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One of the most studied theoretical relationships in empirical finance states that the expected excess

return of the market over a risk-free bond should vary positively and proportionally to the conditional

volatility of the market return. Merton (1973) derived this theoretical relationship in a continuous

time model in which all agents have power preferences when hedging concerns are negligible. This

risk-return trade-off is so fundamental in financial economics that it could well be described as the

“first fundamental law of finance.” However, the empirical evidence for this relationship is mixed.

Many researchers have failed to find a significant relationship between excess returns and conditional

volatility. Baillie and DeGennaro (1990), French, Schwert, and Stambaugh (1987), and Campbell and

Hentschel (1992) find a positive but mostly insignificant relation between the conditional variance and

the conditional expected return. Some researchers have even found the risk-return tradeoff to be neg-

ative. Campbell (1987), Nelson (1991), Brandt and Kang (2004), among others, find a significantly

negative relation. Glosten, Jagannathan, and Runkle (1993), Harvey (2001), and Turner, Startz, and

Nelson (1989) find both a positive and a negative relation depending on the method used. Finally,

Ghysels, Santa-Clara, and Valkanov (2005) find a significant and positive relationship between the

market return and conditional volatility using Mixed Data Sampling, or MIDAS, estimation methods.

An important strand of recent research in finance contends that model uncertainty, in addition to

risk, should matter for asset pricing. When agents are unsure of the correct model governing the

market return they demand a higher premium in order to hold the market portfolio. The contribu-

tion of this paper is to empirically investigate the performance of asset pricing models when agents

are uncertain of the correct model. We begin by theoretically showing, following work by Hansen,

Sargent, and Tallarini (1999); Hansen and Sargent (2001); Anderson, Hansen, and Sargent (2003),

Maenhout (2004); and Uppal and Wang (2003), that when agents have a concern for model misspec-

ification the traditional risk-return regression is augmented so that both risk and uncertainty carry a

positive premium. When hedging concerns are negligible and uncertainty is held fixed the expected

excess return is proportional to risk. When hedging returns are negligible and risk is held fixed, the

expected excess return is proportional to uncertainty. Next, we turn to the main focus of the paper

and empirically investigate the importance of the uncertainty-return trade-off in conjunction with the

risk-return trade-off. We find stronger empirical evidence for a uncertainty-return trade-off than for

the traditional risk-return trade-off.

One of main features of our paper is to measure the amount of model uncertainty with data on

disagreement of professional forecasters. We construct an empirical measure (a time series process)
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of model uncertainty, denoted unc ��� The relationship between the disagreement of professional fore-

casters and expected returns has been discussed in many recent papers, without a link to model un-

certainty. A number of authors, including Anderson, Ghysels, and Juergens (2005) and Qu, Starks,

and Yan (2003) find that more disagreement implies higher expected returns. In particular, Ander-

son, Ghysels, and Juergens (2005) observe that the disagreement factors (portfolios that long high

disagreement stocks and short low disagreement stocks) are positively related to expected returns

and have explanatory power beyond traditional Fama-French and momentum factors. Similarly, Qu,

Starks, and Yan (2003) observe a positive relation between expected returns and a factor for disagree-

ment, constructed from the annual volatility of a firm’s earnings disagreement. Others, including

Diether, Malloy, and Scherbina (2002) and Johnson (2004), find that higher dispersion stocks have

lower future returns.

Several different rationales have been proposed to explain the negative effect of disagreement

on expected returns. Anderson, Ghysels, and Juergens (2005) took the disagreement of forecasters

about the future values of variables as an indication of heterogeneity in the beliefs of agents and

showed how the disagreement is priced in a heterogeneous agents model with micro-foundations.

Diether, Malloy, and Scherbina (2002) rationalize their findings that higher dispersion stocks have

lower future returns with arguments from the short-sale constraints literature, in particular Miller

(1977). They argue dispersion proxies for differences of opinions among traders where the only the

most optimistic opinions are reflected, thereby driving up current prices. Johnson (2004) offers an

alternative explanation to the findings of Diether, Malloy, and Scherbina (2002). In his model, levered

firms may be able to reduce the cost of capital by increasing idiosyncratic risk of earnings volatility

and subsequently the dispersion of earnings forecasts. Johnson views dispersion as a manifestation of

idiosyncratic risk relating to the opacity in the underlying value of a stock.

This paper suggests an alternative explanation for why disagreement is priced. We interpret the

disagreement among forecasters as arising because forecasters are using different models.
�

If fore-

casters are using different models then the economy as a whole faces a situation involving model

uncertainty– there are a variety of models which could possibly correctly describe the world. We

assume the agents inside our model think that each forecaster’s predictions constitute one model that

is possibly true. The predictions of all forecasters are weighted to form the beliefs of agents. This

model uncertainty, measured via our empirical measure unc ��� is priced and is the channel that prices

disagreement.
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The existing literature tends to measures disagreement (which for us is equivalent to uncertainty)

with flat weighted variances. We show that disagreement measured by flat weighted variances has no

relationship with the expected market excess return. Disagreement only matters when extreme fore-

casts are disregarded. Extreme forecasts are forecasts whose predictions are far from other predic-

tions. To construct unc ��� we measure disagreement with a flexible weighting scheme across forecasts

which can accommodate assigning more or less weight to extreme forecasts. The weighting scheme

is inspired by the recent work on MIDAS regressions. Parameters determining the weights are esti-

mated by quasi-maximum likelihood in conjunction with other parameters. We find the parameters

determining the optimal weights to be significant. Our estimates entail ignoring the extremes and

placing all of the weight on the center of the distribution.

Most of the existing literature which studies the relationship between asset prices and disagree-

ment focuses on individual stocks or portfolios representing a subset of the market. The existing

literature measures disagreement with the dispersion of earnings forecasts made by financial analysts.

In this paper we focus on the market excess return and use data on forecasts of aggregate corporate

profits rather than earning forecasts. Focusing on aggregate forecasts allows us to use a longer time

series of data than is used in most studies of disagreement.

This paper is organized as follows. Section I describes an economy with model uncertainty and

derives a decomposition of excess returns into risk and model uncertainty components. Section II

describes the flexible functional forms that will be used in this paper to measure volatility and un-

certainty. Section III gives an overview of the data used in this paper including the data on beliefs.

Section IV investigates risk-return and model uncertainty-return trade-offs. Section V concludes.

I. The theoretical impact of risk and uncertainty on excess returns

This section derives a decomposition of excess returns into risk and model uncertainty components.

We consider a setup similar to Merton (1973) except that agents are worried about model mis-

specification as in Hansen and Sargent (2001). Our setup closely follows Hansen and Sargent except

that we do not tie model uncertainty to conditional volatility.
�

Similar to Uppal and Wang (2003), we

allow concerns for robustness to vary with states. Our approach also follows Maenhout (2004) in that

we scale concerns for robustness by the value function. We consider a general equilibrium model in
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which all agents are alike and have power utility functions. Agents are allowed to invest in the market

and a risk-free bond, though in equilibrium we require that agents fully invest all of their wealth in

the market and do not hold bonds. Unlike previous papers we allow concerns for robustness to vary

over time in interesting ways that are not linked to conditional volatility.

There is an underlying state vector 	 which agents believe approximately follows the process
 	��
����� 
��
��� � 
�� � (1)

where
� � is a vector of independent standard Brownian motions; and ����������	���� and

� ��� � ��	���� are

functions of the current state. Agents’ perceive that the instantaneous risk-free rate is  !�"�� #��	����$� and

that the price of the market, %&��� approximately follows the process
 %'�(� 
 �)%"� 
��
�+* ��%"� 
�� � (2)

where

 �'� 
 ��	��)� is a scalar and

* �"� * ��	��)� is a row vector. The wealth ,-� of an agent approximately

follows the process 
 ,.�/�0�)1'��2���,.� �  ���,3��4657��� 
��"� 1�� * �8,3� 
�� � (3)

where 2��'� 
 �/46 �� is the expected market return in excess of the risk-free bond, 19� is the fraction of

wealth (possibly greater than one or less than zero) invested in the excess return, and 5:� is consump-

tion. Wealth approximately, and not necessarily exactly, follows equation (3) because the price of the

market only approximately, and not necessarily exactly, follows the process in equation (2). We will

call the processes in equations (1), (2), and (3) the reference model.

Agents believe that the reference model provides a reasonable approximation for the processes

which govern the state, market return, and wealth though they worry that the approximation may be

misspecified. In particular, they worry about whether or not �!� and

 � are the correct specifications

of the conditional means. Agents consider the possibility that the conditional mean of the state is���"4<;=��>.� rather than �?� and the conditional expected market return is

 �
4+@3��>.� rather than


 �A� Here>.�B�C>/��	��A�D,3�)� is a vector of the same dimension as
� ���";=�B� ;E��	��F�G,.�)� is a matrix of the same

dimension as
� �A� and @3�H�I@/��	����G,.�)� is a vector of the same dimension as

* �A� Agents believe (and

indeed they are correct) that the reference model correctly specifies the conditional variances of the

state (
� � ) and the market return (

* � ). Agents believe (and they also are correct) that the risk-free rate
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is  ���� In summary, they worry that the underlying state, market return and the evolution of the wealth

are given by 
 	��
�J�����/4K;L��>.��� 
��(�+� � 
�� � (4a)
 %"�
�J�M2N��46@.��>3���N%'� 
��(�O* ��%'� 
�� � (4b)
 ,.�(�J�)1���2N��,.�/4K1'��2P,.��@3�8>.� �  ��P,3�#4�57�)� 
��
� 1�� * ��,3� 
�� � (4c)

instead of by equations (1), (2), and (3). They are uncertain about the conditional mean of their wealth

because they are uncertain about the conditional expected market return. We allow the functions ;
and @ to depend on agent’s wealth although in some important special cases they will only depend on

the exogenous state 	"� The function > is an endogenous function of the exogenous state and wealth

that will be determined below.

Agents consider a worst case specification for >�� that is constrained to be close to the reference

model. We capture the requirement that >-� is close to the reference model by penalizing deviations

from the reference model with the quadratic termQR-S >�T� >.� (5)

where
S

is a scalar time-invariant non-negative parameter. U The functions ; and @ allow some pertur-

bations of 	 and , to be penalized more heavily than others. For example, consider a model in which

both 	 and
�

(as well as > ) are two dimensional and for some
�

;L�(� VW Q XX X YZ @.�"�\[ X Q]X�X_^ � (6)

In this case a higher penalty is imposed for perturbing the first element of 	 than the market return.

In particular perturbing the first element of 	 by
Q � X has the same penalty as perturbing the market

return by
X � Q � In this example the second element of 	 is presumed to be known exactly so that under

no circumstances will agents consider perturbations in it. So, ; and @ allow us to capture the notion

that agents may have more or less doubts about the conditional means of some variables than others.

In work by Hansen and Sargent ; and @ are linked to volatility so that ;`�(� � � and @3�
� * � for all� � Hansen and Sargent suggest this is reasonable because it is more difficult to learn about conditional
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means in the presence of high volatility. a We do not restrict ; and @ to necessarily being tied to

volatility and allow for the possibility that they depend on the state more flexibly. For example, there

may be some state variables which have a high conditional variance but that agents have very little

doubt about their conditional mean. In addition doubts may vary over time in interesting ways that are

not linked to conditional variances. For example, during the gasoline crisis in the mid 1970’s agents

may have been willing to consider more perturbations in all variables than they were in mid 1990’s.

For the reasons discussed in Maenhout (2004) we will let ; and @ depend on wealth (see below for

more details). b
The objective of agents is taken to becOde fhg!i ��4kj � �ml 5 �An?o�Q 4qp � QR-S > T� >.�sr (7)

where j is the time discount rate. At any date, the first component of the objective is the utility ob-

tained from consumption where p is a parameter which is greater than zero and not equal to one. The

second component penalizes deviations from the reference model, and is added rather than subtracted

because we view the agents as minimizing the time zero expected value of equation (7) with respect

to > in addition to maximizing it with respect to 5 and portfolio choices subject to equations (4a), (4b),

and (4c).

Let the agent’s value function be denoted t9�),#�D	��$� The value function satisfies the Hamilton-Jacobi

equationtu�wvyx gz�{ | v`}�~��� 5 �An?oQ 4qp � QR-S > T >�4�j�t � t T��� ��4�;L>�� � t�� � 1�2L,H4K1�,�@�> �  �,H4�57� �QR#�G� � ��� T�t �7� � � QR t����$1 � *�* T�, � � �G� � 1 *�� T�t � ��,��!� (8)

where we drop the
�

subscripts and the subscripts on t denote differentiation. In the limit as
S

approaches zero, the functional equation (8) becomes the usual Hamilton-Jacobi equation studied

by Merton (1973) and many subsequent researchers. The additional terms present are the same terms

present in Hansen and Sargent’s formulation except that ; and @ are flexible functions of the state

and wealth. The minimizing choice of > is>�� S ; T t � � S @ T t���1�,#� (9)
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Equation (9) shows how specifications of
S �G; and @ endogenously determine the perturbations of

conditional means that agents worry about. The maximizing choice of the fraction of wealth to invest

in the market, 1�� satisfies the first-order condition:t���2P,�4�t��$,!@�> � t��F��1 *�* T�, � � �D� � *?� T�t � �$,��#� X � (10)

In equilibrium we require 1�� Q � Substituting in the right hand side of equation (9) for >�� imposing1+� Q
and rearranging terms allows us to write equation (10) as2B��p *�* T � S @�@ T t���, � S @�; T t � 4 �D� l *?� T t � �t�� r � (11)

In this paper we will consider specifications of ; and @ of the form;E��	"�G,��9� �;���	��� � Q 4Kp(�7t���	"�G,N� @/��	"�G,��9� �@���	��� � Q 4Kp(�7t���	"�G,N� (12)

which closely follow specifications in Maenhout (2004). Recall t is the agent’s value function and

we have previously assumed p �� Q � The functions �; and �@ can depend on the exogenous state 	
but not the agent’s wealth ,#� The scaling by

Q 4�p times the value function is the same scaling in

Maenhout (2004) though Maenhout restricts �; and �@ to be constant. With this specification formula

(11) simplifies to 2B��p *�* T � S �@ �@ T � S �@ �; T t �t 4 �G� l *�� T t � �t-� r (13)

since t��$,�¡ � � Q 4qp/�ht���� Q �
In our empirical work, appearing in later sections, we will consider a discrete time approximation

to equation (13) in which the quarterly excess return of the market over a risk-free bond between

periods
�

and
�(� Q � denoted ¢_£)�¥¤ � � satisfies¦ ��¢:£)�¥¤ � �mp(§N� � S�¨ � �+© � (14)
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where §N�
� * � * T� � (15)¨ �
� �@ � �@ T� � (16)© �
� S �@ � �; T� t � ��	����G,.�)�t���	����G,3�)� 4 �G� l * � � T� t � �-��	����G,3�)�t��-��	����G,3�)� rª� (17)

We call §N� the conditional variance,
¨ � the conditional model uncertainty, and

© � the hedging com-

ponent. Equation (14) illustrates the affect of model uncertainty on expected returns. Equation (14) is

the analog of the well-studied equation from Merton (1973) which links expected returns to volatility

and hedging concerns. When there is no model uncertainty, so that
S � X � we recover Merton’s orig-

inal formulation. Concerns about risk and model uncertainty affect the hedging component as well

as §�� and
¨ ��� The value of

S
can affect

© � directly and indirectly through the value function and its

derivatives.

The stylized approach of most studies of the risk-return trade-off consists of ignoring model un-

certainty and hedging, and running the following regression:¦ ��¢:£)�¥¤ � ��« � p/§N� (18)

where « is a constant which according to the model should be zero. The goal of many researchers has

been to find a significantly positive p coefficient that captures the trade-off between risk and return, a

relationship henceforth referred to as Merton’s ICAPM or simply the ICAPM. ¬ There is an abundant

literature on estimating volatility §P� and many different measures have been used in the ICAPM. The

main challenge for us is how to measure and estimate the
¨ � component in the presence of model

uncertainty. This is the focus of the remainder of the paper, after a brief review of flexible functional

forms. Flexible functional forms are a crucial ingredient of both the measure of volatility we use and

our measure of model uncertainty.

II. Flexible weights

In recent work, Ghysels, Santa-Clara, and Valkanov (2005) suggested that the risk-return trade-off can

be modeled with a mixed data sampling, or MIDAS, regression approach. Namely, they ran monthly
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risk-return regressions, yet used also daily data to model the conditional variance. The mixed use of

daily and monthly data was achieved via a parsimonious parameterization of the conditional variance.

The key to modeling conditional variances is indeed parsimony, summarizing in a convenient way the

temporal dynamics which yield predictions of future volatility. To model uncertainty the issues are

different, yet the key is also parsimony. In our empirical work we will use data reflecting predictions

of professional forecasters. Predictions are plentiful and the challenge is to summarize them to reflect

the fundamental uncertainty in the economy. Our approach makes extensive use of flexible functional

forms similar to those suggested in a time series volatility prediction context by Ghysels, Santa-

Clara, and Valkanov (2005). In particular, we use the Beta distribution and the normal distribution

in the cross-section. The weighting scheme represents the probability that agents assign to each

plausible model, described by the predictions of forecasters (discussed in detail in Subsection B).

The remainder of this section generically describes the weights we use, leaving discussions of their

applications to later sections.

It is noted by Ghysels, Santa-Clara, and Valkanov (2004) that a discretized Beta distribution is

a flexible functional form that is convenient to capture many plausible patterns of time series decay.

The discretization is based on the standard continuous Beta probability density function which is­ � 	���� ��	B46���F® n�� � 
 4q	��A¯ n��� ��°��G±���� 
 46��� ® ¤ ¯ n�� (19)

where
�

is the Beta function and °���±��?� and



are parameters. The discretized Beta distribution we

use is ­³² � �)´"46���F® n�� � 
 46´A�A¯ n��� ��°��D±&��� 
 4���� ® ¤ ¯ n��Eµ`¶· ¸�¹ � ��º�4�����® n�� � 
 4»º!�A¯ n��� ��°��G±���� 
 46��� ® ¤ ¯ n��-¼ n�� (20)� �)´
4����F® n�� � 
 46´���¯ n��½ ¶¸�¹ � ��º�4���� ® n�� � 
 4¾º�� ¯ n�� (21)

with ¿ values ( ´�� Q � R �:�:�:�F¿ ) that receive positive probability. We require �yÀ Q
and


`Á ¿&� In a time

series application ¿ could be the number of lags used in a volatility prediction. Note that a potentially

large set of weights is tightly parameterized via a small set of parameters. Ghysels, Santa-Clara, and

Valkanov (2004) and Ghysels, Sinko, and Valkanov (2003) discuss how, by varying parameters, the

discretized Beta distribution can capture many different weighting schemes associated with time series

memory decay patterns observed in volatility dynamics and other persistent time series processes.
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They also observe that setting ° = 1 yields downward sloping weighting schemes typically found

in models of volatility predictions. In the cross-sectional applications in this paper, the Beta tightly

parameterizes the distribution of forecasts and helps determine which part of the distribution of model

predictions matter for asset pricing. The Beta weighting scheme adapts easily to cross-sectional

application because setting ° = ± (and hence requiring an even smaller set of parameters) yields

various bell-shaped weighting schemes. By construction this is a well-formed pdf since
½ ¶² ¹ � ­³² � Q

and we will interpret the ­Â² ’s as weights. This convenient scheme is used in our empirical work, both

in a time series context to parameterize volatility and in a cross-sectional setting to specify uncertainty.

While Ghysels, Santa-Clara, and Valkanov (2004) use the Beta weights there are other convenient

flexible functional forms that are also explored in our empirical work. One such functional form is a

discretized normal distribution in which­³² � fhg�iEÃ n�Ä ² n�Å:Æ¥ÇÈ Ç É½ ¶¸D¹ � fhg�iEÃ n�Ä ¸ n�Å�Æ ÇÈ Ç É (22)

for ´u� Q � R ���:�:�F¿ where Ê and Ë are parameters. It is sometimes more convenient to write this

discretization as ­³² � f$g!i �F4�� � ´'4K� � ´ � �½ ¶¸�¹ � f$g!i ��4k� � º�4�� � º � � (23)

where � � and � � are parameters. These weights, called Almon lags, were used in a time series context

by Ghysels, Santa-Clara, and Valkanov (2005).

III. Data on beliefs

Our approach requires an empirical measure of the beliefs of agents about the amount of uncertainty

they have about the reference model. The beliefs of agents about this uncertainty will be determined

from the survey responses of professional forecasters. Economists can infer a lot of indirect informa-

tion about beliefs by observing choices but direct data on beliefs is primarily limited to surveys. The

accuracy of survey responses has long been a major concern and is one reason why survey data has

received mixed attention in economics. Ì The typical survey respondent may not put much effort into

accurately completing surveys. Respondents typically receive the same reward (often no reward) no

matter how carefully and accurately they complete their surveys. Respondents may not even bother to
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read or understand directions. The drawbacks of surveys are not as strong when the respondents are

professional forecasters. Professional forecasters likely will make an effort to understand directions

and take great care in accurately reporting their beliefs (via predictions) about the economy. In some

surveys forecasters are screened before they can participate and are rewarded for the ex-post accuracy

of their responses.

There are several data sets available which give the predictions of professional forecasters on

macroeconomic and financial variables. In this paper we focus on data from the Survey of Professional

Forecasters (henceforth SPF). There are many other papers that make use of data from the Survey of

Professional Forecasters, most of which evaluate the quality of the predictions [see, for example,

Zarnowitz (1985) and Braun and Zarnowitz (1993)]. We use the forecasts to represent the beliefs of

agents in economic models and consider asset pricing applications. We use the dispersion of forecasts

as a proxy for the amount of model uncertainty that agents have about the reference model described

in Section I. The SPF is an attractive survey because it provides a long time series of data (the data

begins in 1968) and it provides predictions at many different horizons. Each quarter participants are

asked for predictions of the levels for the previous quarter, this quarter, next quarter, two quarters

ahead, three quarters ahead and four quarters ahead. Í The forecasters selected for the SPF come

largely from Wall Street, commercial banks, and other institutions. The series we use from the SPF

are forecasts of output (before 1992Q1 these consist of forecasts of GNP and after of GDP), the output

deflator (before 1992Q1 these consist of forecasts of the GNP deflator and after of the GDP deflator),

and Corporate Profits After Taxes. Appendix A describes the details of the data.

Some of our analysis requires predictions on variables which do not directly appear in the SPF.

For example, we need forecasts of the real rate of quarterly corporate profit growth but the SPF only

provides forecasts of the level of nominal corporate profits and forecasts of the level of prices. Let
¦ ² �)Î#Ï be forecaster ´ ’s time

�
prediction of the value of Î that will be realized at period Ð�� We ap-

proximate the gross quarterly forecasted rate of real growth, according to forecaster ´�� in the nominal

variable Ñ between quarters Ò and ¿ asÓ ¦ ² �8Ñ ¶
¦ ² �)%'Ô¦ ² �8Ñ�Ô ¦ ² �)% ¶/Õ Ö×hØ]Ù

(24)

where % is the GDP (GNP) deflator. See Appendix A for more details.
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Our analysis also requires us to infer forecasts of the real market return and forecasts of the real

return on a nominally risk-free bond. We determine forecasts of the expected market return from

predictions of nominal corporate profits and the price level by using the Gordon growth model. We

approximate forecaster ´ ’s prediction of the return on the market as¦ ² ��¢�Ô'�¥¤ � � ¦ ² � lhÚ �¥¤ �Ð�� r � Ë ² ��� (25)

where Ú �¥¤ � � is aggregate real corporate profits, Ð�� is the market value of firms at time
� � and Ë ² � is

forecaster ´ ’s predicted growth rate of real corporate profits over a long horizon. See Appendix A for

more details. We approximate forecaster ´ ’s prediction of the real return on a nominally risk-free bond

with
¦ ² ��¢:Û8�¥¤ � �ÝÜ Û�¤ � %"�¦ ² �)%'�¥¤ � (26)

where Ü Û8�¥¤ � is the nominal return on the bond (which is known at time
�
) and %Þ� is the GDP (GNP)

deflator. Again see Appendix A for more details.

Table I shows that for the real market, the Gordon growth model gives a reasonable approximation

of the unconditional mean return. For the period between 1968 and 2003 the average median forecast

of the market return computed from the Gordon growth model (with Ë_� being the forecasted average

return from the last period to three quarters ahead – a horizon of four) slightly overestimates the

actual average market return. Table I also shows that the average median forecasts computed using

the formula in equation (26) are very close to the actual average real return on a nominally risk-free

bond.

IV. Volatility and model uncertainty-return trade-offs

In this section, we report estimates of the ICAPM with risk and model uncertainty. The estimates

allow us to appraise the relative importance of risk and model uncertainty. The estimates in this

section also allow us construct an index reflecting the amount of model uncertainty in the economy.

The risk-return trade-off has been the subject of much empirical research. Most papers have used

an ARCH-type model, see e.g. French, Schwert, and Stambaugh (1987), Campbell and Hentschel

(1992), Nelson (1991), Glosten, Jagannathan, and Runkle (1993), Harvey (2001). Recently, Ghysels,
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Santa-Clara, and Valkanov (2005) suggested estimating conditional volatility with MIDAS estimation

methods. In this paper we will also measure risk using the approach of Ghysels, Santa-Clara, and

Valkanov (2005).

To measure uncertainty we face a different challenge. We have data reflecting various predictions

about future variables that affect expected returns such as predictions of the market return, corpo-

rate profits, etc. Our approach summarizes the cross-sectional variation among forecasters with a

parametric specification that allows us to compute a measure of model uncertainty in the economy.

We consider again a version of the decomposition suggested in Section I¦ �F��¢:£��¥¤ � �9��« � py§��ß.à�á.â � Sã¨ �ß à�á â (27)� Constant
�

Risk
�

Model Uncertainty

where we have set the hedging component
© � to be zero. ä Sufficient conditions for the hedging

component to be zero are that for all
�

the noise driving the market is uncorrelated with the noise

driving the state (so that
* � � T� � X

for all
�
) and the uncertainty in the market is unrelated to the

uncertainty in the state (so that @-��; T� � X
for all

�
).

It is probably unreasonable to assume the noise and uncertainty underlying the market and the

state are not related. An alternative justification of equation (27) is that it is an approximation to

equation (14). If p is close to one,
* � � T� is close to zero for all

� � and @-�); T� is close to a matrix of

zeros for all
�

then the approximation is very good. When we estimate this model we use quasi-

maximum likelihood because the econometrician’s model, which will be a formal version of equation

(27) discussed below, may be misspecified. One reason it may be misspecified is that the hedging

term is set to zero. Another reason the model may be misspecified is that we take the reference model

as the data generating processes. The agents inside our model are worried the reference model is

misspecified. If it is misspecified then our regressions are misspecified too.

The most critical step of our approach, and one of the main innovations of this paper, is quantifying¨ ��� We take advantage of the flexible functional forms described in Section II to specify
¨ ��� We link¨ � to a weighted variance of forecasts given by professional forecasters.

In the remainder of this section we provide the details of this approach as well as the empirical

results. In Subsection A following Ghysels, Santa-Clara, and Valkanov (2005), we review a measure

13



of volatility and then devote most of our attention to investigating if there is a model uncertainty-

return trade-off in subsection B. An index reflecting the amount of model uncertainty in the economy

is discussed in Subsection C.

A. Volatility

The MIDAS estimator forecasts the conditional variance with a weighted average of lagged daily

squared returns (or alternatively lagged demeaned squared returns) using a flexible functional form

to parameterize the weight given to each lagged daily squared return (or lagged squared demeaned

excess return). Ghysels, Santa-Clara, and Valkanov (2005) estimate the coefficients of the condi-

tional variance process jointly with « and p from the expected return equation with quasi-maximum

likelihood and show that a parsimonious weighting scheme with only two parameters works quite

well.

More specifically, the MIDAS estimator of the conditional variance of excess returns, §/� , is based

on prior daily squared demeaned return data. The weight on the ´ th lag iså ² �8æ��9� �Mçè4K´A��é n��½ëê¸D¹ � ��ç�4ìº�� é n��
where ç is the maximum number of lags which we fix at the number of trading days in a year. The

functional form of these weights is determined by the discretized Beta distribution described in Sec-

tion II with °<� Q ��±<�íæî� and

 �ïç?� The value of � does not matter since °<� Q � The single free

parameter æ models the decay pattern of the weight function. The top plot in Figure 1 for an example

of the weights.
�)e

The resulting conditional variance is equal to§N�"�wð � vol �F��æ�� (28)

where ð � is a time-invariant constant and

vol ���8æ��9��ç ê· ² ¹ � å ² ��æ��ãñP¢ ê n ² { ê n ² ¤ �£)� 4 Qç ê· ¸D¹ � ¢ ê n ¸ { ê n ¸ ¤ �£�� ò � �R ç ê n��· ² ¹ � � å ² �8æ�� å ² ¤ � ��æ���ñ�¢ ê n ² { ê n ² ¤ �£�� 4 Qç ê· ¸�¹ � ¢ ê n ¸ { ê n ¸ ¤ �£)� ò ñ�¢ ê n ² n�� { ê n ²£)� 4 Qç ê· ¸D¹ � ¢ ê n ¸ { ê n ¸ ¤ �£�� ò (29)
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is the component of the conditional variance which is determined from the volatility of daily excess

returns. Here ¢ ê n ² { ê n ² ¤ �£�� is the daily return between trading days ç�4�´ and ç�4�´ � Q
which occur

between periods
� 4 Q and

� � Notice that vol � implicitly depends on the parameter æ since the weightså ² depend on æî� The second component allows for the effect on quarterly volatility of serial correlation

in daily returns. Such a correction did not appear in the original formulation of Ghysels, Santa-Clara,

and Valkanov (2005).

The value of ç determines how many daily lags are used to predict future volatility. We set ç to

be roughly the number of trading days in a year. Since the number of trading days per year varies

slightly throughout our sample and we prefer ç be constant for all dates, we set ç to be the minimum

number of trading days in the previous 12 months available throughout our sample.

To estimate the parameters, we maximize the (quasi-)likelihood of quarterly excess returns based

on: ¢:£)�¥¤ ��ó�ô ��« � py§N���h§���� (30)

which we implement as ¢:£)�¥¤ ��óëôIõ « ��ö vol ���8æ��#�Gð � vol �N�8æ��A÷ (31)

where
ö � p#ð � � The combination of quarterly returns and daily squared returns yields the MIDAS

setup. Using this setup, Ghysels, Santa-Clara, and Valkanov (2005) find there is a significant positive

relation between risk and return in the stock market. This finding is robust to asymmetric specifi-

cations of the variance process, and to controlling for variables associated with the business cycle.

It also holds in many subsamples. Given these empirical findings it is a good benchmark reduced

form regression to introduce model uncertainty. Ghysels, Santa-Clara, and Valkanov (2005) focused

on monthly returns whereas we devote our attention to quarterly sampling frequencies because the

professional forecast data used to construct our measure of model uncertainty, unc �A� is only available

quarterly. We expect, however, that the focus on the quarterly sampling frequency weakens empirical

evidence of the risk-return trade-off, and the results reported below confirm this.

Quasi-likelihood estimates of the parameters appearing in equation (31) are displayed in the first

three estimations in Panel B of Table II. As a benchmark, the first estimation in Panel A provides

quasi-likelihood estimates of the specification¢:£)�¥¤ ��óëô õ «]�Gð � ÷ (32)
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in which there is no risk-return trade-off and the excess return is i.i.d. normal. We see that according

to a t-test and a likelihood ratio test, estimates of
ö

are not significant. However estimates of øsù-ú9æ
are extremely significant, both according to a t-test and a likelihood ratio test. Hence, these results

suggest that, in our data set, although there is no evidence of a risk-return trade-off, MIDAS does

provide a very convenient approach for capturing volatility.

Further evidence that MIDAS captures volatility can be provided by examining the relationship

between vol � and realized volatility. We define realized volatility asû �"�wÐ�� Ï)ü· ² ¹ � ñ/¢ Ï�ü n ² { Ï)ü n ² ¤ �£)� 4 QÐ$� Ï�ü· ¸�¹ � ¢ Ï�ü n ¸ { Ï)ü n ¸ ¤ �£)� ò � �R Ð�� Ï ü n��· ² ¹ � ñ/¢ Ï ü n ² { Ï ü n ² ¤ �£)� 4 QÐ$� Ï ü· ¸�¹ � ¢ Ï ü n ¸ { Ï ü n ¸ ¤ �£)� ò ñ/¢ Ï ü n ² n�� { Ï ü n ²£�� 4 QÐ�� Ï ü· ¸D¹ � ¢ Ï ü n ¸ { Ï ü n ¸ ¤ �£�� ò (33)

where Ð�� is the number of days in a quarter
� � �A� Table III shows that vol � is more highly correlated with

future realized volatility (
û �¥¤ � ) than past realized volatility (

û � ). This suggests that vol � indeed does

provide a better measure of conditional volatility in equation (30) than an alternative version which

measure conditional volatility with realized volatility (
û � ).

Our implementation differs from the implementation in Ghysels, Santa-Clara, and Valkanov (2005)

in that in this paper we estimate ð � � rather than fixing it at one. If the reference model is correctly

specified then ð � should equal one since we designed vol � to be the conditional variance of the market

and our model says that « � p vol � should be the conditional mean of the market excess return. How-

ever if the econometrician’s model is misspecified then ð � need not equal one. We find estimates ofð � are significantly greater than one in models that perform poorly but are close to one in models that

perform well. This provides further evidence that the poorly performing models are misspecified. An-

other diagnostic test of the model is if the constant term, «]� is close to zero. We find the constant term

is not significantly different from zero in Table II, which confirms the predictions of the theoretical

model.

Our results differ from Ghysels, Santa-Clara, and Valkanov (2005). The bulk of their analysis

focuses on monthly return horizons. However, to construct measures of model uncertainty we are

confined to quarterly data. Ghysels, Santa-Clara, and Valkanov (2005) do provide quarterly regres-

sions between 1964 and 2000 of a specification similar to equation (31), and show there is evidence of
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a risk-return trade-off. There are several reasons the results in this paper are different. The most im-

portant reasons are that Ghysels, Santa-Clara, and Valkanov (2005) considered a different time period

than the time period considered in this paper and that our definition of a quarter refers to a calendar

quarter (matching forecasts) whereas the definition of quarter in Ghysels, Santa-Clara, and Valka-

nov (2005) corresponds to a fixed number of trading days which are not directly related to calendar

quarters.
�)�

B. Model uncertainty

We now extend our analysis to include an empirical measure of model uncertainty so that there is a

possibility of a model uncertainty-return trade-off in addition to a risk-return trade-off. We proxy for

the contribution of model uncertainty to the excess return with,
S

unc ��� where
S

is a time-invariant

constant and unc � measures the disagreement among forecasters about the growth rate of a single

variable. We focus in particular on measuring unc � with the disagreement about the market return

where market return forecasts are constructed from the Gordon growth model. We also consider

measuring unc � with the disagreement in constructed GDP and corporate profit growth forecasts.

Why is it reasonable to measure model uncertainty with the disagreement of professional fore-

casters? In other words, using the notation of Section I, why is it reasonable that the disagreement of

professional forecasters at time
�

is related to @���@ T��ý Recall that @3� effectively determines the penalty

for considering perturbations to the market return from the reference model. For example, the penalty

for considering a perturbation of @-� is
Q � X � We suggest that when the disagreement among professional

forecasters is large, @-� should be large. In our environment all agents are alike. Imagine each agent

listening to the statements of professional forecasters. If all forecasters are in agreement then agents

have very little doubt that the reference model is correct and @?� is small. If forecasters state very dif-

ferent forecasts then agents are unsure which forecast is correct and want to consider a variety models

so @3� is large.

We consider a quasi-likelihood estimator similar to (31) of the following form:¢:£��¥¤ �9óëô õ « ��ö vol ���8æ�� � S unc ���Mþ��$�Gð � vol ���8æ�� ÷ � (34)
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where we interpret
¨ �&� unc ����æ��$� In equation (34) we explicitly indicate the dependence of unc � on

a parameter þ!� We next discuss how we construct unc � and the role of the parameter þ!�
As indicated in Section II, we will use the Beta distribution to tightly parameterize how forecasts

determine unc ��� Instead of letting the first power parameter equal to one (as when we computed con-

ditional volatility), and letting the second power parameter æ determine the decay pattern, we set

both power parameters of the Beta distribution equal to each other and estimate the single common

parameter as a free parameter þ!� The model uncertainty component is thus constructed as a weighted

variance of predictions on a single financial/macroeconomic variable where the weights are deter-

mined by a discretized Beta distribution. To construct the weights we proceed as follows: we pick

one series, call it 	"� and rank the forecasts each period of 	 from low to high. The weight on the ´ th
lowest forecast is ­³² �F�MþN��� ´Mÿ n�� ���_��46´A� ÿ n��½�� ü¸�¹ � º ÿ n�� ���_��4¾º�� ÿ n��
where �_� forecasts are available at time

�
and þ is a parameter. This is the discretized Beta distribution

described in Section II with ° ��þ���±¾��þ!���L� X
and


 ���.��� Requiring ° ��± forces the weights to be

symmetric.
� U The disagreement or model uncertainty is then measured by a Beta-weighted variance

of forecasts of 	��
unc �F�Mþ���� � ü· ² ¹ � ­³² ���MþN� µ 	 ² �¥¤ ��� � 4 � ü· ¸D¹ � ­ ¸ �F��þN��	 ¸ �¥¤ ��� � ¼ � � (35)

Quasi-likelihood estimates of the parameters appearing in equation (34) are displayed in Panel

B of Table II. In the fourth regression in Panel B we include model uncertainty but measure model

uncertainty with an unweighted (or flat weighted) variance which is obtained by setting øsù�ú�þ6� X �
We see in this case the estimate of

S
is not significant and there is very little improvement to the

log likelihood without uncertainty. Including uncertainty with flat weights does not improve much

upon specifications in which uncertainty is left out. In the 5th, 6th and 7th estimations in Panel B we

estimate
S

and øsù�ú�þ along with other parameters. In these regressions unc � is a non-degenerate Beta-

weighted variance. Estimates of
S

and ø�ù�ú�þ are significant (by likelihood ratio tests and t-tests) and

there is a large improvement to the log-likelihood. Including Beta-weighted uncertainty significantly

improves the fit. It is also interesting to note that estimates of ð � are not significantly different from
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one and estimates of the constant « are not significantly different from zero. Both of these results

confirm the predictions of our theoretical model.

Further informal evidence for a model uncertainty-return trade-off is provided in Table III – in

particular the correlation between our estimated measure of model uncertainty in the last regression

in Panel B and the excess return is 0.28. In comparison the correlation of our measure of volatility

with the excess return is only 0.15. The visual evidence in the joint plots in Figure 2 yield additional

insights into the nature of the relationship between uncertainty and excess returns. We see that when

uncertainty is high, excess returns also tend to be high. When uncertainty is low however there is not

a strong relationship between uncertainty and excess returns.

Figure 3 graphs the likelihood function in the last regression of Panel B as a function of øsù�ú�þ andøsù-ú9æî� We see that the optimal value of øsù�ú�þ is sharply determined. Large values of ø�ù�úÞæ give low

likelihoods but many small values give essentially the same likelihood.

In the second regression in Panel A of Table II we see that estimates of
S

and øsù-ú�þ are jointly

significant according to a likelihood ratio test when the errors are assumed to be homoskedastic.

According to a t-test, øsù�ú�þ but not
S

is significant at conventional levels. This suggests that our model

uncertainty-return trade-offs are robust to the specification of volatility.

In Table IV we consider the uncertainty-return trade-off when uncertainty is measured by the Beta-

weighted variance in variables other than the market return forecasts. One could make an argument

that the dispersion of the alternative variables we analyze should affect model uncertainty and thus

excess returns. In Panel A we consider the uncertainty in constructed real GDP growth forecasts and

in Panel B we consider the uncertainty in growth rate of corporate profits at many different horizons.

We see that the uncertainty in real GDP forecasts does not have a significant effect on excess returns.

At long horizons (three and four) the uncertainty in corporate profits forecasts does have a significant

effect but at shorter horizons (one and two) it has essentially no effect. Our constructed market return

forecasts are based on a combination of short and long term corporate profits forecasts. The results

in Panel B suggest that the underlying driving force for our results comes from long term corporate

profits forecasts.
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We now briefly consider some alternative specifications. In Panel A of Table V we measure

uncertainty with a symmetric normal weighted variance in which the weights are­³² �F��Ë?�9� fhg!i Ó n � ² n
	 ü�� ÖÇ � ÇÈ Ç Õ½ � ü¸D¹ � fhg!i Ó n � ¸ n 	 ü � ÖÇ � ÇÈ Ç Õ (36)

where Ë is a parameter. This is the first discretized normal specification given in Section II withÊu� �_� � QR (37)

available at time
� � This specification of Ê forces the weights to be symmetric. The results in Panel

A are very similar to the results in specifications six and seven of Table II. The coefficients on

uncertainty are virtually identical. The estimated normal weights place positive weights on the same

parts the distribution of forecasts that the Beta weights do. There is strong evidence for a model

uncertainty-return trade-off even with a different specification of the cross-section weights.

In Panel B of Table V we measure uncertainty with weights that are not restricted to being sym-

metric. We use Beta weights in which the weights are­³² �F�)°��G±��9� ´�® n�� ���_��46´A�A¯ n��½ ¶¸�¹ � º ® n�� ���]�/4¾º�� ¯ n�� (38)

where ° and ± are free parameters. This is the discretized Beta distribution described in Section

II with ��� X
and


 � �_�A� Allowing the weights to be non-symmetric lets the perceived agents’

perceived model uncertainty depend on any part of the distribution of forecasts. If agents are worried

about worse case forecasts then ± should be greater than ° likewise if agents focus on rosy forecasts

then ± should be less than °�� The estimates ° and ± are not significantly different from each other.

Since the estimate value of ± is slightly greater than °�� the estimated weights slightly emphasize

pessimistic forecasts over optimistic forecasts. There is not compelling to evidence to suggest that

agents are pessimistic and that non-symmetric weights more precisely measure perceived variances.

In Panel C of Table V we measure uncertainty by the Beta-weighted variance of constructed

market return forecasts when the long term horizon is three periods rather than four periods. Setting

the long term horizon at three does better than setting the long term horizon at four.
� a The Gordon
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growth model requires a long term horizon forecast and it is most natural to the let the long term

horizon of four because that is the longest horizon for which data is plentiful. It is slightly puzzling

that a horizon of three performs better empirically than a horizon of four. Perhaps a horizon of four is

too far ahead for forecasters to accurately report their beliefs. In this paper we choose to emphasize

a horizon of four rather than three but is important to note that all of results would become stronger

if we used a horizon of three. In particular, there is much stronger evidence for a model-uncertainty

trade-off when the long term horizon is three rather than four.

C. An index of model uncertainty

This section discusses a few of the empirical properties of estimated uncertainty. We let the index of

model uncertainty be the uncertainty series, unc ��� Q�
 �������?�$� estimated in the last regression in Panel B

of Table II. We plot the index in Figure 4 along with plots of excess returns and volatility. We provide

some simple statistics in Table III and estimates of autoregressions in Table VI.

It is well known that volatility is highly persistent. In our data, Table VI shows that quarterly

volatility is positively and significantly related to its first three lags, that is three quarters. Uncertainty

is also persistent but not as much as volatility. Uncertainty is positively and significantly related to its

first two lags, or half a year.

Panel A of Table VI shows there is not a significant relationship between uncertainty and lagged

volatility. We see from Table III, there is very little contemporaneous correlation between uncertainty

and volatility. This suggests that the actual conditional variance (past volatility) has some, but not

much, impact on the beliefs of agents about model uncertainty.

Model uncertainty is not highly correlated with future volatility. Past model uncertainty does not

predict future volatility and vice versa. Hence, volatility and model uncertainty appear as orthogonal

processes. From Table III we see that unweighted model uncertainty is slightly more related to future

volatility than the optimally weighted model uncertainty. Maybe the fringes of forecasts matter for

volatility (i.e. maybe they are noise traders) but not for expected returns. Though, this effect is not

strong.
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V. Conclusions

An important strand of recent research in finance contends that model uncertainty, in addition to risk,

should matter for asset pricing. Model uncertainty is, however, difficult to measure. We suggest a

reasonable proxy for the amount of model uncertainty in the economy is the disagreement of profes-

sional forecasters. We find stronger empirical evidence for a model uncertainty-return trade-off than

for the traditional risk-return trade-off.

We construct our measure of uncertainty using a flexible weighting scheme across forecasts which

can accommodate assigning more or less weight to extreme forecasts. The weighting scheme is

inspired by the recent work on MIDAS regressions. Our estimates of the weighting scheme entail

ignoring the extremes and placing all of the weight on the center of the distribution. Without the cross-

sectional weighting scheme introduced in the paper, we find that flat weighted model uncertainty is

not related to excess returns. It is not highly correlated with the market return and it does not have a

significant effect in regressions. In contrast, the model uncertainty measure obtained from our cross-

sectional weighting is found to be empirically significantly related to returns.

We find slight but not significant evidence for pessimism: Symmetric cross-sectional weights can

not be rejected. Our model does better when the constructed return forecasts are based on a long term

horizon of three rather than four. However we emphasize a long term horizon of four because that

is the longest horizon for which data is plentiful and the Gordon growth model requires a long term

forecast. It is perhaps puzzling that uncertainty in macro variables such as GDP do not affect excess

returns. But giving the low correlation of the realization of most macro variables with the realization

of financial variables, perhaps this should not be surprising.

Our results thus provide empirical support to recent research in finance which contends that model

uncertainty, in addition to risk, should matter for asset pricing.
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Appendix A. Data on beliefs

This Appendixdescribesthe detailsof the dataandis organizedinto several subsections.SubsectionA de-

scribestheSurvey of ProfessionalForecasters.SubsectionB discusseshow we computegrowth rateforecasts

from level forecastsandhow we computereal forecastsfrom nominal forecasts.SubsectionC explains the

computationsof assetreturnforecasts.

AppendixA. TheSurvey of ProfessionalForecasters

TheSurvey of ProfessionalForecasters(henceforthSPF)beganin thefourth quarterof 1968asa joint project

betweentheAmericanStatisticalAssociation(ASA) andtheNationalBureauof EconomicResearch(NBER).

In the�rst quarterof 1990,theASA/NBERdiscontinuedtheproject.TheFederalReserveBankof Philadelphia

(FRB-Philadelphia)reinstatedtheSPFin the third quarterof 1990.
� b TheSPFprovidesa long time seriesof

data.Eachquarterparticipantsareaskedfor predictionsof thelevelsfor thepreviousquarter, thisquarter, next

quarter, two quartersahead,threequartersaheadandfour quartersahead.
� ¬

Thenumberof forecastersparticipatingin theSPFhasvariedthroughtime. Theaverage(median)number

of forecastsbetween1968and 2004 is 39.5 (36). In the early years,the numberoccasionallyincreasedto

greaterthan100forecasters,but beganto declinenearlymonotonicallythroughoutthe1970sand1980s.After

theFRB-Philadelphiatook over theSPFin 1990,theaverage(median)numberof forecasterseachquarteris

36 (35),with a low of 29 anda high of 52.
� Ì Not all of theforecastsareusablebecausesomeareincomplete.

Acrossall dates,we wereableto useamedianof 26 forecasts,amin of 9, anda maxof 74.

Sincethe survey began,several serieshave beenadded,a few have beendropped,andsomehave been

replacedwith similar series.In theearly1990's, (1992Q1)outputforecastsswitchedfrom beingforecastsof

GNPto beingforecastsof GDP. At thesametime forecastsof theGNPde�ator werereplacedby forecastsof

the GDP de�ator. The switch coincidedwith the substitutionof GNP by GDP undertaken by the Bureauof

EconomicAnalysis.Forecastsof realconsumptionexpendituresandtheconsumerpriceindex werebothadded

to thesurvey in thethird quarterof 1981.

Theserieswe usefrom theSPFareNominalGDP(NGDP),GDPde�ator (PGDP),andCorporatePro�ts

After Taxes(CPROF).Wediscardforecaststhatwereincompleteataparticulardate.In orderfor a forecaster's

forecaststo be includedat a particulardateit is necessarythat he provide forecastsfor NGDP, PGDPand

CPROFfor thisquarter, next quarter, two quartersahead,andthreequartersahead.Forecastswerenotdropped

if forecastsfour quartersaheadwerenotprovided.
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AppendixB. Computingquarterlyrealgrowthrateforecasts

We computeimplied growth rateforecastsfrom forecastsof levels sincethe SPFonly provides forecastsof

levels.Wedo thisasfollows. Let � ² ����Ï beforecaster� 's time � predictionof thevalueof � thatwill berealized

atperiod ���
Oneneedsto makeadistinctionbetweenrealandnominalvariablesin theSPF. Let usstartwith thecaseof

realvariables.Considerforecaster� 's grossquarterlyforecastedrateof realgrowth in ��� where� is forecasted

in realtermsbetweenquarters� and  !� This will beapproximatedby" � ² �#� ¶� ² �#��Ô%$ Ö×hØ]Ù � (A1)

If quarter� is in thefuturethenthisis only anapproximationfor thequarterlygrowth forecastbetweenquarters� and  sincein general � ² �'& " � ¶�!Ô $ Ö×$Ø]Ù'(*)+ " � ² �#� ¶� ² ����Ô $ Ö×hØ]Ù � (A2)

If � is in thepast(sothat �-,�� andthevalueof ��Ô is perfectlyknown) and  + �/.10 thentheseconstructed

growth ratesareexactandtheinequalityin equation(A2) becomesanequality.

For someof our variableswe needto constructimplied real growth ratesfrom nominal forecasts.For

example,we needforecastsof the real rateof corporatepro�t growth but in the SPFonly forecastsof the

nominallevel of corporatepro�ts areprovided.Wecomputeapproximaterealforecastsfrom nominalforecasts

andforecastsof the price level. The constructedgrossquarterlyforecastedrateof real growth, accordingto

forecaster� � in thenominallyforecastedvariable2 betweenquarters� and  is" � ² � 2 ¶ � ² ��3#Ô� ² � 2 Ô � ² �43 ¶ $ Ö×$Ø:Ù
(A3)

where3(Ï is thepricelevel at time ��� In generalthis is only anapproximationsinceusually

� ² � & " 2 ¶ 3#Ô2 Ô53 ¶ $ Ö×$Ø:Ù ( )+ " � ² � 2 ¶ � ² �43#Ô� ² � 2 Ô � ² �#3 ¶ $ Ö×$Ø:Ù
(A4)

evenwhen � + � and  + �6.708� (It will beexactif �:9;� and  + �6./0 sothatthevaluesof all variables

areknown perfectly,) For forecastsof theprice level we useforecastsof theGDP (GNP)pricede�ator since

forecastsof theCPI only becameavailablein thefourth quarterof 1991.
� Í Undertheassumptionthatmoney

is neutraltheapproximaterealgrowth rateforecastwill beexactwhen �:,<� and  + �6.=08� � ä Of coursein

realitymoney is notneutralbut datalimitationsforceusto usethisapproximationanyway.

24



AppendixC. Computingassetreturnforecasts

In this sectionwe discusshow we computeforecastsof therealmarket returnandforecastsof thereal return

on anominallyrisk-freebond.Wedetermineforecaststheexpectedmarket returnfrom predictionsof nominal

corporatepro�ts andthepricelevel by usingtheGordongrowth model.Wedetermineforecastsof anominally

risk-freebondfrom forecastsof thepricelevel.

TheGordongrowth model(or dividenddiscountmodel)is awidely usedmethodof stockvaluationlinking

thecurrentstockprice,thecurrentlevel of thedividend,theexpectedgrowth rateof dividends,andthecapital-

izationrate.Wiese(1930)andWilliams (1938)wereamongthe�rst to applypresentvaluetheoryto common

stocks;however, their modelssufferedfrom theassumptionsaboutthemagnitudeandtiming of dividendpay-

outs.Gordon(1962)popularizedthemodelby assumingaconstantgrowth rateof dividendsinto thefutureand

a terminalpricefor theholdingperiod.Anderson,Ghysels,andJuergens(2005),Brav, Lehavy, andMichaely

(2004),Crombez(2001),Gebhardt,Lee,andSwaminathan(2001),andGuay, Kothari,andShu(2003),among

others,have utilizedshort-termearningsandlong-termearningsgrowth forecastsof investmentanalystsasin-

putsto theGordongrowth model. Jagannathan,McGrattan,andScherbina(1996)have usedvariationsof the

Gordongrowth model,relatedto CampbellandShiller (1988),in resolvingtheequitypremiumpuzzle.

In thispaperweusecorporatepro�ts forecastsratherthanearningsforecastsasinputsto theGordongrowth

model. Let > � beaggregatecorporatepro�ts and � � themarket valueof �rms at time �?� �Ae For us, theGordon

growth modelamountsto assumingthatforecaster� 's constructedpredictionof thereturnon themarket is

� ² ��@$Ô'�¥¤ � + � ² �BA > �¥¤ �� �DC .DE ² � � (A5)

whereE ² � is forecaster� 's predictedgrowth rateof corporatepro�ts overa long horizon.

We facea dif�cult timing issuewhenimplementingequation(A5). Forecastsin theSPFaregiven in the

middle of a quarter. For exampleforecastsmadeduring the �rst quarterof 2001had to be returnedto the

FederalReserve Bankof Philadelphiano laterthanFebruary12,2001.In the2001Q1survey, forecasterswere

askedto provide predictionsfor thepreviousquarter(2000Q4),thecurrentquarter(2001Q1),thenext quarter

(2001Q2),two quartersahead(2001Q3),threequartersahead(2001Q4),andfour quartersahead(2002Q1).

Sincesomeinformationaboutthevaluesof thevariablesin the�rst quartermaybelearnedin Januaryit would

be inappropriateto view the forecastsfor thecurrentquarterasbeingforecastsstatedduring � +�F8G�G�GIHKJ of�L.M0 +NF8G�G 0 H 0 values.Onecouldview the forecastsfor next quarterasstatedduring � +OF8G�G 0 H 0 andof�P.Q0 +RF8G�G 0 HSF values. However this neglectsthe short term information in the currentquarterforecasts.

Consequently, whenimplementingtheGordongrowth model,we interpretthesumof forecastsstatedfor the
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currentquarter's andnext quarter's corporatepro�ts (de�atedby forecastsof thepricelevel), dividedby two,

aseffectively beingforecastsstatedduring � +/F8G�G 0 H 0 of �T./0 +7F8G�G 0 HUF corporatepro�ts.
�D�

For thelong termgrowth rate, E ² �V� we useforecaster� 's predictedgrowth rateof corporatepro�ts over the

longesthorizonavailable in the SPF. Sincein the early yearsof the survey forecastsfor levels four quarters

aheadareverysparse,we usuallylet theforecasthorizonbefrom lastquarterto threequartersahead.Werefer

to thisasahorizonof four. Soin the�rst quarterof 1975weconsidertheforecastedgrowth ratefrom thefourth

quarterof 1974to thefourthquarterof 1975.

Wealsoneedto computetheexpectedrealreturnonanominallyrisk-freebond.Weapproximateforecaster� 's predictionof therealreturnon anominallyrisk-freebondwith

� ² ��@ Û8�¥¤ � +:W Û�¤ � 3 �� ² �43#�¥¤ �
where W Û8�¥¤ � is nominalreturnon thebond(which is known at time � ) and 3'� is the time � valueof theGDP

(GNP)de�ator. In generalthis is anapproximationbecauseusually

W Û�¤ � 3��� ² ��3#�¥¤ � )+ W Û�¤ � 3�� � ² � A 03��¥¤ � C �
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Notes�
In general, the disagreement among forecasters could arise because forecasters have different

models, different information, different initial beliefs (priors), or different forecasting techniques. In

this paper we interpret the differences as arising from different models and assume forecasters have

the same information and the same initial beliefs.�
Many other recent papers have discussed model uncertainty including Hansen, Sargent, Tur-

muhambetova, and Williams (2004), Liu, Pan, and Wang (2005) and Chen and Epstein (2002).U Introducing the parameter
S

effectively over-parameterizes the problem for us. We could explain

the same behavior by always requiring
S � Q

and scaling ; and @ by a time-invariant constant.

However, allowing
S

to not equal one is convenient for interpreting our results.a For example see Hansen, Sargent, and Tallarini (1999); Anderson, Hansen, and Sargent (2003);

and Hansen, Sargent, Turmuhambetova, and Williams (2004).b Uppal and Wang (2003) allow the parameter
S

to vary across assets and state variables, though

they require their parameters to be time-invariant. Our model could be viewed as generalization of

their model in which the model uncertainty parameters are allowed to vary over time.¬ Some investigations of the ICAPM do not ignore the hedging term but almost all empirical in-

vestigations ignore the model uncertainty component.Ì See Keane and Runkle (1990), Rudin (1992), and Zarnowitz and Lambros (1987) for further

discussion.Í The survey also includes annual and longer horizon forecasts.ä Note that we also include a constant term « even though according to the model this term should

be zero. The constant is added so that the empirical regressions have well-behaved residuals. As

discussed later, testing the statistical significance of « can also be used as model validation test.�)e
The weights displayed in Figure 1 are those obtained from empirical estimates, discussed later.�A�
Note that

û � is similar to vol � except the weights are uniform and Ð does not necessary equal ç��
Since the weights used to compute

û � are uniform,
û � does not depend on æî� Since

û � is realized

volatility within a quarter, Ð corresponds to the number of days in a quarter. The goal of vol � is to
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predict future volatility. To do this it usually useful to use data form many previous quarters so that ç
typically will be much larger than Ð:����)�

As previously mentioned, there are also several other differences between the implementation in

this paper and the implementation in Ghysels, Santa-Clara, and Valkanov (2005). In this paper we

estimate ð � (rather than setting it equal to one), allow for serial correlation in daily returns in equation

(29), and use a different data source for returns. These differences do not have a large effect our

results. If we used the same implementation as Ghysels, Santa-Clara, and Valkanov (2005) we would

get essentially the same results.� U See for instance the bottom plot in Figure 1 for an example of the weights.� a Given our results in Panel B of Table IV this is perhaps not surprising. Corporate profit growth

forecasts at a horizon of three are more related to excess returns than corporate profit growth forecasts

at a horizon of three.� b See the web-page http://www.phil.frb.org/econ/spf/index.html and a comprehensive overview (Croushore

1993) for more information about the survey.� ¬ Data on forecasts four quarters ahead is sparse in the initial years of the survey. Data on forecasts

for the previous quarter are included because the actual final values for last quarter may not be known

perfectly. Respondents are given preliminary estimates of last quarter’s values and most respondents

report these estimates as their forecasts.� Ì There are some extreme low numbers in the second and third quarters of 1990 and they corre-

spond to the transfer of the survey from the ASA/NBER to the FRB-Philadelphia. To avoid having

a missing data point, they included a 1990Q2 survey with the 1990Q3 survey. The total number of

respondents was nine.� Í When we deflate the actual level of variables we do use the CPI.� ä To see this let Ò À � and ¿E��Ò � Q � Also define the real variable

� � Ñ ¶ %'ÔÑ�Ô�% ¶ �
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It follows that Ñ Ô ¦ ² �)% ¶ �E��%"Ô
¦ ² ��Ñ ¶ since Ò À � � Now since money is neutral the random variable% ¶ is independent of the random variable � so ÑyÔ ¦ ² �)% ¶

¦ ² ������%'Ô ¦ ² ��Ñ ¶ and¦ ² ���E� %'Ô ¦ ² ��Ñ ¶Ñ�Ô ¦ ² �)% ¶ �
The left hand side of this equation is equal to the left hand side of equation (A4) and the right hand

side of this equation is equal to the right hand side of equation (A4) when Ò À � and ¿��wÒ � Q ��Ae
Ideally we would like forecasts of corporate profits without any seasonal adjustment but in the

SPF forecasters are asked to predict deseasonalized corporate profits.�D�
This assumption does not have a large effect on our results. If we implemented the Gordon

growth model literally and ignored current quarter stated corporate profits forecasts, our results are

essentially the same.
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Table I
Data Summary and Description

In each row, we list a number of different statistics for the actuals and constructed forecasts of a single variable. In
the row beginning with the label XZY\[^] the “actuals” columns provide statistics for the actual real market return. In the
row beginning with the label X`_a[^] the “actuals” columns provide statistics for the actual real return on the nominally
risk-free bond. bBc�[edgf is the unconditional actual expected value of c measured with the sample mean of cgh�ijc�[ is the
unconditional actual standard deviation of c measured with the sample standard deviation of ckhlb med [#monqp [edgf�r [ is the
unconditional expected value of the median forecasts. i med [#mon?p [edsftr [ is the unconditional standard deviation of the
median forecast. med io[�mon?p [edgftr [ is the unconditional median of the conditional standard deviations of the forecasted

means. u b7vVwxcI[edgf\y med [�mon?p [edgftr [{zq|^} is the square root of the unconditional expected squared forecast error. The

forecast data starts with forecasts made in the fourth quarter of 1968 and ends with forecasts made in the third quarter of
2003. The actual data runs from the first quarter of 1969 to the fourth quarter of 2003. Daily and monthly nominal actual
asset pricing data is from Kenneth French’s web site. They are deflated by the CPI from FRED II to obtain real returns.
Flow of funds data, used to compute the constructed market return forecasts, is from the Federal Reserve Board.

Actuals Forecasts Forecast errors

Variable ~ � ü � Ö � � ü � Ö ~ med ü Å��^� ü � Ö4� ü � med ü Å��^� ü � Ö4� ü med � ü Å��^� ü � Ö4� ü � ~��#� � ü � Ö n med ü Å��^� ü � Ö4� ü�� Ç{�� ÙNü 1.0168 0.0901 1.0230 0.0179 0.0173 0.0917��� ü 1.0034 0.0064 1.0051 0.0045 0.0025 0.0050
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Table II
Risk-Return and Uncertainty-Return trade-offs

This table displays estimates of several versions of the nonlinear regressionXZ� [edgfP���j��� vol [V�e���k��� unc [^�x�l�s���?[edgf
of quarterly excess returns X � [edgf on a constant � , a measure of volatility vol [ ����� ] specified in equation (29), and a measure
of uncertainty unc [ �x�l� ] appearing in (35). The estimates are based on the quasi-likelihood estimator appearing in (31).
In Panel A the variance of the error term � [edgf is � | where � | is a constant which we estimate. In Panel B, the variance
of the error term, � [edgfZ] is � | vol [ �e��� where � | is a constant which we estimate. The measures vol [ and unc [ are based
on information available in the previous quarter (the quarter before � ��� ). The standard errors of the parameters are
quasi-maximum likelihood standard errors and are listed under the variables in parenthesis. If there is no standard error
present then the variable was fixed and not estimated. In this case the value of the variable in the estimate column is the
value at which it is fixed. The data is quarterly from 1968:04 to 2003:03.

Panel A: Homoskedastic errors� �  �¡£¢�� � | Log Likelihood

0.0134 0 0 0.00790 140.20
(0.0075) (0.00103)

-0.0140 1480. 2.65 0.00727 146.06
(0.0115) (823.79) (0.748) (0.000991)

Panel B: Heteroskedastic error
Specification � � �  �¡£¢T�  ¤¡�¢�� � | Log Likelihood

1 0.012 0.000 0.000 0.000 0.000 1.277 147.297
(0.007) (0.160)

2 0.011 0.000 0.000 2.780 0.000 1.582 151.111
(0.006) (0.446) (0.237)

3 0.009 0.812 0.000 2.768 0.000 1.577 151.184
(0.009) (1.759) (0.448) (0.240)

4 0.007 0.742 4.626 2.764 0.000 1.576 151.193
(0.011) (1.840) (34.170) (0.450) (0.240)

5 -0.012 0.000 1540.556 0.000 2.708 1.179 152.867
(0.010) (658.146) (0.564) (0.148)

6 -0.012 0.000 1455.415 2.705 2.730 1.459 155.800
(0.009) (677.966) (0.515) (0.548) (0.229)

7 -0.012 0.120 1453.191 2.704 2.731 1.458 155.802
(0.010) (1.713) (678.866) (0.515) (0.549) (0.230)
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Table III
Properties of Uncertainty and Volatility

This table displays quarterly statistics of realized volatility ¥¦] the estimated vol [t�4��§ h ¨�©£¨ � series and the estimated
unc [^�4�Zª h © §�«�� series. Panel A reports means and standard deviations and Panel B reports correlations.

Panel A: Means and standard deviations of vol and unc
Mean Standard Deviation¥ 0.006592 0.007634

vol �4�q§ h ¨£©�¨ � 0.005876 0.005428
unc �4�Z� 0.000345 0.000233

unc �4�Zª h © §�«�� 0.000017 0.000016

Panel B: Correlations of excess returns with vol and uncX?� dsf ¥ [edsf ¥ [ vol [^�4�q§ h ¨£©�¨ � unc [^�4�Z� unc [^�4�Zª h © §�«��X?� dgf 1.000 -0.397 0.128 0.154 0.175 0.283¥ [edgf 1.000 0.202 0.312 0.051 0.004¥ [ 1.000 0.748 0.145 0.081
vol [^�4�q§ h ¨£©�¨ � 1.000 0.211 0.075

unc [ �4�Z� 1.000 0.662
unc [ �4�Zª h © §�«�� 1.000
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Table IV
Uncertainty Regressions on GDP and Corporate Profits

This table displays estimates of the same regression as in Panel B of Table II except the variables used to measure
uncertainty are different. In Panel A uncertainty is measured by the Beta-weighted variance of constructed forecasts of
real GDP growth between last quarter and different horizons and in Panel B uncertainty is measured by the Beta-weighted
variance of corporate profits growth forecasts between last quarter and different horizons. If the horizon is 1 (respectively
2, 3, or 4) then uncertainty in the growth between last quarter and this quarter (respectively next quarter, two quarters
ahead, or three quarters ahead) is considered.

Panel A: Uncertainty in constructed real GDP growth forecasts
Horizon � �  �¡£¢j�  �¡£¢�� � | Log Likelihood

1 0.008 166.650 2.675 0.319 1.540 151.626
(0.007) (173.054) (0.528) (0.361) (0.246)

2 0.010 123.087 2.745 0.074 1.570 151.180
(0.008) (402.416) (0.483) (0.651) (0.242)

3 0.017 -4653.506 2.808 1.452 1.583 151.462
(0.009) (6298.592) (0.448) (0.438) (0.234)

4 0.020 -69343.288 2.737 3.404 1.543 152.305
(0.009) (84256.607) (0.414) (1.552) (0.221)

Panel B: Uncertainty in constructed real corporate profit growth forecasts
Horizon � �  ¤¡�¢j�  ¤¡�¢�� � | Log Likelihood

1 0.020 -2.922 2.838 -29.102 1.583 151.887
(0.006) (0.837) (0.436) (44540660.719) (0.227)

2 0.003 263.542 2.831 2.630 1.574 152.181
(0.008) (182.651) (0.457) (0.494) (0.243)

3 -0.008 930.048 3.009 2.760 1.537 156.436
(0.008) (234.035) (0.379) (0.238) (0.218)

4 -0.010 1551.778 2.759 2.796 1.480 155.492
(0.009) (807.618) (0.481) (0.591) (0.228)
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TableV
Alternative Specifications of the Uncertainty Regressions

This table displays estimates of the same regression as in Panel B of Table II except the specification of unc [ is different.
In panel A uncertainty is measured with the a symmetric normal weighted variance of the same constructed market return
forecast as in Table II. In Panel B, non-symmetric cross-sectional weights are allowed and uncertainty is measure with a
Beta-weighted variance of the same constructed market return forecast as in Table II with two free parameters ¬ and ­Th
In Panel C uncertainty is measured by Beta-weighted variance of constructed market return forecasts when the long term
horizon is three periods rather than four periods. The specifications numbers for each row correspond to the specification
numbers in Table II.

Panel A: Normal Weighted Variance
Specification � � �  �¡£¢j�  �¡£¢T® � | Log Likelihood

6 -0.011 0.000 1546.979 2.699 -2.113 1.458 155.763
(0.009) (654.824) (0.519) (0.239) (0.230)

7 -0.012 0.121 1544.776 2.698 -2.113 1.457 155.764
(0.010) (1.706) (655.849) (0.519) (0.239) (0.230)

Panel B: Non-symmetric cross-sectional weights
Specification � � �  �¡£¢T�  �¡£¢ ¬  �¡£¢ ­ � | Log Likelihood

6 -0.006 0.000 2110.001 3.089 3.689 3.886 1.543 157.360
(0.008) (1890.912) (0.463) (1.289) (1.245) (0.244)

7 -0.006 -0.021 2111.886 3.090 3.690 3.887 1.543 157.360
(0.009) (1.626) (1909.424) (0.470) (1.298) (1.255) (0.246)

Panel C: Uncertainty in the Constructed Market Return with a Long Term Horizon of Three
Specification � � �  �¡£¢��  ¤¡�¢�� � | Log Likelihood

6 -0.009 0.000 899.286 2.977 2.713 1.519 156.763
(0.008) (231.007) (0.387) (0.219) (0.218)

7 -0.009 0.046 899.091 2.977 2.713 1.519 156.763
(0.009) (1.734) (230.739) (0.391) (0.221) (0.220)
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TableVI
Time Series Properties of Uncertainty and Volatility

This table displays estimates of regressions¯ [ �1�j�±°² p¤³ fo´ p vol [#µ p �4��§ h ¨�©£¨ �¶� Y² p�³ fg· p unc[#µ p �{�?ª h © §�«����¸� [edsf
on past predictors of volatility vol [#µ p ����� and measures of past uncertainty unc [#µ p �x�I� where the variance of the error
term, � [edgf`] is assumed constant. We vary the dependent variables and the values of ¹ and º%h The standard errors of the
parameters are listed under the variables in parenthesis. If there is no standard error present then the variable was fixed
and not estimated. In this case the value of the variable in the estimate column is the value at which it is fixed. In Panel A
we set ¯ [ � unc [ �{�?ª h © §�«�� and consider regressions of uncertainty on past predictors of volatility and past uncertainty. In
Panel B we set ¯ [ � ¥»[ and consider regressions of realized volatility on past predictors volatility and past uncertainty. In
Panel C we set ¯ [¼� vol [V�{��§ h ¨�©£¨ � and consider regressions of predictors of volatility on past predictors volatility and past
uncertainty. We report estimates of the coefficients ½ ´P¾ °p�³ f and ½ ·�¾ Yp�³ f for various values of ¹ and º¿h

Panel A: Regressions of Uncertainty on Past Predictors of Volatility and Uncertainty� ´ f ´ | ´jÀ · f · | � | Log Likelihood

0.000 0.00043 0.000 0.000 0.288 0.000 0.00000000023 1325.435
(0.000) (0.00039) (0.119) (0.00000000009)

0.000 0.00044 0.000 0.000 0.211 0.238 0.00000000022 1329.742
(0.000) (0.00038) (0.106) (0.066) (0.00000000008)

Panel B: Regressions of Realized Volatility on Past Predictors of Volatility and Uncertainty� ´ f ´ | ´jÀ · f · | � | Log Likelihood

0.004 0.440 0.000 0.000 -10.264 0.000 0.00005323 479.700
(0.001) (0.088) (32.786) (0.00003455)

0.003 0.388 0.033 0.174 0.000 0.000 0.00005230 480.914
(0.001) (0.092) (0.064) (0.087) (0.00003470)

Panel C: Regressions of Predictors of Volatility on Past Predictors of Volatility and Uncertainty� ´ f ´ | ´¼À · f · | � | Log Likelihood

0.004 0.290 0.000 0.000 -0.620 0.000 0.00002733 525.365
(0.001) (0.065) (18.734) (0.00000628)

0.002 0.190 0.077 0.339 0.000 0.000 0.00002359 535.438
(0.001) (0.064) (0.057) (0.130) (0.00000501)
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Figure 1. Time series weights (volatility) and cross-sectional weights (model uncertainty)
Quasi-likelihood estimates of the parameters appearing in Table II are used to compute volatility vol [ �e��� ] specified in
equation (29), and a measure of uncertainty unc [ ���l� ] appearing in (35). The estimates are based on the quasi-likelihood
estimator appearing in (31). The top graph displays the weights on lagged daily volatility when �7�N��§ h ¨£©�¨ and the
bottom graph displays the weights on forecasters when �¦�*�Zª h © §�« h In the top graph, the x-axis represents lagged trading
days within a quarter and the y-axis represent weights. So the weight on daily volatility on the last day of the quarter
corresponds to c ��� and is a little less than 0.1. In our data set the number of forecasters varies over time (see the
discussion in Section A). The bottom graph displays the weights on forecasters for a quarter in which there are 26
available forecasters ( Á [Â�QÃ£« ). So the weights on the lowest and highest indexed forecasters are nearly zero and the
weights on the 13th and 14th indexed forecasters are about 0.16.
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Figure 2. Uncertainty and Returns
The top graph displays a quarterly scatter plot of the actual real market excess return (x-axis) X�� [edgf and the unweighted (or
flat-weighted) lagged variance of market return forecasts (y-axis) unc [ �4�?� h The middle graph displays a quarterly scatter
plot of the actual real market excess return (x-axis) X � [edgf and the Beta-weighted lagged variance of market return forecasts
(y-axis) unc [ �4�Zª h © §�«�� h The bottom graph displays a quarterly scatter plot of the actual real market excess return (x-axis)X � [edgf and a Beta-weighted variance of market return forecasts (y-axis) unc [ �4�ZÃ�� h ª£� h
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Figure 3. Likelihood
This figure displays the log-likelihood as a function of  �¡£¢�� and  ¤¡�¢j� for the fourth specification in Panel D of Table II.
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Figure 4. Time Series Plots
In the top row the left figure displays a plot of the quarterly excess return and the right figure displays a quarterly plot of
uncertainty, unc [^�4�Zª h © §�«�� h In the bottom row the left figure displays a plot of quarterly realized volatility, vol [^�4�Z� and the
right figure displays a plot of the predicted volatility for the following quarter, vol [t�{��§ h ¨�©£¨ � h
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