
Mutual Fund Portfolio Choice in the Presence of

Dynamic Flows1

Julien Hugonnier2
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sité Paris−1, Stanford, University of Texas at Austin, Washington University at St Louis and IBF
at HEC Lausanne.

2Financial support from the United States National Science Foundation under grant
DMS·9819950 and from IFM2 is gratefully acknowledged.

3Corresponding Author



Abstract

We analyze the implications of the widely used fixed fraction of funds fees on a mutual fund
manager’s portfolio decisions. In our model, a log utility investor is allowed to dynamically
allocate capital between an actively managed mutual fund and a locally riskless bond. The
optimal fund portfolio is shown to be the one that maximizes the market value of the fees
received, and is independent of the manager’s utility function. The presence of dynamic
flows induces “flow hedging” portfolio distortions on the part of the fund, even though the
investor is myopic. Our model predicts a positive relationship between a fund’s proportional
fee rate and its volatility. This is a consequence of higher fee funds holding more extreme
equity positions. While both the fund portfolio and the investor’s trading strategy depend
on the proportional fee rate, the welfares of the different agents do not. Implications re-
lated to the measured performance-fundflow relationship and its dependence on the fee rate
are derived. Finally, we show that our results hold even if in addition to trading the fund
and the bond the investor is allowed to directly trade some of the risky securities, but not all.

JEL Classification Numbers. G11, G12, G13, G23, D81.

Key words. Mutual Funds, Delegated Portfolio Management, Incomplete Markets, Con-
tinuous Time Stochastic Game, Backward Stochastic Differential Equations .



1 Introduction

The analysis of the impact of fee structures on a fund’s portfolio choice decisions has pre-
viously typically been studied in a setting in which a manager receives an exogenously
prespecified amount of money to manage for an exogenously prespecified time period. In
the few models where investors do make allocation decisions, they are typically restricted to
a one time decision, at the initial date, that determines the fraction of their initial wealth
that they delegate to the management of the fund. Once this initial decision is made, in-
vestors are unable to delegate additional funds or to withdraw any part of the money under
the fund’s management, until the terminal date.

The important innovation of our paper is that we allow the investor to move money in
and out of the fund dynamically. To this end, we study a dynamic continuous time economy
with two agents: a small investor and a fund manager. The small investor implicitly faces
high costs that preclude him from trading directly in the equity market. These implicit
costs can be related, for example, to the fact that the opportunity cost for the investor
of spending his time in stock trading related activities is high.1 While he is precluded
from holding equity directly, he can invest money in a mutual fund. Specifically, he is
permitted to dynamically allocate his money between a mutual fund and a locally riskless
bond, where we impose the natural restriction that the investor can not short the fund.
The fund manager, on the other hand, is allowed to trade dynamically in both the stocks
and the bond.

Our objective is to understand how enabling investors to dynamically rebalance between
the fund and the bond impacts the trading strategy of the fund. We focus our analysis on the
case of fraction of funds fees, whereby the manager receives a fee that is a fixed proportion
of the assets under management. Our motivation for focusing such a fee structure stems
from its widespread use by mutual funds. As of 1997, approximately 98% of all mutual
funds were using a fraction of fund fees without any performance based incentives.

To focus on the impact of flows on a fund’s portfolio choice decisions, while maintaining
a tractable setup, we make the following simplifying assumptions. First, both agents have
complete information about financial markets. Second, agents observe the actions of each
other. Third, from the perspective of the fund manager markets are complete. Fourth,
while only mild regularity conditions are imposed on the manager’s utility function, the
small investor is assumed to have a log utility function.

We further assume that while both agents observe the actions of each other, the fund
manager is strategic where as the investor is not. Specifically, when the investor determines
his portfolio he takes the fund strategy as given. On the other hand, when the fund man-
ager selects the fund’s trading strategy he takes into account what would be the investor’s
reaction to such a strategy.

When the investment opportunity set is stationary, keeping in mind that the investor’s
1This assumption is relaxed in Section 5 where we allow the investor direct access to a subset of the risky
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utility function is log, we obtain the intuitive result that the equilibrium fund portfolio is the
portfolio that maximizes the after fees Sharpe ratio of the fund. In equilibrium, the equity
component of the fund’s portfolio is proportional to the fee rate, and the investor’s holding
of the fund is inversely proportional to the fee rate. An increase in the fee rate tilts the fund
portfolio towards the risky assets, and at the same time decreases the investor’s holdings in
the fund. Furthermore, while both the fund’s and the investor’s portfolios depend on the
fee rate, the investor’s effective exposure to equity as well as both agents’ expected utilities
do not.

When the investment opportunity set is stochastic, it is no longer the case that the
equilibrium fund portfolio is the one that maximizes the after fees Sharpe ratio of the fund.
The presence of dynamic flows induces “flow hedging” on the part of the fund, even though
the investor is myopic. In selecting a fund portfolio the manager takes account of the fact
that the fraction of wealth delegated to the fund’s management by a myopic log investor is
determined by the instantaneous Sharpe ratio provided by such an investment. As a result,
in states of the world where the opportunity set is good (bad) and the Sharpe ratio is high
(low) the manager will receive a larger fraction of the investor’s wealth as management fees.
This leads the manager to distort the fund’s equity portfolio so that the future opportunity
set (i.e., the Sharpe ratio) is correlated with the investor’s wealth process. Interestingly,
the distortions within the equity component do not depend on the fee rate. However, even
with a stochastic opportunity set the investor’s effective equity exposure and the expected
utilities of the two agents are independent of the fee rate.

We also use our model to investigate a potential contemporaneous relationship between
flows and fund returns. For low fee rates our model predicts that high fund returns will
be accompanied by inflows whereas low fund returns will be accompanied by outflows.
The analysis in the empirical literature on the relationship between flows and lagged fund
returns typically does not control for a contemporaneous relationship (see for example Sirri
and Tufano (1998)); thus, potentially biasing the results. In addition, we derive empirical
predictions related to the relationship between fee rates and flows, holding fund returns
fixed.

A different aspect of dynamic fund flows is analyzed by Berk and Green (2002) who
demonstrate that a combination of unknown fund manager ability and decreasing returns
to scale can generate the following two empirical facts. First, a positive convex relationship
between lagged fund returns and flows into the fund. Second, non predictable fund returns
even after conditioning on past performance.

Since the focus of the present paper is to analyze the impact of dynamic flows on a mutual
fund manager’s portfolio choice decisions, we take the fee structure as given. We are not
taking a stance on whether a fraction of funds fees is the form of the optimal compensation
contract in our setting, but instead rely on its widespread use by mutual funds as the
motivation for our analysis. Papers that analyze these optimal contracting issues include
Starks (1987), Roll (1992), Heinkel and Stoughton (1994), Admati and Pfleiderer (1997),
Lynch and Musto (1997), Das and Sundaram (1998a,b), Dybvig, Farnsworth and Carpenter
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(1999) and Ou-Yang (2002).
While fraction of funds fees is by far the predominant compensation contract in the

mutual fund industry some funds have a symmetric performance component in their com-
pensation contract (a fulcrum fee). Furthermore, both pension funds and hedge funds use
asymmetric performance contracts in which the manager shares in the upside, but does not
get penalized on the downside. Grinblatt and Titman (1989), Chen and Pennachi (1999),
and Carpenter (2000) have studied the optimal portfolio strategy of a manager receiving
convex performance fees in a setting in which the manager receives an exogenous amount
of money to manage at the initial date. An analysis of the equilibrium asset pricing impli-
cations, as well as the fund portfolio choice decisions, of both fulcrum fees and asymmetric
performance fees is conducted in Cuoco and Kaniel (2001). In Cuoco and Kaniel (2001) both
fund managers and unconstrained investors trade directly in the equity markets, but the
investors who use the funds services make allocation decisions only at the initial date. High
water mark fees, used in the hedge fund industry, are discussed in Goetzmann, Ingersoll
and Ross (2004).

In solving our model we rely on tools that were developed for the study of utility
maximization problems under incomplete markets as well as on the theory of Backward
Stochastic Differential Equations and its links to the study of optimal control problems.2 For
details on the study of utility maximization problems in incomplete or constrained financial
markets, see Karatzas et al. (1991), He & Pearson (1991) and Cvitanic̀ & Karatzas (1992)
among others. For a comprehensive survey of backward stochastic differential equations
and some of their applications in finance, see El Karoui, Peng and Quenez (1997). A brief
introduction to the theory of such equations as well as a review of the results needed in the
paper is given in Appendix B.

The remainder of the paper is organized as follows. The economic setup is described in
Section 2. In Section 3 we solve the investor’s optimization problem and derive the optimal
fund portfolio as well as the manager’s optimal trading strategy. Section 4 describes the
equilibrium trading strategies and discusses the models implications, including implications
related to the performance-flow relationship. Section 5 demonstrates that the main results
hold even if one relaxes the assumption that the investor can get exposure to equity only
through holding the fund. Section 6 concludes. Appendix A contains all the proofs and
Appendix B contains a short review of the necessary results from the theory of Backward
Stochastic Differential Equations.

2 The Economy

We consider a continuous time economy on the finite time span [0, T ]. The uncertainty
is represented by a probability space (Ω,F,F , P ) on which is defined an n−dimensional

2Although the case of constant market coefficients can be solved explicitly without using backward
stochastic differential equations, it is important to note that the use of such equations allows us to solve the
problem completely even in the case of non Markovian dynamics for the traded securities.
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standard Brownian motion B. The filtration F := (Ft)0≤t≤T is the usual augmentation of
the filtration generated by the Brownian motion and we let F := FT so that the true state
of nature is solely determined by the path of the Brownian motion up to the terminal time.
In the sequel, all processes are assumed to be adapted to the filtration F and all statements
involving random quantities are understood to hold either almost surely or almost every-
where depending on the context. Furthermore, we shall assume all the processes introduced
to be well defined, without explicitly stating the regularity conditions ensuring this.

2.1 Securities and Mutual Fund Dynamics

2.1.1 Securities

There is a single perishable good (the numéraire) in units of which all quantities are ex-
pressed. The financial market consists of n+ 1 long lived securities. The first security is a
locally riskless bond, whose price process S0 satisfies

dS0
t = rtS

0
t dt, S0

0 = 1

for some interest rate process r. The remaining securities are risky. They are referred to as
the stocks and their price process S := (Si)ni=1 satisfies

dSt = diag
[
St

](
atdt + σtdBt

)
, S0 ∈ (0,∞)n

for some vector valued drift process a and some matrix valued volatility process σ. The
processes r, a and σ are collectively referred to as the model coefficients and will be assumed
to satisfy the following

Assumption 1 The model coefficients are uniformly bounded processes and furthermore,
the volatility process admits a uniformly bounded inverse.

The assumption imposed on the model coefficients imply that the relative risk premium
process ξ := σ−1[a − r1], where 1 denotes the n−dimensional unit vector, is uniformly
bounded. The exponential local martingale

Mt := exp
[
−
∫ t

0
ξ∗τdBτ − 1

2

∫ t

0
‖ξτ‖2 dτ

]
where ‖·‖ denotes the Euclidean norm, is thus a strictly positive and uniformly integrable
martingale. As a result, the formula Q(A) := E[1AMT ] defines a probability measure which
is equivalent to the original probability measure and under which the process

Zt := Bt +
∫ t

0
ξτdτ (1)

is an n−dimensional standard Brownian motion by Girsanov theorem. Under this new
probability measure, the dynamics of the stock price are given by

dSt = diag
[
St

](
rt1 dt + σtdZt

)
.
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The discounted stock price process S/S0 is thus a martingale under Q and is referred to as
the risk neutral or equivalent martingale measure.

2.1.2 Mutual Fund Dynamics

Trading takes place continuously and there are no market frictions. A mutual fund trading
strategy is a vector valued process π = (πk)nk=1 specifying the portfolio weight in each of
the stocks. Given a fund trading strategy, the return on investments in the fund at time t
evolves according to

dFt

Ft
=
[
1 − π∗t 1

]dS0
t

S0
t

+
n∑

k=1

πk
t

dSk
t

Sk
t

− γdt

= (rt − γ)dt+ π∗t σt

[
dBt + ξtdt

]
= (rt − γ)dt + π∗t σtdZt (2)

where the constant γ > 0 represents the rate at which management fees are withdrawn from
the asset under management.3

Throughout the rest of the paper we use the notation F = F π to emphasize the depen-
dence on the portfolio weight process chosen by the fund manager, and denote by Πf the
set of fund portfolio processes with the property that the associated solution to (2) is non
negative.

2.2 Agents

2.2.1 The Investor

The small investor, which we denote by i, is allowed to trade freely in the riskless security
but can only access the market for risky securities through the fund. The inability of the
investor to trade stocks directly should be viewed as a reduced form representing the fact
that it is more costly for the investor to trade efficiently stocks than it is for the fund. This
could be due, for example, to the fact that given that the investor is small it will be costly for
him to hold a portfolio that consists of many stocks. Furthermore, it is implicitly assumed
that the opportunity cost for the investor of spending his time in stock trading related
activities is high. In the last section of the paper we relax this assumption by allowing the
investor to trade directly in a subset of the stocks.

We denote by W i
0 the investor’s initial capital and by φt the amount he holds in the

mutual fund at time t. Since investors can not short actively managed funds, we impose
the constraint

φt ≥ 0, 0 ≤ t ≤ T.

3In practice, both management fees and distribution (12b-1) fees are indeed deducted continually from
assets under management. Some funds also impose either front end or back end load fees; which we ignore
in our analysis.
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Given an admissible fund portfolio π ∈ Πf , and under the usual self financing condition,
the investor’s wealth process evolves according to

dW i
t =
[
W i

t − φt

]dS0
t

S0
t

+ φt
dF π

t

F π
t

= rtW
i
t dt+ φtπ

∗
t σt

[
dBt + ξπ

t dt
]

(3)

with initial condition W i
0 where the process ξπ is the risk premium associated with an

investment in the stocks through the mutual fund, that is

ξπ
t := ξt − γ

σ∗t πt

‖σ∗t πt‖2 . (4)

For the portfolio management services provided by the fund, the investor is charged a fee
that is proportional to the amount he currently holds in the fund. Specifically, as shown in
Equation (2), at each time t the investor is charged a flow of γφt where γ ∈ R+ is a given
management fee rate. The cumulative fee process, which in turn determines the manager’s
cumulative income process, is thus given by

Φt :=
∫ t

0
γφτdτ. (5)

Since the investor’s sole resource is his initial capital, he will be able to avoid bankruptcy
only if his wealth remains positive. In what follows, we denote by Θπ

i the set of non negative
processes φ with the properties that

EQ[ΦT ] = EQ

[ ∫ T

0
γφτdτ

]
<∞, (6)

where EQ[·] denotes the expectation operator under the risk neutral probability measure,
and that given π the solution to (3) is a positive process.

The investor is assumed to have logarithmic preferences over terminal wealth. Given a
fund portfolio process π ∈ Πf , his objective is thus to select a trading strategy φ ∈ Θπ

i so
as to maximize the expected utility

E[log(W i
T )].

The fact that the fund value is driven by n independent Brownian motions and that the
investor is not allowed to short the fund imply that the investor effectively faces an in-
complete market. The assumption of log utility is therefore critical for tractability, since
this utility function is the only one allowing for a closed form solution in our possibly non
Markovian framework.4

4Under the assumption of constant market coefficients, the model could also be solved with a constant
relative risk aversion utility function for the investor. However, the results in this case are qualitatively
similar to those with a logarithmic utility function.
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2.2.2 The Fund Manager

The fund manager, which we denote by m, determines both the fund’s trading strategy and
a trading strategy in his own account. He is endowed with a non negative initial capital
Wm

0 and receives income from his management activities according to the cumulative fee
process generated by the investor’s holdings of the mutual fund.

The fact that we allow the manager to trade stocks directly in his own account, while
restricting the ability of the small investor to do so, is motivated by the fact that the manager
is exposed to equity markets through his job. Thus, his implicit costs of participating in
stock trading activities are far lower than those of the investor’s. In Section 5 we allow the
small investor direct access to some of the assets; thereby decreasing the wedge between the
implicit costs to the investor and to the manager.5

Let Φ be given by (5) for some φ ∈ Θπ
i and assume that the manager trades in his own

account according to some trading strategy η. Under the usual self financing condition, the
manager’s wealth process then satisfies the dynamic budget constraint

dWm
t =

[
Wm

t − η∗t 1
]dS0

t

S0
t

+
n∑

k=1

ηk
t

dSk
t

Sk
t

+ dΦt

= rtW
m
t dt+ η∗t σt

[
dBt + ξtdt

]
+ γφtdt. (7)

In what follows, we say that a trading strategy is admissible for the manager and we write
η ∈ Θm if the associated wealth process is such that Wm ≥ −Γ for some non negative and
Q−integrable random variable.
Given a cumulative income process as in (5), the manager’s objective is to find an admissible
trading strategy which maximizes the expected utility

E
[
U
(
Wm

T

)]
.

In what follows, the manager’s utility function U : (0,∞) → R is assumed to be strictly
increasing, strictly concave, continuously differentiable and to satisfy the Inada conditions
at both zero and infinity.

2.3 Equilibrium

A Nash equilibrium for our delegated portfolio management game is defined by a triple of
dynamic trading strategies (π̂, ηπ̂, φπ̂) ∈ Πf × Θm × Θπ̂

i with the following properties

a) The trading strategy φπ̂ is optimal for the investor given the fund portfolio process π̂
chosen by the manager, that is:

φπ̂ ∈ arg max
φ∈Θπ̂

i

E
[
log
(
W i

T

)]
.

5While information is symmetric in our model, part of the wedge in the costs of directly trading equity
between the manager and the investor can be intuitively viewed as being driven by differences in information
costs.

7



b) The combination of the fund portfolio process π̂ and the trading strategy ηπ̂ is optimal
for the fund manager given the cumulative income process generated by the investor’s
trading strategy, that is:

(
π̂, ηπ̂

) ∈ arg max
(π,η)∈Πf×Θm

E
[
U
(
Wm

T

)]
given Φt = Φπ̂

t :=
∫ t

0
γφπ̂

τ dτ

The focus of our analysis is on how dynamic flows impact a fund’s portfolio choice decisions.
As such, in this paper we view the investor as a small agent who does not realize that his
investment decisions (i.e., the amount of money he delegates to the fund to manage at each
point in time) may impact the fund’s portfolio choice decision. The fund manager on the
other hand is strategic. Specifically, we assume that in making his investment decisions,
the manager takes into account the impact of the fund portfolio on the investor’s demand
for the mutual fund.

As a result, one can interpret our model as a stochastic differential game between the
manager and the investor, where the manager’s strategic advantage resembles that of a
Stackelberg leader. This suggests (see Bagchi (1984)) that the dominating, in the sense of
being both individually and collectively stable, equilibrium can be computed through the
following sequential procedure.

1. The first step consists in solving the investor’s maximization problem given an arbi-
trary fund portfolio process π ∈ Πf to obtain the trading strategy φπ ∈ Θπ

i which is
the investor’s best response to π. For each portfolio process π this optimal strategy
induces via (5) a cumulative fee process Φπ that is payed to the manager.

2. The second step consists in solving the manager’s maximization problem given the
cumulative fee process Φπ in order to obtain his optimal trading strategy ηπ ∈ Θm as
well as his value function

V π
m :=

{
max
η∈Θm

E
[
U
(
Wm

T

)]
given Φ = Φπ

}
. (8)

3. The third step makes the connection between the two individual optimization prob-
lems and determines, from the manager’s perspective, the optimal fund portfolio pro-
cess:

π̂ ∈ arg max
π∈Πf

V π
m = arg max

π∈Πf

{
max
η∈Θm

E
[
U
(
Wm

T

)]
given Φ = Φπ

}
. (9)

Re-injecting this fund portfolio process in the first two steps we obtain a pair of optimal
trading strategies. By construction the triple (π̂, ηπ̂, φπ̂) is a Nash equilibrium of the game,
and since the definition of the optimal fund portfolio process implies that the correspond-
ing allocations are Pareto optimal, it has to be that this non cooperative equilibrium is
dominating.
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3 Optimal Trading Strategies

In solving for the optimal trading strategies of the two agents, we follow the sequential
procedure described in the previous section. The first step is carried in Section 3.1, and the
second and third in Section 3.2.

3.1 The Investor’s Problem

In this section we assume that the fund portfolio is a fixed process π ∈ Πf , and derive the
small investor’s best response trading strategy.
Given a fund portfolio π and the dynamics (2), the net of fees instantaneous Sharpe ratio
of the fund is given by

ϑπ
t :=

[rt − γ + π∗t σtξt] − rt

‖σ∗t πt‖2 =
π∗t σtξt − γ

‖σ∗t πt‖2 (10)

Combining the fact that the investor’s utility function is log with the fact that he can not
short the fund, it is natural to conjecture that at any point in time the investor will hold the
fund only if it has a positive net of fees Sharpe ratio, and that in those cases the proportion
of his wealth that will be invested in the fund would equal that Sharpe ratio. The following
proposition shows that this is indeed the case.

Proposition 1 Let π ∈ Πf denote an arbitrary fund portfolio process and define a non
negative process by setting

φπ
t := [ϑπ

t ]+W iπ
t = max[0, ϑπ

t ]W iπ
t (11)

where W iπ is the corresponding solution to (3). Then φπ belongs to Θπ
i and constitutes the

investor’s best response trading strategy.

3.2 The Manager’s Problem

We start by assuming that the fund portfolio is a fixed process and solve the manager’s
problem (8), given the investor’s best response trading strategy. Then, we complete our
sequential optimization procedure by determining the optimal fund portfolio process.

3.2.1 Optimal Trading Strategy

Proposition 1 shows that for a given fund portfolio process, the investor’s best response
trading strategy generates the cumulative fee process Φπ defined by

Φπ
t :=

∫ t

0
γφπ

τ dτ =
∫ t

0
γ[ϑπ

τ ]+W iπ
τ dτ (12)

where W iπ is the investor’s optimal wealth process. Given that the stock price volatility
matrix is invertible, the manager faces a complete financial market. In such a setting, the
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solution to (8) is well-known (see Karatzas and Shreve (1999)). In order to describe it, we
start by introducing the market value process

vπ
t := EQ

[ ∫ T

t

dΦπ
τ

S0
τ/S

0
t

∣∣∣∣Ft

]
of the cumulative fee process generated by the investor’s best response strategy. Standard
results from the theory of complete markets then imply that the manager’s problem amounts
to the maximization of his expected utility over the set of non negative random variables
which satisfy the static budget constraint

EQ

[
Wm

T

S0
T

]
≤ vπ

0 +Wm
0 (13)

Let now I denote the strictly positive and strictly decreasing inverse of the manager’s
marginal utility function. The manager’s utility function being strictly concave, the optimal
terminal wealth for problem (8) can be written as

Wmπ
T := I

(
yπ
MT

S0
T

)
where yπ is a strictly positive Lagrange multiplier chosen such that the static budget con-
straint (13) holds as an equality:

EQ

[
1
S0

T

I

(
yπ
MT

S0
T

)]
= vπ

0 +Wm
0 . (14)

The following proposition summarizes the above discussion and makes use of the Brownian
martingale representation theorem (Karatzas & Shreve (1988, Theorem 3.4.2 p.170)) in
order to obtain an explicit characterization of the manager’s optimal trading strategy.

Proposition 2 Let π ∈ Πf denote an arbitrary fund portfolio process, assume that (14)
admits a strictly positive solution yπ and define

Wmπ
t

S0
t

:= EQ

[
Wmπ

T

S0
T

∣∣∣∣Ft

]
− vπ

t

S0
t

= Wm
0 +

∫ t

0

(
h∗τdZτ +

dΦπ
τ

S0
τ

)
. (15)

Then the process Wmπ satisfies the manager’s dynamic budget constraint (7) with the ad-
missible trading strategy ηπ := [σ∗]−1S0h ∈ Θm and its terminal value is optimal for the
manager’s utility maximization problem.

3.2.2 Optimal Fund Portfolio

In order to determine the equilibrium trading strategies, we now need to find a fund portfolio
process π̂ ∈ Πf that maximizes the manager’s value function

V π
m := E

[
U
(
Wmπ

T

)]
= E

[
U ◦ I

(
yπ
MT

S0
T

)]
(16)

10



Observing that the right hand side of the above equation depends on the fund portfolio
only through the market value of the corresponding fees and using the decrease of the map
vπ
0 �→ yπ in conjunction with that of the function U ◦ I, it is easily seen that the choice

of such a process is independent from the manager’s utility function and amounts to the
maximization of the initial market value of the fees. More precisely, the optimal fund
portfolio process is the solution to the stochastic control problem with value function

v̂0 := sup
π∈Πf

vπ
0 = sup

π∈Πf

EQ

[ ∫ T

0

dΦπ
τ

S0
τ

]
(17)

where the non decreasing process Φπ is defined as in (12). Our first result in this section
establishes a technical property which will be useful in what follows.

Lemma 1 Fix an arbitrary fund portfolio process π ∈ Πf and let W iπ denote the corre-
sponding best response wealth process. Then the process defined by

Mπ
t := exp

(∫ t

0
γ[ϑπ

τ ]+dτ
)[

W iπ
t

S0
tW

i
0

]
(18)

with the process ϑπ as in (10), is a strictly positive and uniformly integrable martingale
under the risk neutral probability measure.

Remark 1 Let π ∈ Πf denote an arbitrary fund portfolio process. The integration of the
stochastic differential equation (3) verified by the investor’s best response wealth process
shows that we have ∫ t

0

dΦπ
τ

S0
τ

= W i
0 −

W iπ
t

S0
t

+
∫ t

0

(
φπ

τ π
∗
τστ

S0
τ

)
dZτ

Taking expectations under the risk neutral probability measure on both sides and using the
fact that, thanks to Lemma 1, the local martingale on the far right is a uniformly integrable
martingale, we obtain that the optimal fund portfolio problem (17) can be written as

v̂0 = sup
π∈Πf

{
W i

0 −EQ

[
W iπ

T

S0
T

]}
(19)

Given the results in the previous sections we can interpret the objective function in (19)
as the difference between the investor’s initial wealth and the minimal amount required by
an agent who has complete access to financial markets in order to generate the investor’s
optimal terminal wealth W iπ

T . The discrepancy between these two amounts generates the
initial market value of the cumulative fee process to be received by the manager. Thus,
we are prompted to conclude that the optimal fund portfolio is that which “maximizes the
incompleteness” of the financial market to which the investor has access to.
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Combining the result of Lemma 1 with Girsanov theorem, we have that for an arbitrary
π ∈ Πf the formula Qπ(A) := EQ[1AM

π
T ] defines a probability measure which is equivalent

to the risk neutral probability measure and under which the process

Zπ
t := Zt +

∫ t

0
[ϑπ

τ ]+σ∗τπτdτ

is an n−dimensional standard Brownian motion. In conjunction with the non negativity of
the investor’s initial wealth, the definition of this new probability measure shows that (19)
can be written as

v̂0 = W i
0

{
1 − inf

π∈Πf

EQπ

[
e−
∫ T
0 γ[ϑπ

τ ]+dτ
]}

. (20)

The approach we take to solve this problem relies on the interpretation of its objective
function as solution to a backward stochastic differential equation and on the comparison
theorems for such equations (see the Appendix for a brief introduction to this theory).

Fix an arbitrary fund portfolio process, let

f
(
t, πt

)
= [ϑπ

t ]+ =
[π∗t σtξt − γ]+

‖σ∗t πt‖2

denote the positive part of the corresponding net of fees Sharpe ratio and consider the
backward stochastic differential equation (BSDE in short)

−dXπ
t = f(t, πt)

(
π∗t σtYt − γXπ

t

)
dt − Y ∗

t dZt, Xπ
T = 1 (21)

for the pair of processes (Xπ, Y ). The map f being bounded (see the proof of Lemma 1
for details), it follows from Theorem B.1 in the Appendix that the unique square integrable
solution to this equation is given by

Xπ
t = EQπ

[
e−
∫ T
t

γ[ϑπ
τ ]+dτ

∣∣∣Ft

]
and by the integrand in the representation of the associated Qπ−martingale. Comparing the
above expression with (20) it is now easily seen that the value function of our optimization
problem can be written as W i

0(1 −X0) where

Xt := ess inf
π∈Πf

Xπ
t = ess inf

π∈Πf

EQπ

[
e−
∫ T
t γ[ϑπ

τ ]+dτ
∣∣∣Ft

]
(22)

Given that the terminal condition in (21) is constant, the comparison theorems stated in
the Appendix suggest that in order to solve for the optimal fund portfolio one should go
through the following steps:

1. Perform the pointwise minimization of the driver

g(t, π, x, y) := f(t, π)
(
π∗σty − γx

)
of the BSDE (21) over the set of admissible fund portfolios to obtain a candidate
optimal control as a function of (t, x, y) and the state.

12



2. Plug this candidate optimal control back into the driver and show that the resulting
BSDE admits a solution whose trajectory coincides with the process of (22).

A straightforward, albeit tedious, computation reveals that the unique minimizer of the
mapping defined by (23) is the process given by

π̂(t, x, y) := 1{‖y/x‖≤‖ξt‖}
[
σ∗t
]−1 2γ

(
ξt − y

x

)
‖ξt‖2 − ∥∥y

x

∥∥2 .
Plugging this candidate optimal fund portfolio process back into the definition of g our task
now consists in establishing that the BSDE associated, under the risk neutral probability
measure, with the driver

ĝ[t, x, y] := min
π∈Rn

g[t, π, x, y] = g
[
t, π̂(t, x, y), x, y

]
= −1{‖y/x‖≤‖ξt‖}

x
4

∥∥ξ(t) − y
x

∥∥2
and the terminal condition 1 admits a solution which coincides with the process of essential
infima defined in (22). As in the traditional dynamic programming approach to Markovian
stochastic control problems, where the main difficulty is to prove the existence of a classical
solution of the associated Hamilton-Jacobi-Bellman equation, it is the proof of the existence
of a solution to this nonlinear BSDE which constitutes the main difficulty of our approach.
In particular, because the driver of the BSDE

−dXt = ĝ
(
t,Xt, Yt

)
dt − Y ∗

t dZt, X(T ) = 1 (23)

has quadratic growth in Y , the standard existence results do not apply and it is well-known
that even in the forward case such equations do not necessarily admit strong solutions.
Nevertheless, exploiting the particular structure of the driver under consideration and using
the results of Kobylanski (1997) and Lepeltier and San Martin (1998), we are able to
establish the existence of a maximal solution to (23) and this will prove sufficient for our
purposes.

Lemma 2 The set of square integrable solutions to the BSDE (23) is non empty and con-
tains an element whose trajectory is strictly positive and dominates that of any other solu-
tion.

By combining the above result with the definition of the candidate optimal control and the
refined comparison theorem of Lepeltier & San Martin (1998), we now obtain a complete
solution to the fund portfolio selection problem.

Proposition 3 Let β := X−1Y where (X,Y ) denotes the maximal solution to the BSDE
(23) and define a vector valued process by setting

π̂t := π̂
(
t,Xt, Yt

)
= 1{‖βt‖≤‖ξt‖}[σ

∗
t ]

−1 2γ (ξt − βt)
‖ξt‖2 − ‖βt‖2 . (24)

13



Then the process π̂ belongs to the set Πf of admissible fund portfolio processes and attains
the infimum in the stochastic control problem (20).

Before turning to the determination of the agents’ equilibrium value functions and trading
strategies, let us first comment on the result of Proposition 3. Proposition 1 suggests that,
since the investor’s demand for the fund (and hence the manager’s cumulative fee process) is
increasing in the fund’s net of fees Sharpe ratio, the optimal fund portfolio process should be
that which maximizes the fund’s Sharpe ratio in every state. A straightforward computation
shows that the unique maximizer of the fund’s Sharpe ratio is the process defined by

π̃t := arg max
π∈Rn

f(t, π) = [σ∗t ]
−1 2γξt

‖ξt‖2 . (25)

Comparing this with the optimal fund portfolio process defined by (24) we see that the
intuition according to which π̃ should be the optimal fund portfolio process is in general
false. As we now demonstrate, this intuition is valid if the manager’s investment opportunity
set is stationary in the sense that the risk premium process ξ is deterministic.

Corollary 1 Assume that the risk premium process ξ is a deterministic and bounded func-
tion. Then the maximal solution to the BSDE (23) is given by

Xt := exp

[
−
∫ T

t

‖ξτ‖2

4
dτ

]
(26)

and Y := (0, ..., 0)∗ ∈ R
n. In this case, the optimal fund portfolio process is also determin-

istic and coincides with the bounded process π̃ defined by (25).6

With a deterministic risk premium process ξ, combining (24) and (25) with Proposition 1
one might be tempted to also conclude that the optimal fund portfolio is the one that
maximizes the investors welfare. This is of course false, as it is straightforward to show
that if the investor was to determine the fund’s portfolio, while still paying the applicable
management fees, he would choose it to maximize ‖σ∗t πt‖ [ϑπ

t ]+ and not [ϑπ
t ]+.

4 Equilibrium and Fund Flows

4.1 Equilibrium

We now gather the previous results to obtain a complete description of the equilibrium. We
start with the general case in which the market coefficients are arbitrary processes satisfying

6The result of this corollary can be obtained without using BSDEs. Indeed, using the definition of the
process Xπ in conjunction with the fact that the process π̃ is now deterministic we obtain that the inequality

exp

[
−
∫ T

t

‖ξτ‖2

4
dτ

]
= EQπ

[
exp

(
−
∫ T

t

γ
[
ϑπ̃

τ

]+
dτ

)]
≤ Xπ

t

holds for every admissible fund portfolio process and the result follows from observing that the deterministic
process π̃ belongs to the set Πf .
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the conditions of Assumption 1 and then proceed with the special case in which they are
deterministic.

Theorem 1 Let (X,Y ) denote the maximal solution to the backward stochastic differential
equation given by (23) and define β := X−1Y . Then the equilibrium fund portfolio and the
investor’s equilibrium trading strategy are given by

π̂t = 1{B} [σ∗t ]
−1 2γ(ξt − βt)

‖ξt‖2 − ‖βt‖2 , (27)

φπ̂
t = 1{B}

(
‖ξt‖2 − ‖βt‖2

) [W iπ̂
t

4γ

]
(28)

where B ∈ FT denotes the set on which we have ‖β‖ ≤ ‖ξ‖. The equilibrium expected
utilities of each of the two agents are given by

Vm := E

[
U ◦ I

(
yπ̂
MT

S0
T

)]
(29)

Vi := E
[
log
(
W i

0S
0
T

)]
+ E

[∫ T

0

1{B} ‖ξτ − βτ‖2

8
dτ

]
(30)

where yπ̂ solves (14) with vπ̂
0 = W i

0(1 − X0). Finally, the manager’s equilibrium trading
strategy on his own account is given by ηπ̂ = [σ∗]−1S0h where the process h is the integrand
in the representation of the martingale defined by (15).

Equation (27) shows that in equilibrium the equity component of the fund is proportional
to the fee rate. Thus, our model predicts that ceteris paribus funds with high proportional
management fees will invest more in equities relative to funds with low proportional man-
agement fees. In particular, this implies a positive relationship between a fund’s fee rate
and its volatility.
Equation (28) shows that, as can be expected, the higher the fee rate the lower the fraction
of the investor’s wealth that is invested in the fund. The fee being charged on assets under
management, it applies to both the equity and the bond components of the fund. Obvi-
ously, holding the bond through the fund is more expensive for the investor than holding
it directly. To mitigate the investor’s reaction to a higher fee rate, the equilibrium fund
allocation to equities increases as the fee increases, thereby decreasing the fund’s allocation
to the bond and enabling the investor to hold a larger fraction of his bond holdings directly
versus indirectly. Thus, as the fee rate increases a larger part of the investor’s portfolio is
invested directly in the bond, both because the fund tilts its portfolio more towards equity
and because the investor allocates less to the fund.7

7 The argument in the above paragraph implicitly assumes that the fund does not hold more than 100%
of its holdings in the bond. While we are not able to categorically rule out this possibility, it is probably
highly unlikely.
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Multiplying the equilibrium fund portfolio and the investor’s equilibrium trading strat-
egy, we get that the investor’s effective equity portfolio weights are[

π̂tφ
π̂
t

W iπ̂
t

]
= [σ∗t ]

−1 1{B}(ξt − βt)
2

.

For a deterministic opportunity set, Corollary 1 shows that the unique solution to the
backward stochastic differential equation (23) is such that the vector Y is identically equal
to zero; implying that β is identically equal to zero. Thus, the composition of the investor’s
effective equity portfolio is the same as he would hold if he were able to trade equity directly
at no cost, although the investor’s overall exposure to equity is smaller by a factor of two.

A stochastic opportunity set, on the other hand, results in a distortion to the equity
component of the fund’s portfolio. The manager knows that in states of the world where
the instantaneous opportunity set is good (i.e., states in which the fund’s Sharpe ratio is
high) the investor invests a large fraction of his wealth in the fund, thereby generating large
fees. This “flow hedging” consideration induces the manager to distort the fund’s equity
portfolio in such a way as to correlate the investor’s wealth process with the Sharpe ratio
process.

The fact that the solution to the BSDE (23) is independent from the fee rate implies
that investor’s effective equity portfolio weights are independent of the fee rate. This in
turn implies that the investor’s effective overall bond portfolio weight is also independent
of the fee rate. Furthermore, multiplying (28) by the fee rate shows that the fraction of the
investor’s wealth that is paid as management fees is fixed.

Combining the above yields that both the investor’s wealth process and the fee process
Φ are independent of the fee rate. This in turn implies that equilibrium value functions of
both agents are also independent of the fee rate. Thus, in the context of our model, it does
not matter whether the investor or the fund manager is the agent setting the management
fee. In both cases, the managers ability to select the fund portfolio on the one hand and
the investor’s ability to adjust the holdings in the fund on the other hand counteract each
other so that both agents are equally well off whether one or the other is setting the fee
rate.8

The first term on the right hand side of (30) is simply the utility that the investor would
attain if he was restricted to holding only the bond. The second is the utility gain attributed
to being able to trade also the mutual fund. One might have been tempted to conjecture
that the fact that the investor is a price taker while the manager is strategic would imply
that in equilibrium the investor will be kept to his reservation utility; i.e., the utility he
would attain if he could hold only the bond. This argument ignores two important issues.
First, in the setting of our model making the investor better off relative to the case where
he could invest only in the bond is not necessarily inconsistent with making the manager
better off. Second, the investor’s ability to move funds in and out of the fund limits the

8The model is discontinuous from the left at γ = 0, as is evident from portfolio holdings in Theorem 1
and the different fee irrelevance results.
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managers ability to take advantage of him. This implies that the two agents need to split
the surplus, as opposed to the manager being able to expropriate all of the surplus.

If the investor was able to access the financial markets directly without facing any costs,
then his expected utility would simply be given by

V 0
i = E

[
log
(
W i

0S
0
T

)]
+ E

[∫ T

0

‖ξτ‖2

2
dτ

]

Thus, the fraction of his wealth that the investor would be willing to give up to be able to
directly access financial markets is given by

pi = 1 − exp

(
E

[∫ T

0

1{B} ‖ξτ − βτ‖2 − 4 ‖ξτ‖2

8
dτ

])
(31)

In view of the independence of the equilibrium value functions from the fee rate and given
that the market value of the fees to be received is given by W i

0[1−X0] one may be tempted
to conjecture that pi = 1 − X0. To see that this conjecture is false, we focus on the case
where the price coefficients are deterministic. Combining Theorem 1 with Corollary 1 yields
the following:

Corollary 2 Assume that the market coefficients are deterministic and bounded functions
and let X : [0, T ] → [0, 1) be as in (26). Then the equilibrium fund portfolio and the
investor’s equilibrium trading strategy are given by

π̂t = [σ∗t ]
−1 2γξt

‖ξt‖2 , φπ̂
t = ‖ξt‖2

[
W iπ̂

t

4γ

]
(32)

and the equilibrium expected utilities of each of the two agents are given by

Vm := E

[
U ◦ I

(
yπ̂
MT

S0
T

)]
(33)

Vi := log
(
W i

0S
0
T

)
+
∫ T

0

‖ξτ‖2

8
dτ (34)

where yπ̂ solves (14) with vπ̂
0 = W i

0(1 − X0). Finally, the manager’s equilibrium trading
strategy on his own account is given by ηπ̂ = [σ∗]−1S0h where the process h is the integrand
in the representation of the martingale defined by (15).

Assuming constant, or more generally deterministic, market coefficients and setting β = 0
in (31) we obtain that a strict inequality

pi = 1 − exp

[
−
∫ T

0

3 ‖ξτ‖2

8
dτ

]
> 1 − exp

[
−
∫ T

0

‖ξτ‖2

4
dτ

]
= 1 −X0

holds, and conclude that the presence of delegated portfolio management induces a dead
weight cost on the investor.
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4.2 Fund Flows

The empirical literature on the relationship between flows and returns (see for example
Chevalier and Ellison (1997) or Sirri and Tufano (1998)) has focused on the relationship
between past returns and current flows. In some cases, for example Sirri and Tufano (1998),
when analyzing this relationship the potential relationship between measured flows and con-
temporaneous returns has been ignored. In this section we demonstrate that not controlling
for contemporaneous returns potentially biases the relationship between lagged returns and
flows. Furthermore, we demonstrate that it is important to carefully control for variations
in fee rates.

Before defining the different measures of fund flows that we shall consider, we start by
using the results of the previous section to express the return on the investor’s wealth as a
function of the equilibrium fund return.

Lemma 3 (F,W i) denote respectively the equilibrium fund value process and the investor’s
equilibrium wealth process and assume that the coefficients of the financial market are con-
stant. Then we have [

W i
t+∆

W i
t

]
= eα∆

[
Ft+∆

Ft

] ‖ξ‖2
4γ

(35)

for every non negative time step where we have set α :=
(
r + γ

2

) (
1 − ‖ξ‖2

4γ

)
.

Let ∆ be an arbitrary but fixed time step. Denote by Rt,∆ the return that the investor
would obtain from investing in the fund between dates t and t+∆ if management fees were
waived, that is

Rt,∆ := eγ∆

[
Ft+∆

Ft

]
We consider two alternative measures for mutual fund flows. The first is defined by

ρ1 :=
[
φt+∆ −Rt,∆φt

Rt,∆φt

]
= e(α−

1
4
‖ξ‖2)∆R

‖ξ‖2
4γ

−1

t,∆ − 1 (36)

while the second, which is the one typically used in empirical studies (see for example
Chevalier and Ellison (1997)), is defined by

ρ2 :=
[
φt+∆ −Rt,∆φt

φt

]
= ρ1Rt,∆. (37)

It is evident from (36) and (37) that both measures are sensitive to variations in the fee
rate. By analyzing ρ1 and its derivatives as a function of both the total return on the fund
and the fee rate, the following proposition is obtained

Proposition 4

1. As a function of the total return on the fund, the measure ρ1 is decreasing if ‖ξ‖2 < 4γ
and increasing otherwise.
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2. As a function of the total return on the fund, the measure ρ1 is convex if either
‖ξ‖2 < 4γ or 8γ ≤ ‖ξ‖2 and concave otherwise.

3. For a given level of total return on the fund, the measure ρ1 is increasing in the fee
rate if 2γ2 ≥ (∆−1 log(Rt,∆) − r) ‖ξ‖2 and decreasing otherwise.

Given constant market coefficients, both the investor and the fund hold fixed portfolios.
If the investor is non levered then he holds the bond both directly and indirectly through
his holdings of the fund. Therefore, the bond constitutes a larger fraction of his portfolio
relative to that of the fund. When the investor is levered his portfolio is tilted more towards
equities relative to the fund portfolio. As can be seen from Corollary 2, the investor holds
a levered position in the fund if and only if 4γ < ‖ξ‖2 .

The direction of the wedge between the investor’s portfolio and the fund portfolio de-
termines whether the contemporaneous relationship between flows and returns will be in-
creasing or decreasing. For a non levered investor: when the realized return on the fund is
higher than the return on the bond, as fund returns increase the investor withdraws money
from the fund in order to maintain his fixed portfolio weights. On the other hand, a posi-
tive inflow is required to maintain fixed weights following a fund return that is lower than
the return on the bond. The opposite occurs when the investor is levered. Furthermore,
for both levered and unlevered investor’s, the more extreme the fund returns are the more
pronounced the rebalancing will be.

The third part of the proposition is a consequence of the fact that a higher fee rate
implies that a larger part of the investor’s portfolio is held directly in the bond. For
example, following a negative fund return the investor needs to inject money into the fund
in order to rebalance his portfolio back to the optimal composition. Holding this return
level fixed: a higher fee rate implies a higher return on the investor’s portfolio (i.e. less
negative) which in turn implies less rebalancing on the part of the investor. While the
condition in the third part of the proposition depends both on the fund return and the fee
rate, it is evident that there are three regions: for sufficiently low fund returns the flow is
an increasing function of the fee rate, for sufficiently high returns the flow is a decreasing
function of the fee rate, and for intermediate values the relationship is inverse U−shaped.

By construction, we have ρ2 = ρ1R so that ρ2 is positive if and only if ρ1 is. For positive
flows, ρ2 will give a higher (lower) value than ρ1 if the total return on the fund is above
(below) 1. For negative flows ρ2 will give a lower (higher) value than ρ1 if the total return on
the fund is above (below) 1.9 Furthermore, by analyzing ρ2 and its derivatives the following
proposition is obtained

Proposition 5
9When analyzing the relationship between lagged returns and flows it is typically the case that flows are

monotonic in lagged returns. Thus, the relationship between lagged returns and flows will typically be less
convex for ρ1 than for ρ2. The difference may be significant if flows and past returns are measured over a
long horizon. Both in Chevalier and Ellison (1997) and Sirri and Tufano (1998) flows and past returns are
measured over a period of a year.
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1. As a function of the total return on the fund, the measure ρ2 is inverse U−shaped if
‖ξ‖2 < 4γ and U−shaped otherwise.

2. As a function of the total return on the fund, the measure ρ2 is convex if and only if
4γ ≤ ‖ξ‖2 .

3. For a given level of total return on the fund, the measure ρ2 is increasing in fee rate
if 2γ2 ≥ (∆−1 log(Rt,∆) − r) ‖ξ‖2 and decreasing otherwise.

The third part of the two propositions is the same, but the first and second are not. A
disadvantage of using ρ2, as can be deduced by comparing the first part of the two propo-
sitions, is that it distorts the flow performance relationship. In particular, with ρ2 it is
no longer the case that the flow performance relationship is monotone for a given fee rate.
Instead, it is either U−shaped or inverse U−shaped. As a result of this non monotonicity,
in order to control for the impact of contemporaneous returns on measured flows it is no
longer sufficient to know the relevant region of the fee rate, as is the case with ρ1, it is also
necessary to know the fund total rate of return at which the derivative of the flow measure
ρ2 switches sign.10

4.3 Restricting the Fund to Holding Only Equity

Given that the fund has an advantage in accessing equity relative to the investor but does
not have an advantage in accessing the bond, it is natural to also consider the case in which
the fund is restricted to holding only equity. For simplicity of exposition, we restrict the
analysis of this section to the case with constant market coefficients.

Given constant market coefficients, for a given fee rate the fund’s optimal portfolio is
still the one that maximizes its instantaneous net of fees Sharpe ratio, with the additional
restriction that it can trade only equity. Solving the constrained optimization program

sup
π∈Rn

{
[π∗σξ − γ]+

‖σ∗π‖2 s.t. π∗1 = 1
}

(38)

and plugging the result into the formulae of Proposition 1 and 2, we obtain the following
counterpart to Corollary 2.11

Proposition 6 Assume that the market coefficients are constant and that the fund is re-
stricted from investing in the bond. Then the equilibrium fund portfolio and the investor’s
equilibrium trading strategy are given by

π̂t = π(γ) := [σ∗]−1 ξ − λ(γ)A

ξ∗A− λ(γ) ‖A‖2 (39)

φπ̂
t =

(
ξ∗A− λ(γ) ‖A‖2

)[W iπ̂
t

2

]
(40)

10Another disadvantage of ρ2 has been pointed out by Berk and Green (2002).
11Note that this optimization problem solves for the tangency portfolio in an economy with an expected

return vector a − γ and covariance matrix [σ∗σ].
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where λ(γ) := γ − ‖ξ − γA‖ / ‖A‖ and A := [σ−11]. The equilibrium expected utilities of
each of the two agents are respectively given by

Vm = E

[
U ◦ I

(
yπ̂
MT

S0
T

)]
(41)

Vi = log
(
W i

0S
0
T

)
+

1
8

∥∥∥ξ − λ(γ)A
∥∥∥2 T (42)

where yπ̂ solves (14) with

vπ̂
0 = W i

0

[
1 − exp

(
−γ

2
[ξ − λ(γ)A]∗AT

)]
. (43)

Finally, the manager’s equilibrium trading strategy on his own account is given by ηπ̂ =
[σ∗]−1S0h where the process h is the integrand in the representation of the martingale
defined by (15).

Using the fact that the fund is restricted to trading only equity implies that the instanta-
neous net of fees Sharpe ratio can be written as

ϑπ
t =

π∗t a
‖σ∗πt‖2 − r + γ

‖σ∗πt‖2 .

Thus, higher fee rates will induce the manager to shift the fund’s portfolio towards more
volatile portfolios; similar to the case where the fund is allowed to trade also in the bond.
The difference between the two is the mechanism used to increase the volatility. When the
manager is allowed to also trade in the bond, the higher volatility is a result of increasing
leverage without changing the composition of the equity portion of his portfolio. When the
manager is restricted to trading only equity, he can not change the fund’s leverage so he
increases volatility by changing the composition of the equity portfolio. As a result, it is no
longer the case that the investor’s effective equity portfolio is independent of the fee rate;
as can be seen by multiplying the equilibrium fund portfolio and the investor’s equilibrium
trading strategy.

With fixed market coefficients, both when the fund is allowed to trade in the bond and
when it is prohibited to, the fund’s optimal portfolio is the one that maximizes the relevant
net of fees Sharpe ratio. This Sharpe ratio will be at least as high in the case where it
is allowed to trade also in the bond, since in that case holding only equity is a feasible
fund strategy. As a result, when the fund is restricted to trading only equity the manager’s
welfare would be at most the one obtained when the fund is unrestricted.

A direct optimization of the manager’s equilibrium expected utility over the instanta-
neous fee rate then yields the following12

12This corollary could also be obtained directly from Corollary 2 by solving for the fee rate that implies
that the fund is fully invested in equity.
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Corollary 3 Assume that the market coefficients are constant and that the fund is restricted
from investing in the bond. Then the instantaneous fee rate that maximizes the manager’s
welfare is given by

γ̂ :=
‖ξ‖2

2(ξ∗A)
=

‖ξ‖2

2ξ∗[σ−11]
. (44)

The corresponding equilibrium fund portfolio and investor’s equilibrium trading strategy are
given by

π̂ = π(γ̂) = [σ∗]−1 ξ

(ξ∗A)
, φπ̂

t = (ξ∗A)
[
W iπ̂

t

2

]
. (45)

Finally, the equilibrium expected utilities of the two agents and the manager’s equilibrium
trading strategy on his own account are as in Corollary 2.

The welfares of both agents under this Pareto optimal fee rate are identical to that in Corol-
lary 2. Therefore, an intuitive interpretation of the fee rate irrelevance result of Section 4.1
is as follows. The fund has an advantage in that it is able to access the risky assets where
as the investor can not. On the other hand it does not have any advantage in accessing
the bond. As such, the “optimal equity access tax” that it can extract from the investor
can be found by restricting the fund to trading only equity, but allowing it to set the fee
rate. Allowing the fund to trade also in the bond enables it to extract the “optimal equity
access tax” irrespective of the fee rate. It does so by varying its bond stock mix so that
the investor’s effective exposure to equity as well as the fees paid remain the same as under
the strategy that implements the “optimal equity access tax”. For higher (lower) fee rates
it tilts its portfolio toward equity (the bond), taking into account the fact that a higher
(lower) fee rate implies that the investor, holding all else equal, will be willing to invest
more (less) in the fund. Thus, for every fee rate there is a corresponding fund portfolio that
implements the optimal tax. Theorem 1 shows that this intuition also holds for a stochastic
opportunity set.

Given that the welfares of both agents under the fee rate of Corollary 3 are the same
as in Corollary 2, when the fund manager is the one setting the fee rate both agents are
indifferent whether the fund is restricted to trading only equity or not. Differentiating (42)
with respect to the fee rate shows that the investor’s welfare is a decreasing function of
the fee rate. Furthermore, (43) shows that the manager’s welfare is an inverse U-shaped
function of the fee rate, with a maximum at the fee rate of Corollary 3. Thus, if the investor
gets to set the fee rate the two agents have apposing views on whether to allow the fund
to trade only equity or enable it to also trade in the bond. Specifically, when the investor
gets to set the fee rate he will drive down the manager to his reservation utility.

5 Relaxing the Inaccessibility Assumption

We now extend the model of the previous sections in order to allow the investor to have
direct access to some of the stocks traded on the market. To simplify the exposition, let us
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start by introducing some notation. Let m be the number of stocks that the investor can
trade and without loss of generality assume that these stocks are the first m components of
the stock price process. Let σ̄ denote the volatility matrix of these stocks. For an arbitrary
fund portfolio process, define the matrix valued processes

Λπ
t :=

[
π∗t σt

σ̄t

]
, Σπ

t := Λπ
t [Λπ

t ]∗

and let Π∗
f denote the set of fund portfolio processes which are such that the variance

covariance matrix Σπ is invertible. Note that if this matrix is not invertible, then the
fund is a linear combination of the m stocks available to the investor and is thus strictly
dominated.

5.1 Investor’s Optimal Strategy

Let W i
0 denote the investor’s initial capital and assume that he trades in the available risky

assets according to a R
m+1−valued process ψ with non negative first component φ = ψ1.

Given a fund portfolio process, the investor’s wealth process satisfies the dynamic budget
constraint

dW i
t =

[
rtW

i
t − γφt

]
dt+ ψ∗

t Λ
π
t

[
dBt + ξtdt

]
= rtW

i
t dt+ ψ∗

t Λ
π
t

[
dBt + ξπ

t dt
]

(46)

where ξπ denotes the modified risk premium process associated with the risky assets to
which the investor has access, that is

ξπ
t := ξt − γ[Λπ

t ]∗[Σπ
t ]−1e.

where e = (1, 0, ..., 0) ∈ R
m+1. As in the previous sections, the investor’s best response

problem is to maximize the expected logarithmic utility of his terminal wealth over the set
Θπ

i of trading strategies which satisfy the no short selling constraint on the fund as well as
(6) and are such that the corresponding solution to (46) is a non negative process.

In order to facilitate the description of the investor’s best response trading strategy, let
us first fix some more notation. For any fund portfolio process π ∈ Π∗

f we define a pair of
vector valued processes by setting

Cπ
t := [Σπ

t ]−1Λπ
t ξ

π
t , Aπ

t :=
[Σπ

t ]−1e
e∗[Σπ

t ]−1e
(47)

where e is as above. After these rather lengthy preparations, we are now ready to state the
main result of this section.

Proposition 7 Let π ∈ Π∗
f denote an arbitrary fund portfolio process. Then the investor’s

best response trading strategy is given by

ψiπ
t = W iπ

t

(
Cπ

t +Aπ
t

[
e∗Cπ

t

]−)
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where W iπ is the corresponding solution to (46). In particular, the investor’s best response
investment in the fund is given by φπ := [ψiπ]1 = W iπ[e∗Cπ]+.

The intuition for the above result is as follows. First, the investor determines the trading
strategy that he would adopt if he was not subject to the no short selling constraint on the
fund. This yields the term W iπCπ. When the no short selling constraint on the mutual
fund binds (that is when the quantity e∗Cπ is negative), the investor sets his position in
the fund to zero and projects the negative fraction of his wealth that he would have liked
to invest in the fund on the m available stocks according to the vector Aπ. This yields the
second term in the expression for the best response trading strategy.

5.2 Optimal Fund Portfolio

As in Section 3.2.2 the optimal fund portfolio process is that which maximizes the initial
market value of the management fees, and is obtained by solving the stochastic control
problem with value function

v̂0 := sup
π∈Π∗

f

vπ
0 = sup

π∈Π∗
f

EQ

[ ∫ T

0

γφπ
τ

S0
τ

dτ

]
. (48)

Corresponding to Lemma 1 we now have

Lemma 4 Fix an arbitrary fund portfolio process π ∈ Π∗
f and let W iπ denote the corre-

sponding best response wealth process. Then the process defined by

Mπ
t := exp

(∫ t

0
γ[e∗Cπ

τ ]+dτ
)[

W iπ
t

S0
tW

i
0

]
with the process Cπ as in (47), is a strictly positive and uniformly integrable martingale
under the risk neutral probability measure.

Combining the result of Lemma 4 with Girsanov’s theorem we have that for an arbitrary
fund portfolio process π ∈ Π∗

f the formula Qπ(A) := EQ[1AM
π
T ] defines a probability

measure which is equivalent to the risk neutral measure and under which the process

Zπ
t := Zt +

∫ t

0
[Λπ

τ ]∗
(
Cπ

τ +Aπ
τ

[
e∗Cπ

τ

]−)
dτ

is an n−dimensional standard Brownian motion. An argument similar to that which lead
to (20) then shows that (48) can be written as

v̂0 = W i
0

{
1 − inf

π∈Π∗
f

EQπ

[
e−γ

∫ T
0

[e∗Cπ
τ ]+dτ

]}
.

As in Section 3.2.2, one can convert this problem into one which optimizes over a family
of backward stochastic equations. Unfortunately, the associated drift optimization cannot
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be solved explicitly, unless the coefficients of the model are deterministic. To gain some
insights on the impact of the ability of the investor to trade directly in a subset of the risky
assets on the manager’s portfolio choice, we henceforth restrict the analysis to the case of
deterministic coefficients.

Let π̂ denote an arbitrary fund portfolio with values in arg maxπ[e∗Cπ
t ]+. As is easily

seen from measurable selection theorems, any such fund portfolio is a deterministic process
and it follows that

v̂0 = vπ̂
0 = W i

0

[
1 − e−

∫ T
0

γ[e∗Cπ̂
τ ]+dτ

]
This shows that any function with values in arg maxπ[e∗Cπ

t ]+ is an optimal fund portfolio.
In order to facilitate the description of this set, recall that we denote by σ̄ the volatility
matrix of the available stocks and set

Ωt = In − Ω0
t := In − σ̄∗t [σ̄tσ̄

∗
t ]

−1σ̄t

where In denotes the n−dimensional unit matrix. Let further Ω⊥
t := Ker(Ωt) denote the

null space of the matrix Ωt and introduce the set

St := [σ∗t ]
−1

(
Ω⊥

t +
2γξt
ξ∗t Ωtξt

)
.

Since the rows of the matrix σ̄ are linearly independent, the square matrix Ωt has rank
n−m and it therefore follows from standard linear algebra (see for example Smith (1984))
that for each t the set St is a vector subspace of dimension m. The following proposition
provides an explicit characterization of the optimal fund portfolio in the case of constant
market coefficients.

Proposition 8 Assume that the market coefficients are deterministic. Then the set of
optimal fund portfolios is the set of non zero S−valued functions.

The above result shows that because the investor has access to m risky assets on top of the
fund, the manager has m degrees of freedom in choosing the fund portfolio. In particular,
the initial market value of the management fees does not depend on the choice of the
S−valued function π̂ and is given by v̂0 = W i

0[1 −X0] where

Xt := exp
[
−
∫ T

t

ξ∗τΩτξτ
4

dτ

]
. (49)

Given that the manager has m degrees of freedom in determining the fund portfolio, it is
natural to ask whether there exists an optimal portfolio process which entails the fund to
trade only in the bond and the n −m risky assets that the investor cannot trade in. The
following result provides an explicit characterization of this particular optimal portfolio
process.

25



Corollary 4 Assume that the market coefficients are deterministic and bounded functions.
Then the process defined by

π̂k
t := 1{k>m}

2γ[(σ∗t )−1ξt]k

ξ∗t Ωtξ
, 1 ≤ k ≤ n

is the unique optimal fund portfolio with the property that the fund does not invest in any
of the stocks that the investor can access directly.

5.3 Equilibrium

Gathering the previous results, we now obtain a complete description of the equilibrium
under the assumption of deterministic market coefficients.

Theorem 2 Assume that the market coefficients are deterministic and bounded functions
and let X : [0, T ] → [0, 1) be as in (49). Then the equilibrium fund portfolio and the
investor’s equilibrium trading strategy in the fund are given by

π̂t = [σ∗t ]
−1

[
Lt +

2γξt
ξ∗t Ωtξt

]
, (50)

φπ̂
t = ξ∗t Ωtξt

[
W iπ̂

t

4γ

]
(51)

where Lt is any vector in the null space of Ωt. The equilibrium expected utilities of each of
the two agents are given by

Vm := E

[
U ◦ I

(
yπ̂
MT

S0
T

)]
(52)

Vi := log
(
W i

0S
0
T

)
+
∫ T

0

[‖ξτ‖2

8
+

3ξ∗τΩtξτ
8

]
dτ (53)

where yπ̂ solves (14) with vπ̂
0 = W i

0(1 − X0). Finally, the manager’s equilibrium trading
strategy on his own account is given by ηπ̂ = [σ∗]−1S0h where the process h is the integrand
in the representation of the martingale defined by (15).

The results are consistent with the ones obtained under the assumption that the investor is
restricted from trading equity. First, the investor’s holding of the fund is inversely related
to the fee rate. Second, and as can be seen from multiplying φπ̂ and π̂, the investor’s
effective equity portfolio as well as the fraction of his wealth that is invested in the bond is
independent of the fee rate. Third, increasing the fee rate results in the investor holding a
larger part of his bond position directly versus indirectly through his holding of the fund.
Forth, the cumulative fee process Φπ̂ is independent of the fee rate, as can be seen from
multiplying the fee rate by the investor’s holdings in the fund. Fifth, combining the second
and the forth above implies that the investor’s wealth process is independent of the fee rate,
so that his value function should be independent of the fee rate; as it is. Sixth, combining
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the forth and the fifth implies that the manager’s value function should be independent of
the fee rate; as it is. Thus, both value functions are again independent from the fee rate,
even though the investor can trade some of the risky assets directly.

As can be expected, allowing the investor to trade in some of the risky assets allows him
to increase his expected utility relative to the case where he can get equity exposure only
through trading the fund. Comparing Equations (34) and (53) shows that direct access to
m stocks increases the investor’s welfare by the quantity

u(m) :=
∫ T

0

[
3ξ∗τΩ0

τξτ
8

]
dτ (54)

which is non negative since the matrix Ω0
t is positive semidefinite. Intuitively, the increase

in the investor’s welfare compared to the base case of Section 4.1 should be monotone
increasing in the number of stocks that the investor can trade in. The following lemma
confirms this intuition

Lemma 5 Assume that the market coefficients are deterministic and bounded functions.
Then the function u : {0, 1, ...,m} → R+ defined by (54) is increasing.

Specifically, when the investor cannot trade any of the stocks directly, that is when m = 0,
the matrix Ω0

t vanishes and we recover the results of Section 4.1. On the other hand, when
the investor has direct access to all of the risky assets, the matrix Ω0

t becomes the unit
matrix and hence the value function of the investor becomes

Vi = log(W i
0S

0
T ) +

∫ T

0

[‖ξτ‖2

2

]
dτ ,

which is the expected utility obtained by a log investor who has complete access to the
financial market. In this case, the fund becomes a redundant asset which the investor does
not want to trade because of the non zero fee rate, and as a result the manager is not able
to extract any fees from the investor.

6 Conclusion

In this paper we have analyzed the impact of the ability of investors to dynamically deter-
mine their holdings in a fund on a fund’s dynamic portfolio choice decisions. To the best of
our knowledge, this is the first paper to theoretically analyze the impact of fund flows on
a fund’s portfolio choice decisions in a dynamic setting in which both the fund’s portfolio
decisions and the flows are determined endogenously.

Our model predicts a positive relationship between a fund’s proportional fee rate and
a fund’s equity exposure, or alternatively a fund’s volatility. We show that while funds
that have higher proportional fee rates are expected to tilt their portfolio towards stocks
relative to funds with lower fee rates, it is not necessarily true that the dollar amount held
in equities by higher fee rate funds will also be higher. In equilibrium, higher fees also imply
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that investors will allocate less of their wealth to these funds. In the context of our model,
the two effects exactly offset each other, so that in equilibrium the amount of equity held
by a fund is independent of its fee rate. Furthermore, we show that the combination of
the fund’s relative advantage in accessing equity with the investor’s ability to dynamically
move money in and out of the fund implies the existence of a fee rate independent “equity
access tax” that the fund can extract from the investor. The independence between the fee
rate and the agents welfares in turn implies that it does not matter who gets to set the fee
rate, the investors or the fund.

In the current paper, the choice of a logarithmic utility function for the investor was
made for tractability. Given that we wanted to focus on how a fund’s portfolio choice
decision is impacted by the presence of dynamic flows, a natural simplifying assumption
was to make the investor myopic, so that only the fund manager will have any kind of
hedging demands. As a result, when the investment opportunity set is stationary we obtain
that there are no hedging demands by either the investor or the fund, and the fund portfolio
is chosen so that to maximize the investor’s net of fees Sharpe ratio. On the other hand, a
non stationary investment opportunity set induces “flow hedging” demands on the part of
the fund. Specifically, the fund manager takes advantage of the fact that she knows that a
log investor determines the fraction of his wealth to be invested in the fund according to the
fund’s net of fees Sharpe ratio. Thus, she distorts the fund’s portfolio so that to positively
correlate between the investor’s future wealth and future fund Sharpe ratios. This strategy
guarantees that the investor will be wealthy in those states where he will be willing to
delegate a large fraction of his wealth to the fund, thereby generating large fees.

Allowing for utility functions other than log(·) for the investor would introduce hedg-
ing considerations also on his part. In such a setting there will be both “usual” hedging
considerations on the part of the investor and “flow hedging” considerations on the part of
the fund. This would probably make the problem analytically intractable; requiring a non
trivial numerical solution.

We have also demonstrated the importance of controlling for the contemporaneous flow
performance relationship in studies analyzing the relationship between lagged returns and
flows. Specifically, we have derived explicit predictions related to the contemporaneous
performance flow relationship, and have highlighted the importance of carefully controlling
for the potentially non linear impact that different fee rates may have on the observed
performance flow relationship. We have also pointed out to a disadvantage of using the
commonly used flow measure relative to another closely defined measure.

While we view this paper as an important first step in understanding the dynamic
portfolio choice decisions made by fund managers, there are some important extensions
that are left for future work. First, while a proportional fee is the most commonly used
compensation contract in the mutual fund industry, there are some funds that also use
fulcrum performance fees as part of their compensation contract. Furthermore, both pension
funds and hedge funds typically have an asymmetric performance fee component; whereby
the fund manager shares in the upside but not in the down side. The impact of such
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performance fees on a fund’s portfolio choice has previously been analyzed either in a setting
where at the initial date the manager receives an exogenously specified amount of money
to manage for an exogenously specified investment period (see for example Grinblatt and
Titman (1989) or Carpenter (2000)), or at most in a setting in which the investor is restricted
to making his or her fund allocation decision only at the initial date (see Cuoco and Kaniel
(2001)). One could attempt to extend that analysis to a dynamic setting similar to the one
in the current paper. Second, in some cases, especially in hedge funds, the manager commits
part of her capital to investing in the fund she manages. Thus, portfolio decisions that are
made by the fund might adversely effect the manager’s own portfolio composition. In such a
setting, it will no longer be true that the fund’s portfolio is determined so that to maximize
the present value of the fees to be received. Furthermore, disallowing the manager to hedge
the management fees creates a stronger link between the dynamic optimization problems of
the investor and the manager. This stronger link makes the problem considerably harder
to solve. Finally, explicitly incorporating asymmetric information between the manager
and the investor and or allowing for multiple competing mutual funds are both important
challenging extensions.
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A Proofs

Proof of Proposition 1. Let π ∈ Πf be an arbitrary admissible fund portfolio process, φπ be
the candidate optimal strategy defined by (11) and Wiπ denote the corresponding wealth
process. The fact that φπ is an admissible trading strategy for the investor follows from
the result of Lemma A.1 which also shows that the corresponding wealth process is strictly
positive.

In order to verify that φπ identifies the investor’s best response trading strategy, let φ
be an arbitrary admissible trading strategy for the investor given the fund portfolio process
and denote by W i the corresponding wealth process. Using Itô’s product rule in conjunction
with (3) and (11) we have

d

[
W i

t

W iπ
t

]
=
dW i

t

W iπ
t

+W i
t d

[
1

W iπ
t

]
+ d

〈
W i,

1
W iπ

〉
t

=
(
φt − [ϑπ

t ]+W i
t

)π∗t σt

W iπ
t

dBt − ‖σ∗t πt‖2

W iπ
t

(
[ϑπ

t ]−φt

)
dt

where ϑπ is the process defined by (10). Observing that both φ and Wi/W
π
i are non

negative processes and applying Fatou’s lemma we conclude that the latter process is a
supermartingale under the objective measure. Using this in conjunction with the concavity
and increase of the logarithm we obtain that

E
[
log
(
W i

T

)]− E
[
log
(
W iπ

T

)]
= E

[
log
(
W i

T

W iπ
T

)]
≤ log

(
E

[
W i

T

W iπ
T

])
≤ log

(
W i

0

W iπ
0

)
= 0

holds and it now only remains to observe that the investor’s admissible trading strategy
φ ∈ Θπ

i was arbitrary in order to conclude our proof. �

Lemma A.1 For every fund portfolio process π ∈ Πf , the cumulative fee process Φπ defined
by (12) is integrable under the risk neutral probability measure.

Proof. The process W iπ being non negative we deduce from (12) that Φπ is increasing and
since its initial value is equal to zero, it is also non negative. Let f be the progressively
measurable mapping defined by

f(t, πt) := [ϑπ
t ]+ =

[π∗t σtξt − γ]+

‖σ∗t πt‖2 . (A.1)

By definition, we have f(t, πt) ≤ supπ∈Rn f(t, π) for every π ∈ Πf . A simple computation
shows that the supremum is uniquely attained by the progressively measurable process

π̃t := arg max
π∈Rn

f(t, π) = [σ∗t ]
−1 2γξt

‖ξt‖2
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and that the corresponding value is given by (4γ)−1 ‖ξt‖2. Let now � ∈ R+ denote a uniform
bound on the norm of the risk premium process. The increase of Φπ and the boundedness
of the discount factor imply that we have

EQ

[
sup

0≤t≤T
Φπ

t

]
= EQ

[
Φπ

T ] ≤ c1 ·EQ

[ ∫ T

0

dΦπ
τ

S0
τ

]

≤ c2 ·EQ

[ ∫ T

0

W iπ
τ ‖ξτ‖2

S0
τ

dτ

]

≤ c2 ·EQ

[ ∫ T

0

W iπ
τ �

S0
τ

dτ

]
≤ c3 ·W i

0

for some non negative constants (ci)3i=1 where the third inequality follows from Fubini’s
theorem and the fact that the investor’s discounted wealth process is a non negative super-
martingale under the risk neutral probability measure. �

Proof of Proposition 2. Let yπ be as in the statement. The non negative random variable
Wmπ

T being feasible by construction all we have to prove is that it is optimal for the man-
ager’s problem. By concavity of the manager’s utility function we have that

E
[
U
(
WT

)]− E
[
U
(
Wmπ

T

)] ≤ E
[
U ′(Wmπ

T

)(
WT −Wmπ

T

)]
= yπ

(
EQ

[
WT

S0
T

]
− vπ

0 −Wm
0

)
≤ 0

holds for every feasible random variable where the second inequality follows from the budget
constraint (13) and the fact that yπ is strictly positive. The above expression shows that
the random variable of (14) is optimal for the manager’s problem and it only remains to
observe that uniqueness follows from the strict concavity of the manager’s utility function
to complete the proof. �

Proof of Lemma 1. Applying Itô’s lemma to the investor’s best response wealth process and
using (18), we obtain that the non negative process Mπ is the stochastic exponential of the
local martingale

Nπ
t :=

∫ t

0
f(τ, πτ )π∗τστdZτ ,

hence a local martingale itself. Coming back to the definition of the progressively measurable
mapping f in (A.1), it is easily seen that we have

〈Nπ〉t =
∫ t

0
‖f(τ, πτ )σ∗τπτ‖2 dτ ≤

∫ t

0
‖ξτ‖2 dτ ≤ L

for some L ∈ R+ where the last inequality follows from the boundedness of the risk premium
process. The above expression readily implies that the local martingale Mπ satisfies the
Novikov condition and our proof is complete. �
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Proof of Lemma 2. Let � ∈ R+ denote a uniform bound on the Euclidean norm of the risk
premium process. Coming back to map ĝ is almost surely continuous in (t, x, y). On the
other hand, an easy computation using the Cauchy-Schwartz inequality shows that

|ĝ(t, x, y)| ≤ ∥∥ξt√x∥∥2 ≤ �|x|

holds almost surely for all (t, x, y) and it now only remains to apply the results of Lepeltier
& San Martin (see Theorems B.3 and B.4 in Appendix B) to obtain the existence of maximal
solution with the desired properties. �

Proof of Proposition 3. The solution to (23) being continuous, the process π̂ is locally
bounded. On the other hand, applying Itô’s lemma we have that the solution F = F π̂

to the stochastic differential equation (2) is given by

Ft = S0
t exp

[
−1

2

∫ t

0
‖σ∗τ π̂τ‖2 ds +

∫ t

0
π̂∗τστdZτ

]
.

The process F/S0 is thus a non negative local martingale under the risk neutral probability
measure and it now follows from the non negativity of the discount factor that π̂ is an
admissible fund portfolio process. Using (23) in conjunction with the uniqueness of the
solution to (21) and the maximality of X in the set of solutions to (23) we obtain that

ess inf
π∈Πf

Xπ
t ≤ X π̂

t ≤ Xt (A.2)

holds almost everywhere. On the other hand, the definition of the map ĝ and Theorem B.4
show that we have X ≤ Xπ for every admissible fund portfolio process and taking essential
infimum over π ∈ Πf on both sides we conclude that equality holds in (A.2). Using this
fact in conjunction with (17) and (19) it is now easily seen that

vπ̂
0 = W i

0

(
1 −X π̂

0

)
= W i

0

(
1 − ess inf

π∈Πf

Xπ
0

)
≥W i

0

(
1 −Xπ

0

)
= vπ

0

holds for every admissible fund portfolio process. This implies that π̂ constitutes the optimal
fund portfolio process and our proof is complete. �

Proof of Corollary 1. Assume that the risk premium satisfies the conditions of the statement
and consider the candidate solution (X, 0). The deterministic function X : [0, T ] → (0, 1]
satisfies the prescribed terminal condition. On the other hand, differentiating (26) and
comparing the result with (23) we obtain

−dXt = −1
4Xt ‖ξt‖2 dt =

(
ĝ[t,Xt, Yt]dt− Y ∗

t dZt

)∣∣∣
Yt=0

and it follows that X belongs to the set of solutions to (23). The definition of the map f

and (22) then show that X = X π̃ and it now only remains to observe that by Theorem B.4
the maximal solution to (23) is dominated by X π̃ to complete the proof. �
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Proof of Lemma 3. Assuming constant market coefficients and using Corollary 1 in con-
junction with (2) and (3), we obtain that the equilibrium dynamics of fund value and of
the investor’s wealth are given by

dFτ = Fτ

[
(r + γ)dτ +

2γ
‖ξ‖2 ξ

∗dBτ

]
(A.3)

dW i
τ = W i

τ

[(
r +

‖ξ‖2

4

)
dτ +

1
2
ξ∗dBτ

]
(A.4)

Applying Itô’s lemma to (A.3) in order express the differential of (ξ∗B) as a function of
that of F and plugging the result back into (A.4) we obtain that the equilibrium dynamics
of the investor’s wealth are equivalently given by

dW i
τ

W i
τ

= r

(
1 − ‖ξ‖2

4γ

)
dτ +

‖ξ‖2

4γ
dFτ

Fτ

=
[
r

(
1 − ‖ξ‖2

4γ

)
+
γ

2

]
dτ +

‖ξ‖2

4γ
d logFτ

Integrating this linear stochastic differential equation over the time interval [t, t + ∆] we
obtain (35) and our proof is complete. �

Proof of Propositions 4 & 5. The results of these propositions are obtained by differentiat-
ing the expressions defining the two measures of fund flows that we consider in this paper.
We omit the details. �

Proof of Proposition 6. Consider the modified optimization problem defined by

sup
π∈Rn

π∗σξ − γ

‖σ∗π‖2 s.t. π∗1 = 1 (A.5)

and observe that if this problem admits a unique solution which is such that the corre-
sponding value is strictly positive, then it must be that this solution coincides with that
of (38). Solving the first order conditions associated with this problem and checking the
associated Hessian constraint, we find that its unique solution is given by

π(γ) := [σ∗]−1 ξ − λ(γ)A

ξ∗A− λ(γ) ‖A‖2

where λ(γ) := γ − ‖ξ − γA‖ / ‖A‖ and A := [σ−11]. Plugging this quantity back into the
objective function, we find that the corresponding value is given by

1
2

{
(ξ − γA)∗A+ ‖A‖ · ‖ξ − γA‖

}
and is non negative by application of the Cauchy-Schwartz inequality. It follows that the
optimal fund portfolio is given by π̂ = π(γ). The remaining claims in the statement are
obtained by plugging the new expression for π̂ into the formulae of Sections 3 and 4, we
omit the details. �
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Proof of Corollary 3. Using the results of Proposition 6 in conjunction with an argument
similar to that which lead to (20), it is easily seen that the optimal fee rate is a solution to
the optimization problem

inf
γ>0

exp
[
−γ

2

(
ξ −
{
γ − ‖ξ−γA‖

‖A‖
}
A
)∗
AT
]

=: inf
γ>0

z(γ).

Solving the first order conditions associated with this problem, we find that the unique
candidate is given by γ̂ = ‖ξ‖2 /2(ξ∗A) with z′′(γ̂) ≥ 0, we conclude that γ̂ is indeed the
optimal fee rate. The remaining claims in the statement follow by putting γ = γ̂ in the
formulae of Proposition 6, we omit the details. �

Proof of Proposition 7. ¿From Cvitanic̀ and Karatzas (1993, Section 11) we know that the
vector of optimal portfolio proportions is given by pπ := Σ−1

π Λπξπ + eν̂ where ν̂ is the
pointwise minimal argument of the strictly convex function∥∥ξπ

t + νt[Λπ
t ]∗[Σπ

t ]−1e
∥∥2

over the set non negative scalar processes ν. Solving this convex programming problem we
find that the unique minimizer is given by the adapted process

ν̂t �
∥∥[Λπ

t ]∗[Σπ
t ]−1e

∥∥−2
(
e∗[Σπ

t ]−1Λπ
t ξ

π
t

)−
=

(e∗Cπ
t )−

e∗[Σπ
t ]−1e

Plugging this back into the expression for pπ and using the definition of the variance co-
variance matrix in conjunction with that of the process Aπ we find that the investor’s best
response vector of portfolio proportions is given by

pπ
t = Cπ

t +Aπ
t

(
e∗Cπ

t

)−
.

The result now follows from the definition of the vector of portfolio proportions and the
fact that the first component of the investor’s best response trading strategy is given by
φπ = [ψiπ]1 = e∗ψπ. �

Proof of Lemma 4. As is easily seen from (46), the process Mπ defined in the statement is
the stochastic exponential of the process

Nπ
t :=

∫ t

0
[pπ

τ ]∗Λπ
τ dZτ .

and is a positive local martingale under the risk neutral probability measure. In order to
show that Mπ is a uniformly integrable martingale, it is therefore sufficient to establish that
it satisfies the Novikov condition

EQ

[
exp

(∫ T

0

‖[Λπ
τ ]∗pπ

τ ‖2

2
dτ

)]
<∞. (A.6)
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Using the result of Proposition 7 in conjunction with the definition of the vector valued
processes (Cπ, Aπ) we obtain that the inequality

‖[Λπ
τ ]∗pπ

τ ‖2 ≤ ξ∗τ
(
[Λπ

τ ]∗[Σπ
τ ]−1Λπ

τ

)
ξ∗τ +

(
[π∗τστΩτξτ − γ]+√

π∗τστΩτσ∗τπτ

)2

=: cπτ

holds for all admissible fund portfolios. Using the standard formulae for the inversion of
block matrices, as found for example in Johnston (1972,p.93−94), in order to compute the
matrix product [Λπ]∗[Σπ]−1Λπ we then get that the process cπτ is independent from the
choice of π and given by

cπτ = ξ∗τΩ0
τξτ = ‖ξτ‖2 − ξ∗τ σ̄

∗
τ [σ̄τ σ̄

∗
τ ]

−1σ̄τξτ .

The validity of the Novikov condition (A.6) now follows from the boundedness of the risk
premium process ξ and of the matrix valued volatility process σ̄, we omit the details. �

Proof of Proposition 8. Using the standard formulae for the inversion of block matrices, as
found for example in Johnston (1972,p.93–94), in conjunction with the definition of the
process Cπ we easily obtain that

max
π∈Rn

[e∗Cπ
t ]+ = max

π∈Rn

[π∗σtΩtξ − γ]+

π∗σtΩtσ∗t π
=: max

π∈Rn
k(π)

Ignoring the plus sign and differentiating k with respect to the fund portfolio, we obtain
that the first order conditions are given by

σtΩtξt[π∗σtΩtσ
∗
t π] − 2σtΩtσ

∗
t π[π∗σtΩtξ − γ]

[π∗σtΩtσ∗t π]2
= 0n. (A.7)

Multiplying both sides by π∗ and solving the resulting equation we find that every candidate
optimizer must satisfy π∗σtΩtξ = 2γ. Plugging this back into (A.7) we now have that the
first order conditions are equivalently given by

Ωt

[
ξt − 2γσ∗t π

π∗σtΩtσ∗t π

]
= 0n.

Solving this system of equations we then obtain that the set of non zero vectors in St

coincides with the set of solutions to (A.7). Observing that the value k(π) is strictly positive
and independent of the choice of π ∈ St\{0} we conclude that every such π is a candidate
optimizer and it now only remains to check the associated Hessian constraint the complete
the proof. �

Proof of Corollary 4. ¿From Proposition 8 we have that at an arbitrary time t the optimal
fund portfolio is any vector of the form

πt = [σ∗t ]
−1

[
Lt +

2γξt
ξ∗t Ωtξt

]
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for some Lt ∈ Ω⊥
t . Thus, all there is to prove is that for the candidate optimal fund portfolio

process π̂ defined in the statement we have

Ωt

[
σ∗t π̂t − 2γξt

ξ∗t Ωtξt

]
= 0n.

This easily follows from the definition of the matrix Ωt and the fact that by assumption the
rows of the volatility matrix σt are linearly independent. We omit the details. �

Proof of Lemma 5. Assume that we extend the investor’s opportunity set from m to m+ 1
stocks. Let v∗ ∈ R

n be the volatility vector of the additional stock, denote by σ̃ the volatility
matrix of the m+ 1 traded stocks and set

Ω̃0
t := σ̃∗t [σ̃tσ̃

∗
t ]

−1σ̃t

Using the definition of the function u in conjunction with the standard formulae for the
inversion of block matrices, we find that

u(m+ 1) =
∫ T

0

[
3ξ∗τ Ω̃0

τξτ
8

]
dτ =

∫ T

0

[
3ξ∗τΩ0

τξτ
8

+
(ξ∗τΩτv

∗
τ )2

vτΩτv∗τ

]
dτ

= u(m) +
∫ T

0

[
(ξ∗τΩτv

∗
τ )2

vτΩτv∗τ

]
dτ .

Observing that the matrix Ωt is positive semidefinite by construction we easily deduce from
the above equation that u(m) ≤ u(m+1) and the desired result now follows from a standard
induction argument. �

B Backward Stochastic Differential Equations

In this appendix, we introduce the notion of adapted solution to a Backward Stochastic
Differential Equation (BSDE) driven by a n−dimensional Brownian motion and briefly
review the different results that were used in the paper. In order to simplify the presentation,
and since results for the vector valued case will not be used in the text, we restrict ourselves
to the scalar valued case.

B.1 An Existence Result

Throughout this appendix, we work on a probability space (Ω,F , P ) similar to that of
Section 2. On this basis, a solution to the BSDE with parameters (ξ, f) is a pair (X,Y ) of
adapted processes with value in R × R

n such that

−dXt = f
(
t,Xt, Yt

)
dt− Y ∗

t dBt, XT = ξ. (B.1)

The progressively measurable mapping f is referred to as the driver and the measurable
random variable ξ is called the terminal condition.
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Before giving sufficient conditions for the existence and uniqueness of the solution to
(B.1) let us first fix some notation. For every p ∈ [1,∞) we denote by H

p
d the set of adapted,

R
d−valued processes h with

‖h‖p := E

[ ∫ T

0
‖hτ‖p dτ

]1/p

<∞

and let H
∞
d denote the set of progressively measurable, R

d−valued processes whose Eu-
clidean norm is essentially bounded. Using these notations, we now define the notion of
standard parameters for the BSDE (B.1).

Definition B.1 The data (ξ, f) are said to be standard parameters if (i) the progressively
measurable process f(·, 0, 0) belongs to the space H

2
1, (ii) we have∣∣f(t, x1, y1) − f(t, x2, y2)

∣∣ ≤ K
( ∣∣x1 − x2

∣∣+ ∣∣y1 − y2

∣∣ )
almost surely for all ((t, xi, yi))2i=1 and some strictly positive constant K and (iii) the ter-
minal condition is a square integrable random variable.

Theorem B.1 Given a pair of standard parameters as above, there exists a unique adapted
solution (X,Y ) to the BSDE (B.1) in the space H

2
1 × H

2
n.

Proof. This result was originally proved by Pardoux and Peng (1990). Various extensions
and refinements of this existence result can be found in the research monograph edited by
El Karoui and Mazliak (1997). �

B.2 The Linear Case

In this section we specialize the above existence result to the case where the driver is linear
in (x, y). Let (γ, ϕ, β) denote a triple of progressively measurable bounded processes with
values in the product space R × R × R

n and consider the BSDE (B.1) with driver given by

f
(
t, x, y

)
:= γt − ϕtx− β∗t y.

Such equations are referred to as linear backward stochastic differential equations (LBSDEs)
and admit an explicit solution as we now demonstrate.

Proposition B.1 If ξ is square integrable, then the unique solution to the linear BSDE
with terminal condition ξ and driver f is explicitly given by

Xt = E

[
HT ξ

Ht
+
∫ T

t

γτHτ

Ht
dτ

∣∣∣∣Ft

]
where the adjoint process H is defined as the unique solution to the linear forward stochastic
differential equation

dHt = −Ht

[
ϕtdt + β∗t dBt

]
, H0 = 1.
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In particular, if the random variable ξ and the process γ are non negative, then X is a
non negative process and if moreover X0 = 0 then we have ξ = 0 almost surely as well
X = γ = 0 almost everywhere.

Proof. See the proof of Proposition 2.4 in Chapter 1 of the research monograph edited by
El Karoui and Mazliak (1997). �

As an immediate consequence of the above proposition we obtain the celebrated comparison
theorem which was first stated by Peng (1992). This result holds only in the one dimensional
case and plays a role similar to that of the maximum principle in the theory of partial
differential equations.

Theorem B.2 Let ((ξk, fk))2k=1 be standard parameters and assume that(
ξ1, f1(t, x, y)

) ≤ (ξ2, f2(t, x, y)
)
, ∀(t, x, y) ∈ [0, T ] × R × R

n

holds almost surely. Then the trajectory of the corresponding solutions are such that the
inequality X1 ≤ X2 holds almost everywhere

Proof. See the proof of Theorem 2.5 in Chapter 1 of the research monograph edited by El
Karoui and Mazliak (1997). �

B.3 Optimization of a Family of BSDEs

Let us now suppose that we are given a set A of progressively measurable processes α and
a family {(ξα, fα)} of standard parameters. Since it gives very simple conditions for the
solution of a backward equation to dominate that of another, the comparison Theorem B.2
makes BSDEs a practical tool for the study of non Markovian stochastic control problems.

Corollary B.1 If there exists a process α̂ ∈ A such that(
ξα, fα(t, x, y)

) ≤ (ξα̂, fα̂(t, x, y)
)
, ∀(t, x, y) ∈ [0, T ] × R × R

n

holds almost surely for all α ∈ A and if the parameters associated with the process α̂ are
standard, then we have Xα ≤ Xα̂ almost everywhere for all α ∈ A.

The difficulty in applying the above result to solve a particular stochastic control problem is
that even if the set A is well behaved enough for the data (ξα, fα) to be standard parameters,
the optimal control might not possess this property and the corresponding BSDE might not
even admit an adapted solution. In particular, the above result does not apply to the
stochastic control problem studied in Section 3.2.2 since the driver under consideration fails
to satisfy the requirements of Definition B.1.
The next theorem extends the results of the previous subsections by allowing for a driver
with superlinear growth in x and quadratic growth in y. Note that because we lessen the
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conditions imposed on the driver, we are forced to strengthen our integrability assumption
on the terminal condition and that uniqueness of the solution is lost. In the following
statement, we say that the pair (X,Y ) of adapted processes is a maximal solution to the
BSDE if its trajectory dominates that of any other solution.

Theorem B.3 Assume that ξ is bounded, that f is continuous in (t, x, y) and that there
exist non negative constants (C,D,E) such that∣∣f(t, x, y)

∣∣ ≤ C +D|x| + E ‖y‖2 , ∀(t, x, y) ∈ [0, T ] × R × R
n

holds almost surely. Then the BSDE with parameters (ξ, f) admits a unique maximal solu-
tion in the product space H

∞
1 × H

2
n.

Proof. For the case of a driver bounded in x and with quadratic growth in y, this result
was proved by Kobylanski (1997) who also finds sufficient conditions for uniqueness of the
solution. The version presented here is from Lepeltier and San Martin (1998) to which the
reader is referred. �

Our last result in this appendix is also taken from the paper by Lepeltier and San Martin
who obtain it as a by product of the method they use to prove Theorem B.3. It establishes a
comparison result for the solution to the BSDE and was used in the resolution the stochastic
control problem associated with the determination of the equilibrium fund portfolio process
in Section 3.2.2.

Theorem B.4 Let h denote a progressively measurable mapping, θ be a bounded measurable
random variable and assume that (ξ, f) satisfy the conditions of Theorem B.3. If (ξ, f) ≤
(θ, h) holds almost surely then any bounded solution to the backward equation associated with
the pair (θ, h) dominates the maximal solution to the backward equation associated with the
pair (ξ, f).

Proof. See the proof of Corollary 2 in Lepeltier and San Martin (1998). �

Example B.1 In some special cases, the BSDEs covered by Theorem B.3 admit explicit
solutions. For example, the equation with driver given by β ‖y‖2 for some constant β 
= 0
and bounded terminal condition ξ admits a unique solution whose trajectory is given by

Xt =
1
2β

log
(
E
[
exp 2βξ

∣∣∣Ft

])
.

For another example, let θ denote an arbitrary bounded, predictable process with values in
R

n, define an equivalent probability measure by setting

Pθ(A) := E

[
1A exp

(
−
∫ T

0

1
8
‖θτ‖2 dτ +

∫ T

0

1
2
θ∗τdBt

)]
(B.2)
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and consider the backward equation with constant terminal condition ξ = 1 and driver
given by −(x/4) ‖−y/x+ θt‖2. Assuming that its maximal solution is strictly positive and
applying Itô’s lemma to the square root of this maximal solution, we obtain a candidate
solution in the form

X
1
2
t = Eθ

[
exp
(
−
∫ T

t

1
8
‖θτ‖2 dτ

)∣∣∣∣Ft

]
where Eθ denotes the expectation operator under the probability measure of (B.2). It is
now straightforward to check that the process X is strictly positive and constitutes the
unique bounded solution to the BSDE under consideration. Other examples of explicitly
solvable quadratic equations may be found in El Karoui and Rouge (2000).
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dus de l’Académie des Sciences, 324:81–86, 1997.

[20] J-P. Lepeltier and J. San Martin. Existence for bsde with superlinear-quadratic coef-
ficient. Stochastics & Stochastics reports, 63:227–40, 1998.

[21] A. Lynch and D. Musto. Understanding fee structures in the asset management busi-
ness. working paper, NYU, 1997.

[22] H. Ou-Yang. Optimal contracts in a continuous-time principal-agent problem. Review
of Financial Studies, forthcoming, 2002.

[23] E. Pardoux and S. Peng. Adapted solution of a backward stochastic differential equa-
tion. Systems and control letters, 14:55–61, 1990.

[24] S. Peng. A generalized dynamic programming principle and hamilton-jacobi-bellman
equations. Stochastics, 38:119–34, 1992.

[25] R. Roll. A mean/variance analysis of tracking error. Journal of Portfolio Management,
pages 13–22, 1992.

[26] E.R. Sirri and P. Tufano. Costly search and mutual fund flows. Journal of Finance,
53:1589–1622, 1998.

41



[27] L.T. Starks. Performance incentive fees: An agency theoretic approach. Journal of
Financial and Quantitative Analysis, 22:17–32, 1987.

42


