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ABSTRACT

Keywords: pomt patterns; inhomogeneous Poisson process: Bernoulli process;

The scan statistic 1s commonly used to test if a one dimensional point process
15 purely random, or if any clusters can be detected. Here 1t is simultane
ously extended n three directions: (i) a spatial scan statistic for the detection
of clusters 1 a multi-dimensional point process 1s proposed, (ii) the area of
the scanning window 1s allowed to vary, and (iii} the baseline process may be
any mhomogencous Porsson process or Bernoulli process with intensity pro-
m portional to some known function. The mam mnterest 15 in detecting clusters

_ not explained by the baseline process.

These methods are illustrated on an epidemniological data set, but there

m are other potential areas of application as well.

1. INTRODUCTION
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A scan statistic 1s used to detect clusters 1n a pomnt process. It has been studjed
In the one-dimensional setting by Naus (1965a) and by many others. For a
powit process on an nterval |a, 8], a window (2,2 +w| of fixed s1ze w < b—a 15
moved along the nterval. Over all possible values of i, the maximum number
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of points in the window is recorded and compared to 1fs disiribution under the
null hypothesis of a purely random Poisson process,

The onc-dimensional problem has been e
When the pomnts are grouped into one of s
gated data. This has been studied by Wall

and 15 of interest when we have, for instance, monthly counts of some evenj.
Weinstock (1981) has studied the problem where under the null-hypothess the
intensity of the underlying Poisson process has a known
ous authors, such as Saperstein (1972) and Naus {1974)
Bernoulli model, with a sequence of binary outco
a non-fixed window size. Glaz and Naus (1983)
searching for multiple clusters. For any of these
the wvvmnwso:, the scan statistic may or
number of pomnts observed.

xtended 1n various directions.
everai sub-intervals we have aggre-
enstemn et al. (1989) among others,

tnhomogeneity. Var-
» have studied a related
mes. Loader {1991) allows for
have looked at a scan statistic
extensions, and depending on
may not be conditioried on the tota)

In this paper a spatiaj scan statistic 1s proposed. Ap attempt

. 15 made to
treat the problem i a setting as general as possible

 except that the analysis 1s

scans the study region. The latter is very useful wh
about the size of the area covered b
an arbitrary,

¢n we lack a prior knowledge
Y the cluster. The method also allows for
but known, underlying intensity that governs the distr

ibution of
points under the null hypothesis. This can take many different forms depending
on the application. It is modeled as a measure 4 on a geographical space (5.

When G is a line and # 18 a uniform measure on |a, b]
one dimensional problem as a special case.
plane we have a lemogeneous spatial Poisso
inctude the following:

» we obtain the traditional
With the Lebesgue measure on the
n process. Other possible measures

1 The spatial clustering of trees is studied in forestry. A problem of potential
interest 1s to see if there are ciusters of trees that are of a specific kind or thal,
have a ceriamn characteristic, after having compensated for the uneven spatial
distribution of all trees. That 15, we want to know if the proportion of one kind
of tree 1s particuiarly high 1n some location. The measure of an area would in
this case be the totat number of trees growing there,

2 In astronomy, there 15 an equivalent three-dimensional problem if we want

to detect clusiers of a particular kind of siar after

compensating for Lhe rreg-
ular spatiat distribution of all stars.

3 Epidemiologists are interested i geographical clusters of disease. Here 11
15 necessary to compensate for the uneven density of the population as a whole.
When data s aggregated into census districts the measure wil]

be concentrated
ai the central coordinates of those districts.

4 To find uran;um deposits, airplanes measure Geiger counts as they fly in
parallel lines over large areas. A high number of counts i a specific area
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indicates a possible deposit. The measure would be uniform along the flying
lines and zero elsewhere.

5 A zoologist may study the spahal distribution of sea gull nests. In an
archipelago, the nests will be focated on 1slands. The appropriate measure
would be uniform over land and zero elsewhere.

6 If we are interested 1n space time o_:mpmam o.m a disease, then the %:Mwmwww
would still be concentrated in the geographical dimension as 1n mxm‘Ev‘n . w
t would also be extended 1n a third dimension reflecting the population st
u -
as 1t changes over time in each of the census districts.

7 Tt 15 not always sufficient to adjust for an uneven population a“mﬁ:“““ow
whether it be humans, trees, stars or something .m_mw, ﬁ_m Bwﬁw moém o e
take various confounders into account. MOH example, in au.ama_o omw
let the measure reflect the age standardized m.xvmnemn_ incidence rate.

In one dimension, the exact distribution of the test m&m.smﬂn. 15 xsn.usﬁ oz_w
n special cases. Much of the hiterature has been concerned é.nw finding mon”m
i 1 1 the statistical theory becomes m
approximations. In higher Eamum._on.m ; .
nMM%_mx Naus (1965h) obtained distributional bounds for a two %ﬂwﬂm_ozw_
st : iform underlying measure, and with a rect-
scan statistic on a square with :E o e o
d but arbitrary size. Loader (1991) tre
angular wmdow of fixe o0y, s
ble window size. Turnbull et al. ,
problem but allowed for vana | ! ‘ - (1990), wing
bed in example (3) above, use
the underlying measure as descri 8 sed & aircuiar Wi
i i the exact distribution of the fest
dow with constant measure. Since e Lot statishuc
te Carlo simulation was used to p .
could not be determined, Mon used to perionn the
[ dels above are special cases ol wha
hypothesis test. All the mo of what 15 outlined un
i be found in Kulidorff an g
this paper. Two other special cases can i valla
Cwomvu and Hjaimars et al. (1995) who apply the spatial scan statistic to da
sets of leukemia in Upstate New York and mémamb. Hm.m_umnfa.m@. Lwavs
When the size of the scanning window 15 fixed, the test statistic s m..,ﬂ.\.w‘:
taken as the maximum number of points in the window at any given n.ﬂw.:” _ca
a vanable window size that 1s no longer possible, and instead the likeliho
i 15t 991}.
test statistic 1s used (Loader, 1 . -
Ti:ogm section 2 the Poisson and the Bernoulli models are ammm:vmoa.ﬁ HTM
) o 0
likelihood ratio test statistic 1s then presented i Section 3, ér_”ucmwﬁ_mv:&
I 1 o
3 1t tical properties. A discussion on c
describes some of its theoret .
issues and a practical example are given 1n Sections 5 and 6, respectively

2. POISSON AND BERNOULLI MODELS

et 2 Q@UCNG L m_um‘sm..— Uo:ur DIrocess where Zﬁsﬁu 15 the random urmnmber of
s 1n thes C Q sth S 5 ¥y area. 1 ne
pom e sei \& - > the wit dow moves ove the ud € i de S a
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collection Z of zones Z C G. Interchangeably, Z will be used to denote both
a subset of (/ and a set of parameters defimng the zone.

For the Bernoulli model we consider only measures p such that u(A) s
an imnteger for all subsets A C G. FEach umit of measure corresponds to an
‘entity” or ‘individual’ who could be in either one of two states, for example
with or without some disease, or being of a certain species or not. I[ndividuals
1 one of these states are defined as points, and the location of those mdividuals
constitute the poimnt process. In the model, there is exactly one zone Z ¢ G
such that each mdividual within that zone has probability p of bemg a point,
while the probability for mndividuals outside the zone 1s q. The probability
for any one individual 15 independent of all the others. The mull hypothesis
18 iy . p = ¢q. The alternative hypothesis 1s H, p > 9,72 ¢ Z. Under Hy,
N{A) ~ Bin{u(A),p)} for all sets A. Under H, N(A) ~ Bin(u(A),p) for all
sets A C Z, and N{A) ~ Bin(u(A), ¢) for all sets 4 ¢ Z€

Under the Poisson model, points are generated by an mhomogeneous Pois-
son process. There 15 exactly one zone Z C G such that N(A4) ~ Po{pu(AnN
ZY+qu{ANZC)) VA. The null hypothesis 1s Hy : p = g, while the alternative
hypothesis states that fy : p > ¢, Z € Z. Under Hy, N(A) ~ Po(pu(A)) VA
Note that one of the parameters, Z, disappears under the null hypothesis. This
15 unusual but not unheard of, see for example Davies (1977).

The best choice of window, and thereby the corresponding collection Z of
zones, depends on the application. Some possibilities are:

1 All circular subsets.

2 All circles centered at any of several foci on a fixed grid, with a possible
upper limit on aircle size. {Kulldorff and Nagarwalla, 1094)

3 Same as (2) but with a fixed circle size. (Turnbull et al., 1989)
4 All rectangles of a fixed size and shape. (Naus, 1965b)

5 When looking for space-time clusters we could use cylinders, scanning
arcular geographical areas over variable time intervals.

The c:amlwim purpose of specifying a precise alternative 1s not to exclude
other possibilities. On the contrary, the purpose 1s not only to detect cluster ng
in the form of that specific alternative, but also 1o detect clusters in the form
of other similar aiternatives. For example, if a test has good power for an
alternative with circular zones, then it will have fairly good power for squares
and many ellipses as well, but not necessarily for a narrow zone strelching from
one corner of a map to another.

How should we choose between the Bernoulli and the Poisson models?
The choice does not matter much when the total number of pomts 1s small
compared to u(G). The Bernoulli and Poisson models then closely approximate
cach other. In other cases it will depend on the application. If we have binary
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counts, such as two iypes of stars, then we should use the Bernoulli model. If
we have counts relating to some continuous nsk factor, as with a Geiger meter,
we should use the Poisson model.

3. LIKELIHOOD RATIO TEST

It 15 now time to denve the likelihood ratio test. It 1s slightly different for
the Bernoulli and the Poisson models, and we start with the former. Let ny
denote the observed number of points 1n zone Z, and ng the total number of
observed points.

3.1 Bernoulli model

The likelihood function for the Bernoulli model is expressed as
L(Z,p,q) =02 (1 - ELNT«E g7 (1 — Qu?aTlmzl?néu_

To detect the zone that is most likely to be a cluster, we find the zone Z
that maximizes the hkelihood function. In other words, Z is the maximum
likelihood estimator of the parameter Z. We do this in two steps. First we
maxumize the likelihood function conditioned on Z.

def nz \ ny \MH
LA = lzed=\gzy) \' i
« ng—ng Y ° " \H _ _ng—ng (#(G)-p(B))-(nG~nz) 0
#(G) — w{(25) U (@)~ w(2) _
when rlqmwna > ﬂ%a%mumwmmu and otherwise
hﬁNg _ ne nG _RAQV g u(Gi-ng

wG) #G)

Next, we find the sofution Z = {Z . L(Z) > L{(Z')¥Z' € Z}. In mmnfon.u 5, the
numerical calculation of Z is discussed. The most likely cluster 1s of interest
1n itself, but we are also mterested in making statistical inference. Let

def
Lo & sup L(Z,p,q) =

The likelihood ratio, A, can be written as

ng \"° A_:aulzq #(G)-no
u(G)

mﬁUﬁHq H\AN.H_va ﬁ.c

y . mCﬁNMN.“—Vn N\ANumu._Qv — N\HNQ HMV
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Note that Fm denominator depends only on the total number of points
ng and not on the spatial distribution of the pomts. The ratio X is used as the
test statistic, and how to obtain its distribution throu
1s described n Section 5.

So far we have discussed clusters in terms of an abnormally high number
of cases I some area. It could be that we are instead interested in detecting
areas with an unusually low number of points. This can be accomplished by

simply changing the direction of the two mequality migns mn equation 1. The
sarme 1s true for the Poisson model.

gh Monte Carlo replicas

3.2 Poisson modei
The :_A.awmroom mcunso‘: for the Poisson model 1s a little more complex. The
probability of ne number of points in the study area is

aélNTiinTLm:F_:ANV +q(p(G) — ()"
S.QM

The density function f(z) of a specific point being observed at Jocation T 15

W _Nn._ -
E.E.EHBTEN: fzeZ

quz) :
By M2 EZ

We can hence write the likelihood function as

UZpg) = e~ PH(D)=a(u(G)-u(2)) [pi(2) + 9(iG) = p(2))i"
ng!

% pe(z;) HH gre{z;)
mez PHZ) + q(u(G) - u(2)) L pu(2) + 9(u(G) = a(2))
e~ P Z)—q(u(G)~u(Z))
= ; uzwa?nlauu :tﬁa_.u (3)

ey i

As before, the likelihood ratio 15 defined as in equation 2. We have

mlutaquﬁnm e G ne

m_ﬁwau ol \&(C HMEHL

For the numerator we first take the supremumn over all p and ¢ for a fixed Z.

mnﬂm.:onwam_.nmm;miwiacaésmn uﬂ: ZYand g = (ng —
e z/u(Z) and ¢ = (ng ~nz)/(u(G) -

Lo = sup -
P ..J.Q_

e 8)” (e52)" ™ L )

if ta ~ fngorg)
T35 > Gorat

il

L(z)

e (28) " . )

otherwise.
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The test statistic A of the likelihood ratio test can now be written as

. supzez L(Z)
g Aglunoﬂ (:)
nat \R(GY = PATH
13 nz ¢ nG-ng nGng ¢ E
- sup ?m.b ?BTESV A nz _ _[ng—nz) (4)
zez (25)" p2) " (WG]~ u(2))

if there s at least one zone Z such that %m.q > ﬂwﬂqlﬂuw%ﬂ and A = | otherwise.

I() is the mndicator function.

4. PROPERTIES OF THE TEST STATISTIC

4.1 Detection versus mference

Most statistical methods for cluster analyms of a spatial pomt process are
either descriptive in the sense that they can detect the tocation of clusters bui
without any inference involved, or they do inference but without the ability to
detect the location of clusters. An important charactenstic of the spatial scan
test 1s that it does both, so that when the null hypothesis 15 rejected we can
locate the specific area of the map that causes the rejection. To be precse,
let x = {z;,. = 1,...ng} denote the set of coordinates of the ng pomnts
a data set where Z is the most likely cluster, and fet x' = {z},2 = L,.,ng}

be an alternative configuration with exactly the same number of points. The
following theorem holds for the Bernoulli and Poisson models.

Theorem 1 [f the null hypothesis w5 rejected under X then if s also rejected
wnder %', if ot = x; forallz. € Z.

In words, the theorem states that as long as the pomis within the zone
constituting the most likely cluster are located where they are, we would still
reject the null hypothesis no matter how the rest of the pownts were shuflled
around. For example, il the null hypothesis 1s rejected due to a disecase cluster
in Seattle, 1t does not matter how we move around the cases on the U.5. east
coast, the null-hypothesis will still be rejected. This might sound like a self
evident property, but it does not hold for most other tests for spatial clustering
such as Knox (1964), Whittemore et al. (1987), Cuzick and Edwards (1990),
or Diggie and Chetwynd (19%1). Those tests are hence not suitable if we want
to know the location of clusters. Rather, they are geared towards answering
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the question of whether the phenomenon of clustering occurs over the study

region as a whole, such as if a disease 1s infectious or not, a question for which
the spatial scan statistic 1s not suitable.

Proof: Let A(x} and A(x') denote the values of the test statistic for the two
different data sets. Since the two data sets have the same number of points,
the distribution of A under the null hypothesis will be the same, and it 15 hence
enough to show that A(x') > A(x). In the Bernoulli case we have

M) = HZ)  LZIx) _ supg L(2x)
N.;a ho - hc
The first inequality holds since x’ has at least ag many points within zone

zZ as X. For the Poisson model it 1s trivially true if Alx) = 1. When AMx) > |
we have from equation 4 that

= A(x).

. H ng NNz ng —ng ng—ng
A(x) = sup ~
=i \wz) \wo—uz)
Ly N ng—ny \"OTM2
E\m2)) \mG)~p(2)
< IH.. :.N“ T, ng — S.W., ne—n’,
K \u(2) #MG) — u(Z)
L a5 \*2 ( ng-—n! nemny
< sup — Z Z = A(x).
Fx\uzy) \uer=u@ &)

where K = (ng/p(G))"s. The first inequality holds since for any constants a, B
and N, (an)*(B{N ~n)¥"" is an mcreasing function of n when an > S{(N —n).

4.2 Power

The power of the one dimensional scan statistic has been studied by Wallen-
stemn et al. {1993,1994) and Sahu et al. (1993) among others. For the spatia)
scan statistic we cannot expect to find a uniformly most powerful test, except
in the special case when there 1s only one zone In the alternative hypothe-
sis. Instead, we show that it fulfills a criterion making 1t what we call an
ndividually most powerful test.

To define an individually most powerful test we divide the composite alter-
native hypothess into distinct subsets. The parameter space is partitioned into
a countable number of subsets {4;} such that A; N Ay = @ for all 5 # j', and
such that UA; constitutes the whole of the alternative hypothesis. Likewise,
and usmg the same index, the critical region C, where the null hypothesis 15 re-
Jected, 1s partitioned into disjoint subsets {C;} where UC; = C. Let ' = uC!
denote an alternative critical region with corresponding disjoint subsets.
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Definition 1 For o particular significance level o, a test es individually most
powerful with respect to a partition *.L.._.w of the parameter space, and a partthion
{C;} of the critical reqion, if for each Ay there are no sets C' and {C’} such
that

i. C;=0C% forall ; # k.
2 Plwe C'lHy) =«
3. Plw € Cil(Z,p,q)) > Pw € Cil(Z,p,q)) for any (Z,p,q) € Ar.

This means that if we fix the critical region except for its subset Cj as
mdicated by statement 1, then the test 15 uniformiy most powerful compared
to all remaining choices of the critical region and with respect to all parameters
(Z,p,q) € Ax. This property 1s very important in any multiple testing type of
a situation, where there 13 a composite allernative hypothesis and where we
wish to know which part of it causes the rejection. As mentioned before, the
scan statistic bas the ability to identify the zone responsible for rejecting the
null hypothesis, and if we fail to detect a real cluster, it 1s of little comfort
if the null hypothesis 15 rejected based on an unirue cluster in another part
of the study area. In fact, that is usually less desirable than just failing to
reject the null hypothesis. The problem resembles other multiple comparison
situations, where mnstead of testmg mmltiple cluster locations simultaneously,
we mght test several new agricultural crop vaneties to see if any of them are
better than the one presently n use, or we mught simultaneously test several
potential risk factors for cancer.

If we are only concerned about rejection versus no rejection, without an
interest 1n the location of clusters, then the property of being an individually
most powerful test 15 of little value. For such a problem the likelihood ratio
based spatial scan statistic would be a suboptimal choice.

Now, let Az = {(Z,p,¢) * p > ¢} and Ao = {(Z,p,9) "» = q}. Let Cz
denote the intersection of the ¢ritical region € and the subsel of the sample
space 1 which Z is the most likely cluster.

Theorem 2 The test based on A forms an individually most powerful test with
respect to the partitions { Az} and {Cz}. This holds for the Bernoulli as well
as the Powsson model.

Proof: We show that if statements (1) and {2) 1n the defin:tion are true, then
(3} cannot hold. For an arbitrary Z, let D_ = {w  w € Cz,w ¢ C%} and
Dy ={w:wé€Chwe g} Let

L{Z,p, q|lw)
M= sup 2P0
umahw, L(Holw)
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For the Poisson model, 1t follows from equation 4 that
5 )
weD, (rna/p(G))me
ﬁN_.E.m nz(w)f ng—nz{w) \ne—nzluw
S Y o DA = inf HZPg)w)
o weD_ ﬁdﬂ\tﬁQ::Q weD-  L(Hplw)
“P similar argument holds for the Bernoullj cas
ot any A.‘\..\w._ﬁu .Nv € \wN._

=

¢, based on equation 1. Now,

Plw € C31(2,p,9)) — Plw € Czl(Z, p, q))

=Plwe D4[(2,p.9)) - P(w € D_|(Z,p,q))

= [ op, P17, pra)as - \s . P12,p, q)
- \%P L(Z,p, qluw)dw — \%F L(Z, p, qlu)du
< ep, ML(How)deo — \e o, MI{Holw)de

~um{f ep, P@H ~ [ Plojy) )
= M (P(w € Dy|Ho) — P(w € D_|Hy))

=M (P(we ChH,) - P(w e Cz|Hy))
= M (P(w € C'|Hlo) - Pl € ClHy) = 0

The second to last equality holds since C,

=Clforall; £ 2 i
statement I 1 the defimition. ’ )7 % nccording to

5. COMPUTATIONS AND MONTE CARLO SAMPLING

H.m order to find the value of the test statistic, we need a way to calculate the
:xm:roon ratio as 1t 1s maximzed over the collection of zones 1 the alternative
hypothesis. This might seem like a daunting task since the number of zones
.oOﬂE easily be mfinite. Two properties allows us to reduce 1t to a finite prob-
lem. The number of observed points 15 always finite and for a fixed number of
points the likelihood decreases as the measure of the moving window increases.
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Constder the scanrmng window of example {2) in Section 2. If we let the circle
size merease for a fixed foci, we only need to recalculate the likelihood when-
ever a new pownt enters the arcte. Since there 15 a finite number of points,
the number of times we need to compute the likelihood for each foc 1s finite,
and since the number of foc 15 also finite, the total number of calculations 15
fimte. Assurning a Bernoulli model or a homogeneous Poisson model, similar
arguments hold for the other four examples given 1n Section 2.

Once the value of the test statistic has been calculated, it is easy to do
the inference. We cannot expect to find the distribution of the test statistic in
ciosed analytical form. Instead we rely on Monte Carlo simulation. Onginally
proposed by Dwass (1957), this technique was first used in the context of
a scan statistic by Turnbull et al. (1990). Because we know the underiying
measure g, we can obtain replications of the data set generated under the null
hypothesis when we condition on the total number of points ng. With 9999
such replications, the test 1s significant at the 5 percent level if the value of
the test statistic for the real data set 15 among the 500 highest values of the
test statistic comung from the replications.

In addition to the most likely cluster we might also want to look at sec-
ondary ctusters with high likelihood values. Some of these will be related to the
most likely cluster in the sense that they contain about the same set of points
with their respective zones overlapping each other. Such secondary clusters
are usually of littie mnterest, although they serve to remind us of the fact that
the obtained location and size of detected clusters are only estimates.

More interesting types of secondary clusters are those localed in another
part of the study region. We define these to be clusters that do not overlap
with a more hkely one. It 15 often of interest to report these clusters along
with the most likely one.

For inference, we may take a secondary cluster and compare and rank its
likelihood value with the maximum likelithood raiio from the Monte Carlo repli-
cations. Any secondary cluster that ranks below the significance level would in
itself have caused the rejection of the null hypothesis.even if there had been no
other more likely cluster m the data set. This gives us an inferential procedure
for secondary clusters as well, but since we are comparing a secondary cluster
from the data set with the most likely clusters from the replications such a
test 15 somewhat conservative.

6. EXAMPLE

We itlustrate the models using data on suddea infani death syndrome (SIDS)
in North Carolina. The data were compiled by M. Symmons, D. Atkinson,
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-~ TABLE!I
The spatial scan statistic applied to sudden mfant death syndrome 1n North
Carolina, adjusted for the uneven geographical distribution of births. Zones
refer to Figure 1 and incidence is the number of deaths per 1000 live births.

Zone #SIDs # Births Incidence p.value

Z nz #(2)
Wm-&o&: A 139 36376 3.8 0.0001
model B 59 14388 4.t 0.0005
_uc_m.moz A 139 36376 3.8 0.0001
model B 59 14388 4.1 0.0003
Pl ikl SOEAT
B
va »
A

FI1G H Two significant clusters of sudden mfant death syndrome in North
Carolina, adjusted for the uneven geographica! distribution of live births.

and the State Center for Health Siatistics of the North Carolina Department
of Human Resources. They have previously been analysed by Cressie and
Chan (1989) among others.

.m_o_., each of the 100 counties in North Carolina, the data comprige the
total number of live births as well as the number of sudden infant deaths
(SIDs) for the years 1974-1984. The number of live births i the counties
ranges from 567 to 52345. The location of county seats were used as the
geographical coordinates. The total number of SIDs are 1503 out of 753354
live births. This gives a state wide incidence rate of 2.0 per 1000. The total
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number of births 1n each county, as well as the statewide number of SIDs, are
aiso stratified mto whites and non-whites. The complete data are presented
by Cressie and Chan (1989).

The measure at the coordinate point of each county is taken as the number
of live births in that county. The measure is zero elsewhere. This 15 as
example (3) of Section 1. As zones for the window we use all circles that are
centered at one of the county coordinate points and that inciude at most half
of the total population. This foilows example (2) of Section 2.

Note that the zones are aircular only with respect o the ageregated data.
As we draw the circles around one county seat, other counties will either be
compietely part of a zone or else not at all, depending on whether its county
seat falls within the circle or not. Hence, we get a compact but irregular shaped
zone following the county boundanes. This can be seen 1n Figures | and 2.

6.1 Bernoulli Model

The Bernoullt model 1s the most natural one to use for this data set. We
have birth counts, and each birth can caorrespond to at most one sudden mfant
death. Table i summarizes the results of the analysis.

The most likeiy cluster, A, consists of the counties of Bladen, Columbus,
Hoke, Robeson, and Scotland, 1 the southern part of the state. The rank 1s
1/10000, 1.e. a p value of 0.0001.

There 15 one other significant cluster, B, composed of Halifax, Hertford,
and Northampton counties 1 the northeast. With a rank of 5/10000 it has a
p value of 0.0005. This latter test 15 conservative, because we are comparing a
secondary cluster 1n the data set with the most likely clusters from the replicas.

6.2 Poisson Model

Since we are dealing with a rare disease, the Poisson model should give a close
approximation to the Bernoulli model. That the results are indeed similar for
this data sei can be seen 1n Table i.

The Poisson approximation 1s especially useful when we fhave covariates
that we wish to mnclude in the analysis. For SIDS, one possible covanate 1s
race (Cressie and Chan, 1889), which may be related to SIDS through unob-
served variables such as quality of housing or access to health care. The racial
distribution differs widely among the counties 1n North Carolina, and could
possibly explamn the previously detected clusters. We may want to see if there
are still geographic clusters after adjusting for race. This could lead us to other
spatially related risk factors that are otherwise hidden.

The overall mncidence of SIDS 15 1.512 for white children, and 2.970 for
non-white children (Cressie and Chan, 1989). The underiying measure ai each
county coordinate T can now be defined as

AT
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-~  TABLE Il

The m.u..pmw_ scan statistic applied to sudden infant death syndrome in North
O..wnor:m. adjusted for race and the uneven geographical distribution of live
births. Zones refer to Figure 2.

Zone # SIDs Ej# SIDs| # Births p-value

. N Nz _:A.Nw
Poisson A 139 94.5 36376  0.0036
model  C 191 140.8 86780  0.0060

FIG 2: Two significant clusters of sudden infant death syndrome in North

mm”..m::w. adjusted for race and the uneven geographical distribution of live
irths.

p(z) = white births x 1.512 + nonwhite births x 2.970

which 1s proportional to the expected number of SIDs under the null hypoth-
es1s. Zoﬂm. that we do not need to know the number of SIDs in each county
subdivided by race. The result of the likelihood ratio test 15 given in Table 2.

Comparing this analysis to the one where race was not incorporated, we
observe three things.

1 .<S$_ a rank of 36/10000 (p = 0.0036), the southern cluster A remains
E.ma_mnwsf and cannot be explained solely by the high proportion of non-white
births 1 that area.

2 Cluster B in the northeast is no longer significant, with a rank of 3336/10000
{p = 0.3336). ,
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3 A previously ‘hidden’ cluster C emerges 1n the west, with a rank of 6¢/10000
{p = 0.006). It consists of the following counties: Avery, Buncombe, Burke,
Caldwell, Cleveland, Haywood, Henderson, Jackson, Lincoin, Macon, Madi-
son, Mitchell, Polk, Rutherford, Swain, Transylvania, and Yancey.

ACKNOWLEDGEMENTS

Valuable discusstons with Laurence Freedman and Lisa McShane are grate-
fully acknowledged. This research was partly funded by the Swedish Research
Council in the Humanities and Social Sciences.

BIBLIOGRAPHY

Cressie N and Chan NH, (1989). Spatial modeling of regional variables. Jour-
nal of the American Statistical Association 84, 393-401.

Cuzick J and Edwards R, (1990). Spatial clusterng for inhomogeneous popu-
lations. Journal of the Royal Statistical Society Ser. B, 52, 73-104.

Davies RB, (1977). Hypothess testing when a nuisance parameter 1s present
only under the alternative. Biometrika 64, 247-254.

Diggle PJ and Chetwynd AG, (1991). Second-order analysis of spatial cluster-

ing for inhomogeneous populations. Biometrics 47, 1155-1163.

Dwass M, (1957). Modified randonuzation tests for nonparametric hypotheses.
Annals of Mathematical Staistics 28, 181-187.

Glaz J and Naus J, (1983). Multiple clusters on the line. Communications in
Statistics: Theory and Methods 12, 1961-1986.

Yjaimars U, Kulldorff M, Gustafsson G and Nagarwalia N, {(1996). Child-
hood leukemia in Sweden: Using GIS and a spatial scan statistic for cluster
detection. Statistics tn Medicine 15, T07-715.

Knox G, (1964). The deiection of space-time interactions. Applied Statistics
13, 25-29.

Kulldorff M and Nagarwalla N, (1995). Spatial disease clusters: Detection and
mference. Statistics tn Medicine 14, 799-810,

Loader CR, (1991). Large-deviation approximations to the distribution of scan
statistics. Adwances i Applied Probability 23, 751-771.



1496 KULLDORFF
, ~

Naus JI, (1965a). The distribution of the size of the maximum cluster of points
on the line. Journal of the American Staiisiical Association 60, 532-538.

Naus J1, (1965b). Clustering of random points in two dimensions. Biometrika

52, 263-267.

Naus J, (1974). Probabilities for a generalized birthday problem. Journal of
the Americen Statistical Association 69, 810-815.

Sahu SK, Bendel RB and Sison CP, (1993). Effect of relative risk and cluster
configuration on the power of the one-dimensional scan statistic. Statistics in

Medictne 12, 1853-1865.

Saperstein B, (1972}. The generalized birthday problem. Journal of the Amer-
wcan Statistical Association 67, 425-428.

Turnbull BW, Iwano EJ, Burnett WS, Howe HL and Clark L.C, (1990). Mon-
itoring for clusters of disease: Application to leukemua incidence 1 upstate
New York. American Journal of Epidemiology 132, 5136-S143,

Wallenstein S, Weinberg CR and Gould M, {1989). Testing for a pulse in
seasonal event data. Biometrics 45, 817-830.

Wallenstemn S, Naus J and Glaz J. (1993). Power of the scan statistic for
detection of clustering. Statistics in Medicine 12, 1829-1843.

Wallenstein S, Naus J and Glaz J, (1994). Power of the scan statistic m
detecting a changed segment 1n a Bernoulli sequence. Biometrika 81.

Weinstock MA, (1981). A generalized scan statistic test for the detection of
clusters. Internafional Journal of Epidemiology 10, 289-293.

Whittemore AS, Friend N, Brown BW and Holly EA, (1987). A test to detect
clusters of disease. Biometrika 74, 631-635, and 75, 396.

Received September, 1996; Revised December, 1996.

COMMUN. STATIST.—~THEORY METH., 26(6), 1497-1509 (1997)

SAMPLE ROTATION METHOD WITH
AUXILIARY VARIABLE

Shiyong Feng Guohua Zou

Institute of Systems Saience Department of Mathematics

Chinese Academy of Sciences Beijing Normal Umversity
Beijing 100080, China Beijing 100875, China

Key Words and Phrases: survey sampling; sample rotation; auxiliary -

formation; simple random sampling.

ABSTRACT

In practical problems, auxiliary information is often available for all units
of 2 finite population. This paper develops sample rotation method relevant
to this case. The estimators of the popuiation means on both occasions and
the formulae of their MSE {mean squared error) are given. The results are

very sumilar to the usual ones.

1. INTRODUCTION

In survey sampling, we need often make repeated sampling for the same
population. For this, sample rotation method 1s usually used (cf., Cochran

(1977)).  Auxiliary mformation 1s often available 1n practical problems, so
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