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Abstract

The generalized estimating equations procedure of Liang and Zeger (1986) can be highly
influenced by the presence of unusual data points. A generalization is introduced which yields
parameter estimates and fitted values resistant to influential data. A diagonal weight matrix for
each cluster is incorporated into the estimating equations which downweights the multivariate
response vector element-wise. Efficiency of the procedure is investigated, including the case of
correlated binary outcomes. (©) 1999 Published by Elsevier Science B.V. All rights reserved.
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1. Introduction

The generalized estimating equations procedure of Liang and Zeger (1986) is often
applied to longitudinal data or to data that are naturally grouped into clusters such
that observations within the cluster are correlated, but those from different clusters are
assumed to be uncorrelated. Any analysis of clustered data should consider the in-
fluence that observations or entire clusters may have on the overall results. Preisser
and Qagqish (1999), showed that the parameter estimates from an analysis based on
the generalized estimating equations procedure may be highly influenced by a small
subset of the data. A resistant fit, on the other hand, is one which is not sensitive
to large changes in a few observations (Pregibon, 1982). We modify the estimating
equation of Liang and Zeger (1986) by generalizing ideas from Carroll and Pederson
(1993) who provide robust estimates in the logistic regression model that are of the
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Mallows class. Estimates of the Mallows class are obtained by downweighting ob-
servations with large leverage values. Alternatively, Schweppe class estimates are ob-
tained by downweighting observations with large residuals as in Pregibon (1982) and
Kiinsch et al. (1989). Within both classes, we consider two approaches which we call
observation-downweighting and cluster-downweighting. The former downweights indi-
vidual observations separately, whereas the latter method assigns equal weight to all
observations in a cluster based on some aggregate measure of the influence of the
entire cluster. Singer and Sen (1985) and Huggins (1993) have proposed robust multi-
variate methods for continuous responses. Our methods have wider applicability in that
they apply to the same class of models for which generalized estimating equations are
applied.

Section 2 reviews generalized estimating equations. Section 3 presents a modification
of generalized estimating equations which we refer to as resistant generalized estimat-
ing equations. Theoretical foundations for resistant generalized estimating equations are
presented in Section 4 in which we show the necessary sacrifice of efficiency to ob-
tain robustness. In Section 5, efficiency of resistant generalized estimating equations
relative to generalized estimating equations is explored. In Section 6, the special case
of correlated binary responses is discussed, including discussion of asymptotic relative
efficiency. Concluding remarks are made in the final section, including a discussion
of the potential and limitations of resistant generalized estimating equations for other
types of outcomes.

2. Generalized estimating equations

To describe the general set-up, let ¥;=(Yy,..., Y, ) be a n;-vector of outcome
values for i=1,...,K, and X;=(x{},...,x;, ) is a n; x p matrix of covariate values.
The class of applicable models are those in which the forms of the first two moments
for the marginal distribution of Y;, are

EYi)=wi, 9(uie) =ni=xif, var(¥Yy)=ov(wq ), (1

where i indexes clusters and ¢ indexes observations. In the terminology of generalized
linear models (McCullagh and Nelder, 1989, ch. 2), g(-) is the link function which
determines the relationship of the mean with the linear predictor #;;, v(-) is the variance
function, ff is a p x 1 vector of regression coefficients, and ¢ is the scale parameter,
either known or to be estimated. Estimates of § are obtained by solving the generalized
estimating equations

K
;D:()ﬁ,ﬁm”(a,ﬁ)m — 1($)=0, )
where D; =0u;/0f is an n; x p matrix, ¥, =A;R(a)4;, and A4; = diag{v'?(u;)} is a

n; X n; diagonal matrix. Furthermore, R;(a) is a n; x n; working correlation matrix
that depends on unknown parameter vector o. Solutions to Eq. (2) are obtained by
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alternating between estimation of ¢, o, and f. Liang and Zeger (1986) give consis-
tent estimates of ¢ and o based on squares and cross products of Pearson residuals
ri = (i — i)/ {v(ui)}/?. Let N=>"n; and define the N x 1 vector Y=(Y{,....Y[),
the N x p matrix X =(X{,...,X/) and the N x N block diagonal matrix D* with
blocks D} =diag{dn;/0w;}. Solving for f is done with iteratively reweighted least
squares. A current estimate ﬁG is updated by regressing the working response vector
7*=X ﬁ + D*(Y — fi) on X with block diagonal weight matrix W* whose ith block,
corresponding to the ith cluster, is the n; x n; matrix W =D ' 47 'R7 ' (4)47'D; 7. A
new estimate is obtained by f,.,, = (X'W*X)~'X'W*Z*, evaluating the right-hand side
at the current estimate. Then ﬁnew is used to update j =X ﬁnew =HZ*, where H =Q0W*
and Q=X(X'W*X)~'X'. The projection matrix, /, maps the current value of Z* into
estimated values of the linear predictor. As in multiple linear regression, the diagonal
elements of H, denoted 4;,, correspond to the amount of leverage of the response on
the corresponding fitted value. Under independence, these observation leverages for
generalized estimating equations reduce to the leverages of observations in a general-
ized linear model as given by Williams (1987). The average of the %; is p/N which
follows from tr(H)= p. The leverage of a cluster is contained in the ith block along
the diagonal in H, and is given by H; = Q;W; where Q;=X;(X'W*X)~'X! and may
be summarized by tr(H;) which equals the sum of the observation leverages /; in the
cluster.

Liang and Zeger (1986) show that, for large K, K l/z(ﬁG — fB) is asymptotically
multivariate Gaussian with zero mean. The variance of [§G can be estimated consistently
by the ‘robust’ or sandwich variance estimate,

K -1 K
(ZD,fV;lD,») {ZDﬁV;l(n — )Y — ﬁl-)’VHDf}
i=1 i=1

K —1
x <Z ﬁVHD,) , 3)

i=1

where f§, ¢, and o are replaced by their estimates. It is robust in the sense that it
consistently estimates the variance of fi; even if R(«) is mispecified.

3. Resistant generalized estimating equations
3.1. General
In order to provide robust estimation of the broad class of models considered by

Liang and Zeger (1986), we introduce a diagonal weight matrix W; = W;(X;, Y, o, B, ¢)
and define resistant generalized estimating equations as

K
gD,’»(Xi,ﬂW,-‘l(oc,ﬁ)[em —¢i]=0, (4)



418 B.F. Qagqish, J.S. Preisser | Journal of Statistical Planning and Inference 75 (1999) 415-431

where D; and V; are defined as in Eq. (2) and p; is parametrized as in Eq. (1),
i = Wi(Y; — w;) and ¢; = E[y;]. The generalized estimating equations given by Eq. (2)
are a special case of Eq. (4) in which W;=1 and ¢;=0. In general, however, W;
is a diagonal matrix for the ith cluster that contains weights, wy, t=1,...,n;, that
correspond to the elements of the reponse vector, Y;. Downweighting may be done
based on the covariates only, the so-called Mallows class, or on the responses as well,
the Schweppe class. For the Mallows class the weights ; are non-random and the
Lh.s. of Eq. (4) remains unbiased with ¢; =0. For the Schweppe class ¢; is determined
so that the Lh.s. of Eq. (4) is an unbiased estimating function. The w;, are between 0
and 1 and are analagous to the -functions in M-estimation (Hampel et al., 1986) in
that they determine the robustness and efficiency of BR. Most observations will have
a weight near 1, but those observations which are determined to have large influence
on the estimation of f will receive a smaller weight. The following theorem gives
asymptotic results for Eq. (4) under the model in Eq. (1).

Theorem. Assume that:

(i) & is K'? — consistent given f and ¢;

(ii) ¢ is K — consistent given B;

(iii) Var(yy) <oo;

(iv) ¥ is absolutely continuous in [ such that the derivative with respect to u;,
denoted Vs, exists, and E||yj,|| < co;

Under additional regularity conditions, K l/z(ﬁR — B) is asymptotically Gaussian
with zero mean and covariance matrix Vg given by

K—oo

K -1y
x {(ZD;VilnD[) } 5)
i=1

K -k
lim K (ZD;V[—‘F,-Di> {ED;V,.—‘ Var(xp,»)Vi_lD,}
i=1 i=1

where

A

; . . 0 . 0
I =Eyy; — ¢, lﬁki:a—u_lﬁi(ﬂi) and Ciza—u_

Ci.

The additional regularity conditions are that derivatives, d5(f, ¢)/¢, 0a{, p(S)}/p,
and aqg(ﬁ )/0p, are bounded in variation. A sketch of the proof is given in the appendix.
The Theorem implies that use of Eq. (4) will result in some loss of efficiency under
model (1).

Estimation of f is done with iteratively reweighted least squares by regressing the
working response vector Z =X [} + D*(}y — ¢) on X with the original weight matrix
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W* from generalized estimating equations. The variance of [§R is estimated by

—1
(zk:Dll'Vi_l[}Di) {Zk:D,{Vi_l(Wi — i)W — Ci)/Vi_lDi}
i=1 i=1

1Y
x {(iDﬁVNnD,») } (©)
i=1

evaluated at ﬁR, xﬁ and 4. The ‘robust’ variance estimator, Eq. (3), is obtained by
setting W; =1 in Eq. (6).

3.2. Classes of estimates

Estimates of the Mallows observation-downweighting class are obtained by speci-
fying weights w;; = w;(h;;) which are updated at each iteration. An alternative way
of measuring leverage in which weights are calculated only once is given by Carroll
and Pederson (1993) in the logistic regression case. In the Schweppe observation-
downweighting class, observations are downweighted according to their residual, and
possibly, their leverage as well by specifying w;, = w;(xi, X, yir, o, ). In this case, ¢;
is determined by the individual marginal distributions of Y;, so that Eq. (4) yields
consistent estimates of  under the Theorem above. In particular, we consider weights
w(ri/ \/$) that are a function of the scaled Pearson residual.

In both Mallows and Schweppe classes, it is possible to downweight clusters instead
of observations, by assigning all the observations in a cluster equal weight. Mallows
cluster-downweighting may be achieved by assigning w; =w(tr(H;)). For Schweppe
cluster-downweighting, one possibility is to summarize the lack of fit of the observa-
tions in the cluster by downweighting clusters as a function of r{Rilr,A/(qASni) where
1i =ity i) -

The following remarks can be made about the different classes of resistant generalized
estimating equations:

(1) The Mallows class, where the weights are nonrandom, does not require additional
assumptions about the univariate marginal distributions beyond Eq. (1) and applies
to any situation that generalized estimating equations might be used, including mod-
elling binary, count, and continuous responses. The Mallows class, either observation-
downweighting or cluster-downweighting, is a special case of the Theorem in which
I =W; and Var(y;) = W;Var(Y;) ;.

(2) The Schweppe observation-downweighting class generally requires full specifi-
cation of the marginal univariate distributions for estimation of  and ¢. This applies
to independent responses too (Morgenthaler, 1992); an exception is the location/scale
family of distributions.

(3) In the Schweppe cluster downweighting class, the weights depend on the full
response vector for the cluster and, thus, the full multivariate distribution is required
in order to calculate the debiasing factor, ¢;, in Eq. (4). Unfortunately, multivariate
generalizations of the Poisson and Gamma distributions and many other distributions



420 B.F. Qagqish, J.S. Preisser | Journal of Statistical Planning and Inference 75 (1999) 415-431

in the exponential family present two limitations. First, the debiasing factor, ¢;, in
Eq. (4) is difficult to compute and generally does not have a closed form expression.
Second, additional parameters beyond f, o, and ¢ are required for calculation of ¢;.
Notable exceptions are the bivariate binary distribution and the multivariate normal
distribution which are completely specified by f3, «, and ¢. However, even in the latter
case, the calculation of ¢; may be formidable.

4. Optimality considerations

The theory of estimating functions provides further perspective on the asymptotic
properties of resistant generalized estimating equations. Consider the non-robust ele-
mentary estimating functions, g; = Y —ui(f), t=1,...,n;,and i=1,...,K. The theory
of Godambe and Heyde (1987) and Morton (1981) states that the optimal estimating
function is given by

BF=3"Cl g,
i=1

where g; = (gi1,...,9in,)'s Ci=Ep[0g;/0f] and V; = Var(g;). The solution, ﬁ of the es-
timating equation EF =0 is optimal in the sense that it has the smallest asymptotic
variance among all estimating functions that are linear combinations of the elementary
estimating functions. Its variance is said to be smaller if Var(ﬁ) — Var(ﬁ) is positive
definite for all possible solutions f§ in the class of estimating functions considered. It
follows that Mallows resistant generalized estimating equations is suboptimal because
it is in the same class of estimating functions as generalized estimating equations, i.e,
those that can be expressed as linear functions of Y;, i=1,...,K. The question of
Schweppe resistant generalized estimating equations is not as straightforward because
these functions are not linear in Y;. Intuitively, one might expect a loss in efficiency for
a gain in robustness. Indeed, this is the case for Schweppe observation-downweighting,
applied to correlated binary responses. The robust elementary estimating function is
g5 = wi(rir, a)(Yy — pie) — ci, where w is a smooth weight function with tuning constant
a, ry is the Pearson residual and c; = E[w;(ry,a)(Y; — pir)]. The optimal estimating
function based on g} is

K
EF* =3 C(V;") g},

i=1

where g =(g},.....9;,), C’=E[dg;/0f] and V;* = Var(g;). It is easy to show that
for binary responses EF* =EF. Thus, in optimizing the efficiencies of the robust ele-
mentary estimating function g;, the robustness is lost.

Eq. (4) is essentially of the form

K
S Clv gy,
i=1
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which is necessarily less efficient than Eq. (2). Robustness can generally be gained at
the cost of efficiency, both of which are determined by w and «a in resistant generalized
estimating equations.

5. Efficiency considerations
5.1. General

The resistant generalized estimating equations procedure provides protection in the
form of robustness against observations or clusters which deviate from the model.
When all the data follow (1), i.e., when the model is not contaminated, the discussion
in the previous section suggests that resistant generalized estimating equations will be
less efficient than generalized estimating equations. This section defines and examines
the asymptotic relative efficiency of resistant generalized estimating equations to gen-
eralized estimating equations. The efficiency loss of resistant generalized estimating
equations is given by the generalized asymptotic relative efficiency of ﬁR to BG which
is defined to be

1/p
ARER. 1= var(o){var(Br)} |7 = (Hi> ’ ()
j=

where /; is the jth eigenvalue of Var(ﬁG){var(BR )}~!. Because Eq. (7) is generally
complicated, some insight is gained by restricting to equal cluster sizes n; =n, and
exchangeable correlation matrix

1 1
Ri:[lJr(”*l)P];JJF(l*P) (Inj>’
where J =11’ is a n x n matrix of ones, with inverse
—1 711 —1 1
R =[14+(n—1)p] ZJ‘F(l*p) If;J . (8)

Let L; denote the diagonal matrix of iterative weights, 7, = (Opi/0n; ) {vir(1i)} ~"/2. The
asymptotic variance matrix of f is

. K -1 K -1
var(fig) = (ZD,’-V;ID,) b= (ZX,-'Lin_ILin> . )
i=1 i=1
The iterative weights will be constant, /;; =/ for the identity link function with constant
variance and more generally for generalized linear models with link function equal to
the variance stabilizing transformation (McCullagh and Nelder, 1989). In that case
Eq. (9) can be written as

var(f) =1"2(e; 'SSue + /7 'SSwe) ' s (10)
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where e,: =1+ (n — 1)p, f:=1— p, and SS,c and SSy. are the between-cluster
(uncorrected) and within cluster sum of squares and cross products matrices of x.
Specifically,

1 X LS 1

SSuc:= =Y X/ JX;, SSwe:i=>" (XiXi — —X[JX,).
ni= i=1 n
Mancl and Leroux (1996) used a similar setup to evaluate the loss of efficiency of

generalized estimating equations due to misspecification of the correlation matrix. If
var(y;) = Ijvar(Y;)I;, the asymptotic variance matrix of By is

var(fp) =Hi ' Ha{H '} ¢, (11)
K K
H =>D/V,"'I'D; and H,= (EleV[_II}ViF,-Vi_lD,»).
i=1 i=1
In the next section, the roles of n, p and X are considered for special cases.
5.2. Cluster-level covariates

If all covariates are cluster level, I; =b;I, where b; is a scalar quantity. This fol-
lows for Mallows cluster-downweighting because all observations receive equal weight
by definition. For observation downweighting, Mallows or Schweppe, b; = b; follows
from u;; = ;. Cluster level covariates imply /;; = lip = l;y, :=1;, and b;) = by = by, :=b;
because ;1 = w2 = Win;, and in Eq. (11),

—1 Ss(12)

n uc

K
Hy =Y b;2X/R7'X;=e¢
i=1

uc

k
Hy =Y b EX/R'X; = e, 'SSZ?
i=1
where

1K 1X
SSUD = SHRXK, S8 =5 BRXLX,
i=1 i=1

Hence
AREg .G = ‘SS(OZ)flSS(IZ)SS(ZZ)flSS(12)|1/p, (12)

where

K1
SS&H = Y-~ XX,
i=1n
In summary, if all the covariates are cluster level, the efficiency is a function of the
resistant generalized estimating equations weights, but not of the common cluster size
and dependence upon the correlation is only through these weights.
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5.3. Within-cluster covariates

In general, when covariates vary within cluster, Eq. (11) is complicated and depends
upon the correlation and the common cluster size. A special case is for constant iterative
weights, i.e., [; =/ in the context of Mallows cluster-downweighting which implies
I =b;I. Then,

K
Hy =Py bX/R7'X; = P(e; 'SSUV + £71sS(?)
i=1

K
Hy =Py bR Xi = P(e, 'SSSY + 7SS,
i=1

where

1& 1K

S =3 (00 Lot ) and SSED =3 (80— X1 ).
i=1 i=1

For nonconstant iterative weights, the matrices resulting from reexpressing Eqs. (10)
and (11) are difficult to interpret because they depend not only on the design, but also
on the values of p and 5. When cluster sizes vary, the asymptotic variance of [§G will,
generally, depend on the correlation, average cluster size, and coefficient of variation of
the cluster sizes. Mancl and Leroux (1996) have similar findings in a different context.

The efficiency of parameter estimates excluding the intercept is often of interest,
instead of Eq. (7). An expression like Eq. (10) is given by Mancl and Leroux (1996)
with SS,. replaced by

sShvx - L (s ) (sx
S ok \H = )

This result is obtained by applying a standard matrix algebra result for the inverse
of a partitioned matrix. For resistant generalized estimating equations, however, the
analagous formula for Eq. (12) is algebraically complex. As illustrated in the next
section, however, the conclusions drawn for the entire regression parameter appear to
apply to the parameter vector which omits the intercept.

6. Resistant generalized estimating equations for correlated binary outcomes
6.1. General
The Schweppe observation-downweighting theory is easily applied to correlated bi-

nary outcomes because the marginal distributions and the bivariate distributions depend
only on « and f. Consider a cluster of arbitrary size, and, without loss of generality,
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consider the first two elements in the response vector. Define n; =Pr(Y; =, Y, =k).

The bivariate distribution is a multinomial distribution with cell probabilities (7, 70,

o1, Too) Which are completely determined by the marginal means p; =Pr(Y,=1),

U, =Pr(Y,=1) and the correlation between Y; and Y, denoted by pi,. Specifically,
_ /2 1/2 _ _ _

= iz + pvy 0y, o= W — Ty, To1 = o — 7y, and weo =1 — py — pa +711. The

variance function is v, =v(u,) =, (1 — ), t=1,2, and ¢ =1.

Let the observation weight w, be a function of the corresponding residual r,. To
solve the Schweppe observation-downweighting resistant generalized estimating equa-
tions, we need to find ¢, from the marginal Bernoulli distribution. It can be shown
that ¢, = vt(w,(l) — wt(o)), where wﬁj ) is the weight for the 7th observation in the cluster
evaluated at y, =j. Now, because each w, is a function of its corresponding resid-
ual and not the entire residual vector for the cluster, it follows that lﬁ, and thus
I’ are diagonal matrices. It can be shown that I'=Diag{—b,}, Var(yy)=1v, b,z, and
Cov (i, Y ) = pur vy 20}/ bybyr, where b, = (1— g )w " +pw'®, and py is the correlation
between Y; and Y.

Schweppe cluster-downweighting for correlated binary data is difficult to implement
beyond clusters of size two because of the complexity of the multivariate distribution.
The quadratic exponential distribution has been suggested as an alternative (Prentice
and Zhao, 1991), but the computing seems to be prohibitive except for small cluster
sizes.

Finally, for binary data, our result generalizes existing theory for robust logistic
regression. For a logit link applied to independent binary data, the Mallows class theory
from the Theorem in Section 3.1 is equivalent to Eq. (2.3) in Carroll and Pederson
(1993). For the Schweppe class, our approach is related to that of Kiinsch et al. (1989).

6.2. Efficiency

In order to further study the roles of p and the design matrix in the asymptotic
relative efficiency of resistant generalized estimating equations relative to generalized
estimating equations, Eq. (7) was evaluated in a model for correlated binary responses
with logit link. The model has a single covariate which is either constant within clus-
ter or varying within cluster but mean-balanced with x; = 0. Furthermore, we assume
the intercept parameter is fo=—2 and the slope is f; =0.8. Primary interest is in
the asymptotic relative efficiency of ﬁm defined by AREg, zvar(ﬁlG)/var(BlR). For
comparative purposes, K =50 and n =4 throughout, while p and the design are varied.

Two designs are considered and they are summarized below. They will be referred
to as designs A and B. In design A, the covariate was constant within cluster, while
in design B, it varied within cluster as shown in Table 1.

For each design, AREy was evaluated for p=0.3 and 0.7 giving a total of four
scenarios for Schweppe observation-downweighting (Table 2), Mallows observation-
downweighting (Table 3) and Mallows cluster-downweighting (Table 4). For each
scenario in each table, the asymptotic relative efficiency is given for a range of
tuning constants, a, applied to the weight function, w;/(vy,a)=-exp{—(vi/a)*},
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Table 1
Cluster level Vary within cluster
0i=—14+Q23G — 1))/(k — 1) Ai=i/K
Design A Design B
1 5; 1 Ai
1 o 1 4i/3
n=4 1 5 1 —4:/3
1 o 1 —4

Table 2
The asymptotic relative efficiency of Schweppe observation downwieghting REGEE to GEE for correlated
binary responses

a 5 4 35 3 2.5 225 2 1.75 1.5 1 0.5
ratio 1.65 2.16 2.68 3.62 5.39 6.62 7.65 7.75 6.70 3.69 1.67
Design A

AREg 0982 0959 0935 0.894 0829 0.791 0.758 0.747 0.774  0.890  0.982
A 1 1 1 1 1 1 1 1 1 1 1

A2 0981 0956 0929 0.883 0.809 0.766 0.730 0.722  0.759 0.887 0.977

Design B, P=0.3

AREg 0967 0930 0.893 0837 0758 0.715 0.680 0.664 0.685 0821 0.970
A 1 1 1 1 1 1 1 1 1 1 1

A2 0967 0929 0.892 0.835 0.756 0.713 0.677 0.662 0.682 0.817  0.969
Design B, P=0.7

AREg 0922 0.840 0.769  0.673  0.558 0.504 0.463 0446 0467 0.642 0933
A 1 1 1 1 1 1 1 1 1 1 1

A2 0910 0.819 0.741 0.639 0.521 0.467 0425 0408 0428 0.603 0.924
a=Tuning constant which is applied to weight function, exp{—(r,-t/a)z}.

ratio = max(b,',)/min(bit ):

AREp = var(f;g)/var(Bg ).

/1 and 1, are, respectively, largest and smallest eigenvalue of Var([;’G )Var_]([}R).

(Holland and Welsch, 1977) where v;, is specified later for each class. Also provided
for each scenario is a measure, ratio, = max(b; )/min(b; ), evaluated over t=1,...,n,
and i=1,...,K. It is a crude measure of loss of efficiency, since larger values indicate
a wider range of nonoptimal weights applied to the observations. Finally, the eigenval-
ues of Var(ﬁG)var’l(,@R), denoted A, for the largest and A, for the smallest are given
for each scenario. The eigenvalue, i, corresponds to the maximum efficiency obtained
among all linear combinations of fy and f;, and 4, corresponds to the minimum. It
was found that the efficiency was generally closer to A, than ;. Note throughout that
as a approached infinity which represents generalized estimating equations, the weights
and thus ratios, AREg,, and ARER.g approached 1. The following values of the tuning
constant a were considered: 0.5, 1, 1.5, 2, 2.5, 3, 4 and 5.

6.2.1. Results for Schweppe observation downweighting

The downweighting function, w;, was applied to the Pearson residuals, i.e., v; =ry,
to obtain the efficiencies shown in Table 2. For design A in which the covariate was
cluster-level, AREp does not depend on correlation. In addition, for any common
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Table 3
The asymptotic relative efficiency of Mallows observation downwieghting REGEE to GEE for correlated
binary responses

a 5 4 3 2.5 2 1.5 1 0.5
Design A

ratio 1.26 1.44 1.91 2.53 4.26 13.2 331 ++
AREy, 0.997 0.993 0.978 0.958 0.912 0.802 0.565 0.154
M 1 1 1 1 1 1 0.904 0.515
A 0.994 0.987 0.961 0.927 0.852 0.698 0.448 0.131
Design B, p=0.3

ratio 1.97 2.87 6.53 14.9 68.2 ++ ++ ++
AREy, 0.966 0.929 0.838 0.757 0.647 0.507 0.322 0.138
M 1 1 1 1 1 0.983 0.919 0.725
A 0.956 0.908 0.797 0.703 0.583 0.446 0.283 0.124
Design B, p=0.7

ratio 1.84 2.59 5.42 11.4 44.8 863 ++ ++
AREy, 0.948 0.892 0.770 0.673 0.561 0.450 0.325 0.136
M 1 1 1 1 1 0.991 0.942 0.694
A 0.930 0.859 0.710 0.600 0.480 0.371 0.261 0.113

+ + = Greater than 1000.

tuning constant is a.

ratio = max(b,-,)/min(bit 2

AREg, =var(fg)/var(fr)-

A1 and 1, are, respectively, largest and smallest eigenvalue of Var(ﬁG )Var_l(ﬁR).

Table 4

The asymptotic relative efficiency of Mallows cluster downwieghting REGEE to GEE for correlated binary
responses

Design B, p=0.3

ratio 1.15 1.25 1.49 1.77 2.44 4.89 355 ++
AREg 0.998 0.996 0.987 0.974 0.940 0.838 0.549 0.145
A 0.998 0.996 0.989 0.980 0.956 0.896 0.749 0.473
A2 0.998 0.996 0.987 0.973 0.938 0.832 0.532 0.132
Design B, p=0.7

ratio 1.15 1.25 1.49 1.77 2.44 4.90 35.7 ++
AREg, 0.998 0.996 0.987 0.974 0.941 0.842 0.562 0.155
A 0.998 0.996 0.989 0.979 0.955 0.894 0.743 0.464
A2 0.998 0.996 0.987 0.973 0.938 0.832 0.532 0.133

+ + = Greater than 1000.

a = Tuning constant which is applied to weight function, exp{—(ri/a)?}.

ratio = max(b,',A)/min(bit 2

AREp = var(f;g)/var(Bg ).

A1 and 1, are, respectively, largest and smallest eigenvalue of Var(ﬁG )Var_](ﬁR).

cluster size the efficiencies are the same as those shown for Design A in Table 2.
Resistant generalized estimating equations was less efficient when the covariate varied
within cluster. For these designs the AREp depended on sample size and correlation,
and in particular, resistant generalized estimating equations was less efficient when
p=0.7 than when p =0.3. Interestingly, for all scenarios considered, the greatest loss
in efficiency occurred at approximately @ = 1.75. Similarly, ratio,, attained its greatest
value at 1.75. Fig. 1 plots AREg and ratio, versus a, for design, A. As a became
smaller the efficiency actually increased due to excessive downweighting resulting in
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Fig. 1. AREp, and ratio, versus tuning constant for cluster level designs.

a loss of discriminating power to detect the data which was the most influential. Since
bi; = b;(u;;) is a function of the mean only, ratio, is the same for every design consid-
ered since min(u; ) =0.06 and max(u;;) =0.23. In general, ratio, indicates that the loss
of efficiency increases with increasing variation in the covariates, X, and with increas-
ing magnitude of f in absolute terms. The relationship between ratio, and efficiency
for the cluster level designs is also illustrated by Fig. 2. This shows that two very dif-
ferent tuning constants may give very similar efficiency, but one represents excessive
downweighting, and the other does not. Both figures show that as robustness increases,
efficiency decreases. The relationship of efficiency and tuning constant is illustrated for
design B in Fig. 3.

6.2.2. Results for Mallows observation downweighting

The weight function was applied to the observation leverages by setting v;; = h;;N/P.
Generally, efficiency increased as a increased. For design B resistant generalized esti-
mating equations was less efficient when p=0.7 than when p=0.3.

6.2.3. Results for Mallows cluster downweighting

The weight function was applied to the cluster leverages by setting v;; = H;N/np =25
H;. In Table 4 there is no entry for design A as it is identical to that in Table 3. For
designs in which the covariate varied within cluster, the AREg, depended on n and p,
but varied little.
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Fig. 3. AREy, versus tuning constant for Design B for p=0.3 and 0.7.
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7. Discussion

This work addressed the problem that a few influential observations or clusters can
have a large effect on regression parameter estimates and fitted values. Preisser and
Qagqish (1996) introduced deletion diagnostics which estimate the effect of the deletion
of an observation or a cluster. This paper introduced a modification of the generalized
estimating equations procedure called resistant generalized estimating equations which
gives regression parameter estimates that are resistant to the influence of a small subset
of the data. This is achieved by the automatic downweighting of influential observa-
tions in the estimating function. Although, in principle, resistant generalized estimating
equations applies to the same class of models considered by generalized estimating
equations, limitations exist in its actual implementation. For Schweppe observation
downweighting, the full marginal univariate distributions are required. Except for bi-
variate binary or normal data, Schweppe cluster downweighting is generally prohibitive
because the full multivariate distribution is needed in order to estimate the regression
parameters consistently. In the Mallows class, however, no additional distributional as-
sumptions are required. The robustness of resistant generalized estimating equations
was illustrated by Preisser and Qagqish (1999), though an example of medical practice
data with widely varying cluster sizes.

Generally, robust regression methods require a robust estimate of the scale parameter.
This issue is not addressed in this paper. However, for binary the scale is not estimated
because it is equal to one. The same argument applied to count data that exhibits no
extra-poisson variation.

Appendix A

A.1. Outline of Proof of Theorem in Section 4.1. The sketch here considers o« known.
The REGEE in Schweppe class can be written as

K K
U(p)= ;u(ﬁ) = ;Df(ﬂ)VFI(B)[lI/M — ¢l

where Yz = Wii(Yi, f)(Y: — wi(B)) and ¢; = E(Y).
A Taylor expansion gives

U(B)=0=U(B)+ dU(B)/oPl,_s(f — B)

for some [}: A+ (1 — i)[?, A€(0,1). It follows that
—1

(UBK).

By the Central limit theorem for triangular arrays (Theorem 3.3.5 in Sen and Singer,
1993) in conjunction with the Cramer—Wold device, and regularity conditions, and
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assumption (iii),

U(ﬁ)/kl/%MVN(o lim ZD IVar(lpi)I/ilD[).

k—o0 ll

Note that assumption (iii) follows from: (1) the fact that the weight matrix Wy is
bounded between 0 and 1, and (2) the usual generalized estimating equations assump-
tions of the finiteness of the second moment of Y;. Next, it can be shown that

EL0U(B)/of) = XD I:D.
i=1
To see this note that
SUB)/ap = a—aﬁ{D:»Vfl}wki ]+ {D! Vi‘l}%wm el

The first part has expectation zero, and in the second part, under assumption (iv),
apply,

%wﬁ el [wk, e L=ty — D

Then by the Markow weak law of large numbers,
1 P . 11X /17 —1
—oU(p)/of — lim —> D;V," I;D;.

k k—oo k iz
Since, under certain regularity conditions,

Llouyep - aupyap) o,

it follows that,
! Pt LNRT 1& r77—1
—oU(p)/of — lim —> DiV,” I;D;.
k ko0 ki

Lastly, by Slutsky’s Theorem, kl/z([? — Bp)~MVN(0,1R). O
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