,

we have Af
t = 〈f, ηN

t 〉 ·A1
t for all f : S → R. Since

〈f2, ηN
t 〉 =

1
N

N∑

i=1

f(Xi)2 ≤ 1
N

( N∑

i=1

|f(Xi)|
)2

= N〈|f |, ηN
t 〉2,

we obtain, recalling that ηN
t is a probability measure,

V N
s,t(f) ≤ N · (A1

s)
2 ·

(
(maxH−

s + maxH+
s )〈|qs,tf |, ηN

s 〉2 + maxH−
s 〈(qs,tf

2)1/2, ηN
s 〉2

+ 2osc(Hs)〈|qs,tf |, ηN
s 〉2

)

≤ N osc(Hs)
(
3〈qs,t|f |, νN

s 〉2 + 〈(qs,tf
2)1/2, νN

s 〉2
)
. (3.2)

Moreover, observing that inequality (3.1) implies

E
[〈f, νN

t 〉2
] ≤

(
|〈f, µt〉|+

√
εN,p
t ‖f‖Lp(µt)

)2
,

we obtain, taking expectations on both sides of (3.2),

1
N
· E [

V N
s,t(f)

] ≤ 3 osc(Hs)
[〈qs,t|f |, µs〉+ (εN,p

s )1/2
∥∥qs,t|f |

∥∥
Lp(µs)

]2

+ osc(Hs)
[〈qs,tf

2, µs〉1/2 + (εN,p
s )1/2

∥∥qs,tf
2
∥∥

Lp/2(µt)

]2

≤ 4 osc(Hs) ·
[
〈f2, µt〉(εN,p

s )1/2 exp
(∫ t

s
osc(Hr) dr

)
· ‖f‖Lp(µt)

]2

,

where we have used the fact that 〈qs,tf, µs〉 = 〈f, µt〉, and the estimate

∥∥qs,tf
∥∥

Lp(µt)
≤ exp

(∫ t

s
osc(Hr) dr

)
· ‖f‖Lp(µs). (3.3)

The proof of (3.3) is elementary, cf. [5]. ¤

Remark 3.3. Note that, in particular, by (1.19),

1
N

∫ t

(t−δ)+
E

[
V N

s,t(f)
]

ds ≤ 4
35

(
1 + e1/35

)2
· ‖f‖2

Lp(µt)
sup
s<t

εN,p
s ∨ 1 ≤ 1

2
‖f‖2

Lp(µt)
sup
s<t

εN,p
s ∨ 1.

(3.4)

Combining Proposition 3.1 and Lemma 3.2 we obtain the following (rough) a priori estimate:

Lemma 3.4. Let p, q, r ∈ [2,∞] be such that p−1 = q−1 + r−1. If

N ≥ 80 ·max
(
1, C̄t(p, q, δ)

)
for all t ∈ [0, t0],

then
εN,p
t < 1 for all t ∈ [0, t0].
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Proof. Proposition 3.1 implies

E
[
V N

s,t(f)
] ≤ ‖Hs‖Lq(µs)Cs,t(p, q)2‖f‖2

Lp(µt)

(
9 + 19(εN,p

s )1/2 + 11εN,p
s

)

for all f : S → R and 0 ≤ s ≤ t. Choosing N as stated we get, for t ≤ t0,

1
N

∫ (t−δ)+

0
E

[
V N

s,t(f)
]

ds ≤ 39
80
‖f‖2

Lp(µt)
sup
s<t

εN,p
s ∨ 1.

Recalling now (3.4) and applying theorem 2.1 we get

εN,p
t = sup

{ 1
N

Varµt(f) +
1
N

∫ t

0
E

[
V N

s,t(f)
]

ds : f : S → R with ‖f‖Lp(µt) ≤ 1
}

<
1
80

+
(

39
80

+
1
2

)
· sup

s<t
εN,p
s ∨ 1

for all t ∈ [0, t0]. The claim follows since S is finite, and therefore the functions t 7→ εN,p
t are

right continuous. ¤

The a priori estimate just obtained can be used instead of Lemma 3.2 to estimate E
[
V N

s,t(f)
]

when t− s is small:

Lemma 3.5. Let q ∈]6,∞] and p ∈]4q/(q − 2),∞[. Suppose that

N ≥ 80 max
(
1, C̄t(p̃, q, δ)

)
for all t ∈ [0, t0],

where p̃ is defined by p̃−1 = q−1 + (p/2)−1. Then for 0 ≤ s ≤ t ≤ t0,

E
[
V N

s,t(f)
] ≤ Vs,t(f) + 30 exp

(
2

∫ t

s
oscHr dr

)
‖Hs‖Lq(µs)‖f‖2

Lp(µt)
.

Proof. Noting that p̃−1 = q−1 +(p/2)−1 < 1/2 by the assumptions on p and q, Proposition 3.1
yields

E
[
V N

s,t(f)
] ≤ Vs,t(f) + 19 ‖Hs‖Lq(µs) max

(‖qs,tf‖2
Lp(µs)

, ‖f‖2
L2(µt)

)
(εN,p

s )1/2

+
[
10 ‖Hs‖Lq(µs)‖qs,tf‖2

Lp(µs)
+ ‖Hs‖Lp̃(µs)‖qs,tf

2‖Lp̃(µs)

]
εN,p
s .

Since p̃ < min(q, p/2), the claim follows by Lemma 3.4 and the estimate (3.3). ¤

We are now ready to prove the theorem:

Proof of Theorem 1.3. For t ∈ [0, t0] let

ε̄N,p
t := sup

s≤t
εN,p
s .

By Proposition 3.1 we have

E
[
V N

s,t(f)
] ≤ Vs,t(f) + ‖Hs‖Lq(µs)Cs,t(p, q)2‖f‖2

Lp(µt)

(
19(ε̄N,p

t )1/2 + 11ε̄N,p
t

)

for all f : S → R and 0 ≤ s ≤ t. Therefore by Theorem 2.1, Lemma 3.5, and (1.19),

N · E
[∣∣〈f, νN

t 〉 − 〈f, µt〉
∣∣2

]
= Varµt(f) +

∫ (t−δ)+

0
E

[
V N

s,t(f)
]

ds +
∫ t

(t−δ)+
E

[
V N

s,t(f)
]

ds

≤ Varµt(f) +
∫ t

0
Vs,t(f) ds

+
[
C̄t(p, q, δ)

(
19(ε̄N,p

t )1/2 + 11ε̄N,p
t

)
+ 30 e2/35

∫ t

(t−δ)+
‖Hs‖Lq(µs) ds

]
· ‖f‖2

Lp(µt)
.

Observing that ‖Hs‖Lq(µs) ≤ osc(Hs) and that 30 · e2/35/35 < 1, we obtain (1.20).
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Furthermore, by maximizing (1.20) over all f : S → R with ‖f‖Lp(µt) ≤ 1 and over t, we get

Nε̄N,p
t ≤ 2 + vp

t + C̄t(p, q, δ) ·
(
19(ε̄N,p

t )1/2 + 11ε̄N,p
t

)

for all t ∈ [0, t0]. Hence, recalling that N > 11 C̄t(p, q, δ) by assumption,

Nε̄N,p
t ≤ α + β(Nε̄N,p

t )1/2,

with

α = (2 + vp
t ) ·N/(N − 11 · C̄t(p, q, δ)),

β = 19 · C̄t(p, q, δ) ·N1/2/(N − 11 · C̄t(p, q, δ)).

Therefore
(Nε̄N,p

t )1/2 ≤ β

2
+

(
(β/2)2 + α

)1/2 ≤ α1/2 + β. (3.5)

Since C̄t(p, q, δ) ≤ N/80, we have N − 11 · C̄t(p, q, δ) ≥ 69
80N and

N

N − 11 · C̄t(p, q, δ)
= 1 +

11 · C̄t(p, q, δ)
N − 11 · C̄t(p, q, δ)

≤ 1 +
11 · 80

69
C̄t(p, q, δ)N−1.

Therefore, by (3.5),

(Nε̄N,p
t )1/2 ≤ (2 + vp

t )
1/2 ·

(
1 +

11 · 80
2 · 69

C̄t(p, q, δ) N−1

)
+

80 · 19
69

C̄t(p, q, δ)N−1/2,

which implies (1.21). ¤

4. Proofs of Theorems 1.4 and 1.7

Proof of Theorem 1.4. By the estimates in [5] we have, for 0 ≤ s ≤ t ≤ t0,

‖qs,tf‖Lp(µs) ≤ 21/4‖f‖Lp(µs)

for all f : S → R, provided

λs ≥ p

4
As +

p(p + 3)
4

t0 Bs for all s ∈ [0, t0]. (4.1)

Hence, under this condition, we get Cs,t(p) ≤ 21/4. Moreover, by [5],

‖qt−δ,tf‖Lq(µt−δ) ≤ exp
( ∫ t

t−δ
maxH−

r dr
) · ‖f‖Lp(µt)

for all f : S → R and 0 ≤ δ ≤ t ≤ t0, provided

λs ≥ γs

4δ
log

q − 1
p− 1

for all s ∈ [0, t0]. (4.2)

Since δ =
(
35 sups∈[0,t] oscHs

)−1, we obtain that, for s ≤ t− δ,

‖qs,tf‖Lp(µs) = ‖qs,t−δqt−δ,tf‖Lp(µs) ≤ 21/4e1/35‖f‖Lq(µt),

if both (4.1) and (4.2) hold. Hence

Cs,t(p, q) ≤ 21/4e1/35

provided (4.1) holds and

λs ≥ γs

4δ
log max

(2r − 1
p− 1

,
2p− 2
p− 2

)
for all s ∈ [0, t0]. (4.3)

Since 2 < p̃ < p and p̃−1 = q−1 + (p/2)−1, we obtain similarly that Cs,t(p̃, q) ≤ 21/4e1/35

provided (4.1) holds and

λs ≥ γs

4δ
log max

(p− 1
p̃− 1

,
2p̃− 2
p̃− 2

)
for all s ∈ [0, t0]. (4.4)
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The assertion now follows from Theorem 1.3 and the estimates (1.22) and (1.23). ¤

Proof of Lemma 1.1 and Corollary 1.6. For a function f : S → R and t ≥ 0 let ft := f−〈f, µt〉.
Then

〈ft, η
N
t 〉 = 〈f, ηN

t 〉 − 〈f, µt〉, and

E
[〈ft, η

N
t 〉2

] ≤ 2 · E
[(〈ft, η

N
t 〉 − 〈ft, ν

N
t 〉

)2
]

+ 2 · E [〈ft, ν
N
t 〉2

]

≤ 2 · ‖ft‖2
sup · E

[(〈1, νN
t 〉 − 1

)2
]

+ 2 · E [〈ft, ν
N
t 〉2

]
.

Applying this bound, we obtain an improved L1 estimate:

E
[∣∣〈ft, η

N
t 〉

∣∣] ≤ E
[〈ft, η

N
t 〉2

]1/2 E
[(〈1, νN

t 〉 − 1
)2

]1/2
+ E

[〈ft, ν
N
t 〉2

]1/2

≤ E
[〈ft, ν

N
t 〉2

]1/2
+
√

2 ‖ft‖supE
[(〈1, νN

t 〉 − 1
)2

]
+
√

2E
[〈ft, ν

N
t 〉2

]1/2 E
[(〈1, νN

t 〉 − 1
)2

]1/2
.

This proves Lemma 1.1. The assertion of Corollary 1.6 now follows from the lemma and
Theorem 1.4. ¤

Proof of Theorem 1.7. Fix i ∈ I and define

ht(i) := 〈Ht, µ
i
t〉 =

∫

Si

Ht dµt/µt(Si).

Note that
ht(i) = − d

dt
log µt(Si).

Since (1.2) and (1.3) hold, H i
t = Ht−ht(i) is the negative logarithmic time derivative of µi

t. If
we define qi

s,tf for functions f : Si → R in the same way as qs,tf with Ht replaced by H i
t , then

qs,tf(x) = exp
(−

∫ t

s
hr(i) dr

)
qi
s,tf(x) =

µt(Si)
µs(Si)

qi
s,tf(x).

In particular, for p ∈ [1,∞], we have

‖qs,tf‖∼Lp(µs)
= max

i∈I
‖qs,tf‖Lp(µi

s)
≤ max

i∈I

µt(Si)
µs(Si)

‖qi
s,tf‖Lp(µi

s)
. (4.5)

Assuming Poincaré and log Sobolev inequalities with respect to the measures µi
t and the

functions H i
t , we obtain the same type of Lp-Lq bounds for the operators qi

s,t as we did for the
operators qs,t in the proof of Theorem 1.4. Because of (4.5) the assertion then follows similarly
as above. ¤
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