
An overview of a nonparametric estimation
method for Lévy processes
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Abstract

A nonparametric method for the estimation of the Lévy density
of a process X is developed. Estimators that can be written in terms
of the “jumps” of X are introduced, and so are discrete-data based
approximations. A model selection approach made up of two steps is
investigated. The first step consists in the selection of a good estimator
from a linear model of proposed Lévy densities, while the second is
a data-driven selection of a linear model among a given collection of
linear models. By providing lower bounds for the minimax risk of
estimation over Besov Lévy densities, our estimators are shown to
achieve the “best” rate of convergence. A simulation study for the
case of histogram estimators applied to the variance Gamma process,
a classical model in mathematical finance, is presented.

1 Introduction

We present an overview of some new estimation methods for Lévy processes
introduced in [13]. The main goal here is to give the key points behind the
estimation paradigm and to summarize the main results. Proofs and further
simulation experiments can be found in the paper just mentioned.

We propose efficient model-free statistical procedures that generate func-
tional estimates for the Lévy density. Being nonparametric, we relax the de-
pendency on the model and expect that data itself validates the best model.
Three typed of theoretical results serve as foundations for our methodology:
i) the characterization of the jumps associated with a Lévy process as a spatial
Poisson process, ii) some recent methods for the nonparametric estimation of
spatial Poisson processes introduced in [18], and iii) the short-term statistical
properties of Lévy processes to approximate jump-dependent quantities. Our
main motivation came from mathematical finance where Lévy-based models
have received great attention due to their ability to capture stylized empir-
ical features of financial data (see e.g. [9], [11], and [2]). It is relevant to
point out that our procedures are suitable for high-frequency data, which is
widely available nowadays. Furthermore, it is precisely for such data that
the standard maximum-likelihood based statistical methods are not viable,
the traditional geometric Brownian motion model is inaccurate, and general
exponential Lévy models may be more relevant.

2



Let us describe the outline of the paper. We introduce the nonparametric
estimators in Sections 2 and 3. These estimators can be written in terms
of integrals of deterministic functions with respect to the random measure
associated with the jumps of X. The proposed method follows the reasoning
of the works on minimum contrast estimation on sieves and model selection
developed in the context of density estimation and nonlinear regression in
[7] (see also [5] and [8]), and recently extended to the estimation of intensity
functions for Poisson processes in [18]. Concretely, the procedure addresses
two problems: 1) the selection of a good estimator, called the projection es-
timator, from an approximating linear model S for the Lévy density, and
2) the selection of a linear model among a given collection of linear models
using a penalization technique that lead to penalized projection estimators
(p.p.e.). In Sections 4 and 5, we examine the fact that the Poisson jump
measure cannot be retrieved from discrete observation, and suggests a nat-
ural approximation procedure for Poisson integrals based on equally spaced
observations of the process. Section 6 illustrates how our methods works in a
classical model used in mathematical finance: the Variance Gamma model of
[10]. The Lévy processes are simulated using time series representations and
“discrete skeletons”, whereas the considered estimators are mainly regular
histograms. In the last part we present some good theoretical qualities our
methods enjoy. Concretely, a bound for the risk of the p.p.e. is found in Sec-
tion 7. As a consequence, Oracle inequalities, that ensure to approximately
attain the best expected error (using projection estimators) up to a constant,
are obtained. We also assess the rate of convergence of the p.p.e. on regular
splines, when the Lévy density belongs to some Besov spaces. By analyzing
the minimax risk of estimation on these Besov spaces, it is actually proved
in Section 9 that the p.p.e. attains the best possible rate in the minimax
sense, when the estimation is based on jumps bounded away from the origin.
We finish with some concluding remarks in Section 10.

2 A model-free estimation method

Consider a real Lévy process X = {X(t)}t≥0 with Lévy density p : R\{0} →
R+. Let us denote

J (B) ≡ #
{
t > 0 : (t,X(t)−X(t−)) ∈ B

}
, (2.1)
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the random measure associated with the jumps of X, which is a Poisson
measure on B([0,∞)× R0) with mean measure

µ(B) =

∫∫

B

p(x) dt dx. (2.2)

We consider the problem of estimating the Lévy density p on a Borel set
D ∈ B (R0) using a projection estimation approach. According to this par-
adigm, p is estimated by estimating its best approximating function in a
finite-dimensional linear space S. The linear space S is taken so that it
has good approximation properties in general classes of functions. Typical
choices are piecewise polynomials or wavelets. We take the following standing
assumption.

Assumption 1 The Lévy measure ν(dx) ≡ p(x)dx is absolutely continuous
with respect to a known measure η on B (D) so that the Radon-Nikodym
derivative

dν

dη
(x) = s(x), x ∈ D, (2.3)

is positive, bounded, and satisfies

∫

D

s2(x)η(dx) < ∞. (2.4)

In that case, we call s the Lévy density on D of the process with respect to
the reference measure η.

Remark 2.1 Under the previous assumption, the measure J of (2.1), when
restricted to B([0,∞)×D), is a Poisson process with mean measure

µ(B) =

∫∫

B

s(x) dt η(dx), B ∈ B([0,∞)×D). (2.5)

Our goal will be to estimate the Lévy density s, which itself could in turn
be used to retrieve p on D via (2.3). To illustrate this strategy consider a
continuous Lévy density p such that

p(x) = O
(
x−1

)
, as x → 0.
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This type of densities satisfy the assumption above with respect to the mea-
sure η(dx) = x−2dx on domains of the form D = {x : 0 < |x| < b}. Clearly,
each estimator ŝ for s will induce the natural estimator x−2ŝ(x) for p.

Let us describe the main ingredients of our approach. Let S be a finite
dimensional subspace of L2 ≡ L2 ((D, η)) equipped with the standard norm

‖f‖2 ≡
∫

D

f 2(x) η(dx).

The projection estimator of s on S is defined by

ŝ(x) ≡
d∑

i=1

β̂iϕi(x), (2.6)

where {ϕ1, . . . , ϕd} is an arbitrary orthonormal basis of S and

β̂i ≡ 1

T

∫∫

[0,T ]×D

ϕi(x)J (dt, dx). (2.7)

This is a natural unbiased estimator for the orthogonal projection s⊥ of s on
the subspace S, namely

s⊥ ≡
d∑

i=1

(∫

D

ϕi(y)s(y)η(dy)

)
ϕi(x). (2.8)

The following proposition provides the first- and second-order properties ŝ

Proposition 2.2 Under the Assumption 1, ŝ is an unbiased estimator for
s⊥. Its integrated mean-square error χ2 ≡ ‖ŝ− s⊥‖ is

E
[
χ2

]
=

1

T

d∑
i=1

∫

D

ϕ2
i (x)s(x) η(dx), (2.9)

while its risk admits the decomposition

E
[‖s− ŝ‖2

]
= ‖s− s⊥‖2 + E

[
χ2

]
. (2.10)

The first term in (2.10), called the bias term, accounts for the distance of
the unknown function s to the model S, while the second term, called the
variance, measures the error of estimation within within the linear model S.
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3 Model selection via penalized projection es-

timator

A crucial issue in the above approach is the selection of the approximating
linear model S. In principle, “nice” Lévy density s can be approximated
closely by general linear models such as splines or wavelet. However, a more
robust model S ′ containing S will result in a better approximation of s, but in
a larger variance. This rise the natural problem of selecting one model, out
of a collection of linear models {Sm,m ∈M}, that approximately realizes
the best trade-off between the risk of estimation within the model and the
distance of the unknown Lévy density to the approximating model.

Let ŝm and s⊥m be respectively the projection estimator and the orthogonal
projection of s on Sm. The following equation, readily derived from (2.10),
gives insight on a sensible solution to the model selection problem:

E
[‖s− ŝm‖2

]
= ‖s‖2 + E

[−‖ŝm‖2 + pen(m)
]
, (3.1)

where pen(m) is defined in terms of an orthonormal basis {ϕ1,m, . . . , ϕdm,m}
for Sm by the equation:

pen(m) =
2

T 2

∫∫

[0,T ]×D

(
dm∑
i=1

ϕ2
i,m(x)

)
J (dt, dx). (3.2)

Equation (3.1) shows that the risk of ŝm moves “parallel” to the expectation
of the observable statistics −‖ŝm‖2 + pen(m). This fact justifies to choose
the model that minimizes such statistics. We will see later that other choices
for pen(·) give also good results. Therefore, given a penalization function
pen : M→ [0,∞), we consider estimators of the form

s̃ ≡ ŝm̂, (3.3)

where ŝm is the projection estimator on Sm and

m̂ ≡ argminm∈M
{−‖ŝm‖2 + pen(m)

}
.

An estimator s̃ as in (3.3) is called a penalized projection estimator
(p.p.e.) on the collection of linear models {Sm,m ∈M}.
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4 Calibration based on discrete time data

One drawback to the method outlined in Section 2 is that in general we do
not observe the jumps of a Lévy process X = {X(t)}t≥0. In practice, we can
aspire to sample the process X(t) at discrete times, but we are neither able
to measure the size of the jumps ∆X(t) ≡ X(t) − X(t−) nor the times of
jumps {t : ∆X(t) > 0}. In general, Poisson integrals of the type

I (f) ≡
∫∫

[0,T ]×R0

f(x)J (dt, dx) =
∑
t≤T

f(∆X(t)), (4.1)

are not accessible. In this section, we discuss a very simple approximation
of the integral (4.1) based on equally spaced observations of the process in
the time interval [0, T ]. Indeed, the following statistic is the most natural
approximation to (4.1):

In (f) ≡
n∑

k=1

f (∆kX) , (4.2)

where ∆kX is the kth increment of the process with time span hn := T/n;
that is,

∆kX ≡ X (khn)−X ((k − 1)hn) , k = 1, . . . , n.

How good is the approximation and in what sense? Under some conditions on
f , we can readily prove the weak convergence of (4.2) to (4.1) using properties
of the transition distributions of X in small time (see [6], Corollary 8.9 of
[22], and [21]). Let us summarize some of these results.

Theorem 4.1 Let X = {X(t)}t≥0 be a Lévy process with Lévy measure ν.
Then, the following statement holds true.

(1) For each a > 0,

lim
t→0

1

t
P (X(t) > a) = ν([a,∞)), (4.3)

lim
t→0

1

t
P (X(t) ≤ −a) = ν((−∞,−a]). (4.4)
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(2) For any continuous bounded function h vanishing on a neighborhood of
the origin,

lim
t→0

1

t
E [h (X(t))] =

∫

R0

h(x)ν(dx). (4.5)

(3) If h is continuous and bounded and if lim|x|→0 h(x)|x|−2 = 0, then

lim
t→0

1

t
E [h (X(t))] =

∫

R0

h(x)ν(dx).

Moreover, if
∫
R0

(|x| ∧ 1)ν(dx) < ∞, it suffices to have h(x)(|x| ∧ 1)−1

is continuous and bounded.

Convergence results like (4.5) are useful to establish the convergence in dis-
tribution of In (f) since

E
[
eiuIn(f)

]
=

(
E

[
eiuf(X(T

n ))
])n

=
(
1 +

an

n

)n

,

where an = nE
[
h

(
X

(
T
n

))]
with h(x) = eiuf(x) − 1. So, if f is such that

lim
t→0

1

t
E

[
eiuf(X(t)) − 1

]
=

∫

R0

(
eiuf(x) − 1

)
ν(dx), (4.6)

then an converges to a ≡ T
∫
R0

h(x)ν(dx), and thus

lim
n→∞

(
1 +

an

n

)n

= lim
n→∞

en log(1+an
n ) = ea.

We thus have the following result.

Proposition 4.2 Let X = {X(t)}t≥0 be a Lévy process with Lévy measure
ν. Then,

lim
n→∞

E
[
eiuIn(f)

]
= exp

{
T

∫

R0

(
eiuf(x) − 1

)
ν(dx)

}
,

if f satisfies either one of the following:

(1) f(x) = 1(a,b](x)h(x) for an interval [a, b] ⊂ R0 and a continuous func-
tion h;
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(2) f(x) is continuous on R0 and lim|x|→0 f(x)|x|−2 = 0.

In particular, In(f) converges in distribution to I(f) under any one of the
previous two conditions.

Remark 4.3 Clearly, if f and f 2 satisfy (4.5), then the mean and variance
of In(f) obey the asymptotics:

lim
n→∞

E [In(f)] = T

∫

R0

f(x)ν(dx);

lim
n→∞

Var [In(f)] = T

∫

R0

f 2(x)ν(dx).

Remark 4.4 Very recently, [16] proposed a procedure to disentangle the
jumps from the diffusion part in the case of jump-diffusion models driven
by finite-jump activity Lévy processes. It is proved there that for certain
functions r : R+ → R+, there exists N(ω) such that for n ≥ N(ω), a jump
occurs in the interval ((k − 1)hn, khn] if and only if (∆kX)2 > r(hn). Here,
hn = T/n and ∆kX is the kth increment of the process. These results suggest
to use statistics of the form

n∑

k=1

f (∆kX)1
[
(∆kX)2 > r(hn)

]

instead of (4.2) to approximate the integral (4.1).

5 Estimation Method

Let us summarize the previous sections and outline the proposed algorithm
of estimation:

Model and data: The Lévy process {X (t)}t∈[0,T ] satisfies the assumption

1, and is sampled at equally spaced times tnk = k T
n
, k = 1, . . . , n, during

the time period [0, T ].
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Statistician’s parameters: The procedure is fed with a Borel window of
estimation D ⊂ R0, a collection {Sm}m∈M of finite dimensional linear
models of L2 ((D, η)), and a level of penalization c > 1.

Estimators: Inside the linear model Sm, the estimator of s is the approxi-
mated projection estimator :

ŝn
m(x) ≡

dm∑
i=1

β̂n
i,mϕi,m(x), (5.1)

where {ϕ1,m, . . . , ϕdm,m} is an orthonormal basis for Sm, and

β̂n
i,m ≡ 1

T

n∑

k=1

ϕi,m

(
X (tnk)−X

(
tnk−1

))
. (5.2)

Across the collection of linear models {Sm : m ∈M}, the estimator ŝn
m

which minimizes
−‖ŝn

m‖2 + c penn(m)

is selected, where

penn(m) =
1

T 2

n∑

k=1

(
dm∑
i=1

ϕ2
i,m

(
X (tnk)−X

(
tnk−1

))
)

.

The following theorem shows that the above procedure, based on discrete
samples of the process, achieves the same risk as if the estimators were based
on time-continuous observation of the process. Let R(X) be the linear space
of measurable functions h such that (4.5) is satisfied. For instance, R(X)
contains the functions f satisfying conditions (1) or (2) in Proposition 4.2.

Proposition 5.1 Let s⊥m be the orthogonal projection of s on Sm. If ϕi,m

and ϕ2
i,m belong to R(X) for every m ∈ M and i = 1, . . . , dm, then the

approximated projection estimator ŝn
m of s on Sm (based on n equally spaced

observations) satisfies:

lim
n→∞

E
[‖ŝn

m − s⊥m‖2
]

= E
[‖ŝm − s⊥m‖2

]
. (5.3)

Moreover,
lim

n→∞
E

[‖ŝn
m − s‖2

]
= E

[‖ŝm − s‖2
]
.
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6 Numerical tests of projection estimators

In this section, we try to assess the performance of some penalized projection
estimators based on simulated Lévy processes. Piecewise constant functions
are considered, and for their intrinsic relevance in mathematical finance,
two classes of Lévy processes are studied: Gamma and variance Gamma
processes. A least-squares method is also applied to generate parametric
Lévy densities that fit the nonparametric outputs. Simulations are based on
the series representation for Lévy processes introduced by [19].

6.1 Estimation of the Gamma Lévy process

The approximating linear models considered here are the span of the indicator
functions χ

[x0,x1)
, . . . , χ

[xm−1,xm)
, where x0 < · · · < xn is a regular partition

of an interval D ≡ [a, b], with 0 < a or b < 0. Figure 1 shows the Gamma
Lévy density α

x
ex/β with α = 1 and β = 1, and the penalized projection

estimator. A fit of the model α
x
ex/β to the non-parametric output using the

least-square method yields the estimators α̂ = 0.932 and β̂ = 1.055. The
maximum likelihood estimators based on the increments of the sample path
of time length 1 are 1.015 for α and 0.949 for β.

Another approach is to consider a different reference measure than the Lebesgue
measure. In the notation of Assumption 1, we can estimate the Lévy density
s(x) = αxe−x/β with respect to the measure η(dx) = 1

x2 dx. Once an estima-
tor ŝ for s has been obtained, p̂(x) = ŝ(x)/x2 can work as an estimator for
the Lévy density p(x) = αe−x/β/x. Let us consider linear models of the form

SC =

{
f(x) ≡ c1xχ[x0,x1)(x) +

m∑
i=2

ci χ[xi,xi+1)(x) : c1, . . . , cm ∈ R
}

,

where x0 < x1 < · · · < xm = b is a regular partition of an interval D = [0, b].
We apply the above method to the simulated Lévy process used in Figure 1.
Figure 2 shows the estimator p̂2(x) = ŝ(x)/x2 and the actual Lévy density
p(x) = exp(−x)/x for x ∈ [0.02, 1] (we used regular partitions on [0, 1]).
From Figure 1, the improvement is notorious, and moreover, we accomplish
a good estimation around the origin of p̂2(x) = 0.9/x, for x ∈ [0, 0.2).
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Remark 6.1 The procedure just described is appropriate to estimate the den-
sity function s(x) = α

x
exp(−x

β
) around the origin as far as

α̂ ≡ 1

Tx1

∑
t≤T

∆X(t)I [∆X(t) < x1] ,

is a good estimator of α. It is not hard to check that the bias of α̂ tend to
zero as x1 ↘ 0. However, the variance of α̂ converges to α

2T
, suggesting that

the method works better when T is “large” and α is “small”.

6.2 Performance of projection estimation based on fi-
nitely many observation

In this part, we study the performance of the (approximate) projection esti-
mators introduced in Section 4, and formally given in Section 5.

Table 1 compares the (approximate) penalized projection estimators with
least-square errors (PPE-LSE) to the maximum likelihood estimators (MLE)
for the Gamma Lévy process with α = β = 1 using different time spans ∆t.
We also consider two types of simulations: jump-based and increment-based.
The method based on jumps uses series representation with n = 36500 jumps
occurring during the time period [0, 365] (notice that if we think of 365 as
days, the number of jumps corresponds to a rate of about 1 jump every 5
minute). The increment-based method is a discrete skeleton with mesh of
0.001. Notice that maximum likelihood estimation does not do well for small
time spans when the approximate sample path is based on jumps. On the
other hand, penalized projection estimation does not provide good results for
long time spans when the approximate sample path is based on increments.
The sampling distributions of the MLE for α and β are shown in Figures 5
and 6 in the case of ∆t = 0.1. On the other hand, the sampling distributions
of the estimates for α and β obtained from fitting the PPE are given in
Figures 7 and 8. Even though, the MLE is superior, the estimates based
PPE have good performance considering that they are model-free.

6.3 Estimation of variance Gamma processes.

Variance Gamma processes were proposed in [10] as substitutes to the Brown-
ian Motion in the Black-Scholes model. This a pure-jump Lévy process with
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Jump-based Simulation Increment-based Simulation
∆t PPE-LSE MLE PPE-LSE MLE
1 1.01 1.46 .997 .995 .73 1.78 1.09 .99

0.5 1.03 1.09 .972 .978 .9 1.49 1.01 1.06
0.1 .944 .995 1.179 .837 .923 1.03 .989 1.09
0.01 .969 .924 6.92 .5 .955 1.019 .9974 1.083

Table 1: Estimation of a Lévy Gamma process with α = β = 1. Two types of
simulation are considered: series-representation based and increments-based.
The estimations are based on equally spaced sampling observation at the time
span ∆t. Results for the approximate penalized projection estimators with
least-squares errors, and for the maximum likelihood estimators are given.

Lévy density

s(x) =





α
|x| exp

(
− |x|

β−

)
if x < 0,

α
x

exp
(
− x

β+

)
if x > 0,

where α > 0, β− ≥ 0, and β+ ≥ 0 (of course, β2
− + β2

+ > 0).

From an algorithmic point of view, the estimation for the variance Gamma
model using penalized projection is not different from the estimation for the
Gamma process. We can simply estimate both tails of the variance Gamma
process separately. However, from the point of view of maximum likelihood
estimation (MLE), the problem is numerically challenging. Even though
the marginal density functions have closed form expressions (see [10]), there
are well-documented issues with MLE (see for instance [17]). The likelihood
function is highly flat for a wide range of parameters and good starting values
as well as convergence are critical. Also, the separation of parameters and
the identification of the variance Gamma process from other classes of the
generalized hyperbolic Lévy processes is difficult. In fact, difference between
subclasses in terms of likelihood is small. It is important to mention that
these issues worsen when dealing with “high-frequency” data.

Let us consider a numerical example motivated by the empirical findings
of [10] based on daily returns on the S&P stock index from January 1992
to September 1994 (see their Table I). Using maximum likelihood methods,
the annualized estimates of the parameters for the variance Gamma model
were reported to be θ̂ = −0.00056256, σ̂2 = 0.01373584, and ν̂ = 0.002.
After simulating the variance Gamma with these parameters and applying
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our methods, Figures 3 and 4 show respectively the left- and right- tails of
the Lévy density and their penalized projection estimators as well as their
corresponding best-fit variance Gamma Lévy densities using a least-squares
method, and their marginal probability density functions (pdf) scaled by
1/∆t (the reciprocal of the time span between observations). The estimation
was based on 5000 simulated increments with ∆t equal to one-eight of a day.
The figures seem quite comforting. To get a better picture, Figures 9 and 10
show the sampling distributions of the estimates for α− and β+ obtained from
applying the least-square method to the penalized projection estimators. The
histograms are based on 1000 samples of size 5000 with ∆t = 1/8 of a day.
This experiment shows a clear, though not very serious, underestimation of
the parameter α, and a clear overestimation of the β parameters. A simple
method of moments (based on the first four moments) yields better results
(see Figures 11 and 12). Nonparametric methods are not free-lunches and
usually the gain in robustness is paid by a loss in precision.

7 Risk bound and oracle inequalities

The model selection approach of Section 3 allows to choose an estimator out
of the projection estimators {ŝm : m ∈ M} corresponding to a collection of
approximating linear models {Sm,m ∈M}. Of course, the method will not
necessarily select the best model, namely

m̄ ≡ argminm∈M E
[‖s− ŝm‖2

]
, (7.1)

but how bad would be the risk of s̃ compared to the best risk that can be
achieved by the class of projection estimators? In this section we show that
certain penalized projection estimators s̃ satisfy the inequality

E
[‖s− s̃‖2

] ≤ C inf
m∈M

E
[‖s− ŝm‖2

]
+

C ′

T
,

for some constants C, C ′ (remember that the time period of observations is
[0, T ]). Since the approximating model Sm̄ with minimal risk (measure by
the risk of its projection estimator) is called the oracle model, inequalities
of the above type are called oracle inequalities. The main tool in obtaining
Oracle inequalities is an upper bound for the risk of the penalized projection
estimator s̃ of (3.3).
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Let us introduce some notation. Below, dm denotes the dimension of the
linear model Sm, and {ϕ1,m, . . . , ϕdm,m} is an arbitrary orthonormal basis of
Sm. Define

Dm = sup
{‖f‖2

∞ : f ∈ Sm, ‖f‖2 = 1
}

, (7.2)

which can be proved to be equal to ‖∑dm

i=1 ϕ2
i,m‖∞.

We take the following regularity condition, introduced in [18], that essentially
controls the complexity of the linear models.

Assumption 2 There exist constants Γ > 0 and R ≥ 0 such that for every
positive integer n,

# {m ∈M : dm = n} ≤ ΓnR.

We now present the main result of this section.

Theorem 7.1 Let {Sm,m ∈M} be a family of finite dimensional linear sub-
spaces of L2((D, η)) satisfying Assumption 2. DefineMT ≡ {m ∈M : Dm ≤
T}. If ŝm and s⊥m are respectively the projection estimator and the orthog-
onal projection of the Lévy density s on Sm then, the penalized projection
estimator s̃

T
on {Sm}m∈MT

defined by (3.3) is such that

E
[‖s− s̃

T
‖2

] ≤ C inf
m∈MT

{‖s− s⊥m‖2 + E [pen(m)]
}

+
C ′

T
, (7.3)

whenever pen : M→ [0,∞) takes one of the following forms for some fixed
(but arbitrary) constants c > 1, c′ > 0, and c′′ > 0:

(a) pen(m) ≥ cDmN
T 2 +c′ dm

T
, where N ≡ J ([0, T ]×D) is the number of jumps

prior to T with sizes in D and where it is assumed that ρ ≡ ∫
D

s(x)η(dx) <
∞;

(b) pen(m) ≥ c V̂m

T
, where V̂m is defined by

V̂m ≡ 1

T

∫∫

[0,T ]×D

(
dm∑
i=1

ϕ2
i,m(x)

)
J (dt, dx), (7.4)

and where it is assumed β ≡ infm∈M
E[V̂m]
Dm

> 0 and φ ≡ infm∈M Dm

dm
> 0;
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(c) pen(m) ≥ c V̂m

T
+ c′Dm

T
+ c′′ dm

T
.

Moreover, the constant C depends only on c, c′ and c′′, while C ′ varies with
c, c′, c′′, Γ, R, ‖s‖, ‖s‖∞, ρ, β, and φ.

Remark 7.2 It can be shown that if c ≥ 2, then for arbitrary ε > 0, there
is a constant C ′(ε) (increasing) so that

E‖s− s̃‖2 ≤ (1 + ε) inf
m∈M

{‖s− s⊥m‖2 + E [pen(m)]
}

+
C ′(ε)

T
. (7.5)

As a first application of the previous risk bound, the following oracle inequal-
ities can be immediately derived:

Corollary 7.3 In the setting of Theorem 7.1, if the penalty function is of

the form pen(m) ≡ c V̂m

T
, for every m ∈MT , β > 0, and φ > 0, then

E
[‖s− s̃

T
‖2

] ≤ C̃ inf
m∈MT

{
E

[‖s− ŝm‖2
]}

+
C̃ ′

T
, (7.6)

for a constant C̃ depending only on c, and a constant C̃ ′ depending on c, Γ,
R, ‖s‖, ‖s‖∞, β, and φ.

8 Rate of convergence to smooth Lévy den-

sities

We use the risk bound in the previous section to study the “long run”
(T → ∞) rate of convergence of penalized projection estimators on regular
piecewise polynomials, when the Lévy density is “smooth”. More precisely,
restricted to the window of estimation D ≡ [a, b] ⊂ R0, the Lévy density s is
assumed to belong to the Besov space or Lipschitz space Bα

∞ (Lp([a, b])) for
some p ∈ [2,∞] and α > 0 (see e.g. [12] for background on these spaces). An
important reason for the choice of this class of functions is the availability
of estimates for the error of approximation by splines1, trigonometric poly-
nomials, and wavelet expansions (see e.g. [12] and [5]). In particular, if Sk

m

1Piecewise polynomial functions f such that on each compact interval, f is made up of
only finitely many polynomial pieces.
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denotes the space of piecewise polynomials of degree bounded by k, based on
the regular partition of [a, b] with m pieces (m ≥ 1) and s ∈ Bα

∞ (Lp([a, b]))
with k > α− 1, then there exists a constant C(s) such that

dp

(
s,Sk

m

) ≤ C(s)m−α, (8.1)

where dp is the distance induced by the Lp-norm on ([a, b], dx) (see [12]). The
following give the rate of convergence of p.p.e. on regular splines.

Corollary 8.1 Following the notation of Theorem 7.1, let s̃
T

be the penalized
projection estimator on {Sk

m}m∈MT
with penalization

pen(m) ≡ c
V̂m

T
+ c′

Dm

T
+ c′′

dm

T
,

for some fixed c > 1 and c′, c′′ > 0. Then, if the restriction of the Lévy density
s to [a, b] belongs to Bα

∞ (Lp([a, b])) with 2 ≤ p ≤ ∞ and 0 < α < k + 1, then

lim sup
T→∞

T 2α/(2α+1)E
[‖s− s̃

T
‖2

]
< ∞.

Moreover, for any R > 0 and L > 0,

lim sup
T→∞

T 2α/(2α+1) sup
s∈Θ(R,L)

E
[‖s− s̃

T
‖2

]
< ∞, (8.2)

where Θ(R, L) consists of all Lévy densities s such that ‖s‖L∞([a,b]) < R, and
the restriction of s to [a, b] is a member of Bα

∞ (Lp([a, b])) with seminorm
|s|Bα∞(Lp) < L.

The previous result implies that the p.p.e. on regular splines has a rate
of convergence of order T−2α/(2α+1) for the class of Besov Lévy densities
Θ(R, L). We will see in the next section that the rate cannot be improved
(see Corollary 9.3 and Remark 9.4).

9 On the minimax risk of estimation for smooth

Lévy densities

This section presents some results on the minimax risk of estimation for the
family of smooth Lévy densities introduce in the previous section. In very
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general terms, the minimax risk on a given family Θ of “parameters” has the
following general form:

inf
ŝ

sup
s∈Θ

Es [d (s, ŝ)] ,

where the infimum is taken over all the estimators ŝ and d(s, ŝ) is a function
that measures how distant s and ŝ are from each other. Comparison to the
minimax risks is one of the most solicited measures of performance in sta-
tistical estimation. Minimax type results have been obtained in very general
contexts (see e.g. [14] and [5] for the case of density estimation based on
i.i.d. random variables, and [15] and [18] for the case of intensity estimation
based on finite Poisson point processes).

Since the jumps of a Lévy process can be associated with a Poisson point
process on R+×R\{0}, many results and techniques for the statistical infer-
ence of Poisson processes can be translated into the context of Lévy processes.
Following this approach, we adapt below a result of [15] (Theorem 6.5) on
the asymptotic minimax risk for the estimation of “smooth” intensity func-
tions of a Poisson point processes on [0, 1], based on n independent copies.
The idea of the proof is due to Ibragimov and Has’minskii and is based on
the statistical tools for distributions satisfying the Local Asymptotic Nor-
mality (LAN) property (see Chapters II and Section IV.5 of [14]). Some
generalizations and consequences are also presented.

Let us introduce a loss function ` : R→ R with the following properties:

(i) `(·) is nonnegative, `(0) = 0 but not identically 0, and continuous at 0;

(ii) it is symmetric: `(u) = `(−u) for all u;

(iii) for any c > 0, {u : `(u) < c} is a convex set;

(iv) `(u) exp{ε|u|2} → 0 as |u| → ∞, for any ε > 0.

The Lévy densities here considered satisfy a Hölder condition of order β on
a given window of estimation. Concretely, fix an interval [a, b] ⊂ R\{0},
and let k ∈ {0, 1, . . . } and β ∈ (0, 1]. Define the family Θk+β (L; [a, b]) of
functions f : R\{0} → R such that f is k times differentiable on [a, b] and

|f (k)(x1)− f (k)(x2)| ≤ L|x1 − x2|β, ∀ x1, x2 ∈ [a, b]. (9.1)
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Below, L stands for the class of all Lévy densities; that is, all functions
s : R0 → R+ such that

∫

R0

(
x2 ∧ 1

)
s(x)dx < ∞.

The following result gives the long-run behavior of the minimax risk on Θ at
a fixed point.

Theorem 9.1 If x0 is an interior point of the interval [a, b] ⊂ R\{0}, then

lim inf
T→∞

{
inf
ŝ
T

sup
s∈Θ

Ep

[
`
(
Tα/(2α+1) (ŝ

T
(x0)− s(x0))

)]}
> 0, (9.2)

where α := k + β, Θ := L ∩ Θα (L; [a, b]), and the infimum is over all the
estimators ŝ

T
based on those jumps of the Lévy process {X(t)}0≤t≤T with

sizes falling in [a, b].

The previous result can be strengthen to be uniform in x0 ∈ (a, b).

Corollary 9.2 With the notation and hypothesis of Theorem 9.1,

lim inf
T→∞

{
inf
ŝ
T

inf
x∈(a,b)

sup
s∈Θ

Es

[
`
(
T α/(2α+1) (ŝ

T
(x)− s(x))

)]}
> 0. (9.3)

As a consequence of the previous result, we obtain the long-run behavior of
the minimax risk of estimators, under the L2-norm.

Corollary 9.3 Let [a, b] be a closed interval of R\{0}, then

lim inf
T→∞

T 2α/(2α+1)

{
inf
ŝ
T

sup
s∈Θ

Es

[∫ b

a

(ŝ
T
(x)− s(x))2 dx

]}
> 0, (9.4)

where α := k +β, Θ := L∩Θα (L; [a, b]), and the infimum is over all estima-
tors ŝ

T
based on the jumps of the Lévy process {X(t)}0≤t≤T with sizes falling

on [a, b].
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Remark 9.4 The proofs of the previous results can be readily modified to
cover smaller classes of Lévy densities Θ such as

Θ = L ∩Θα(L; [a, b]) ∩ {s : ‖s‖L∞([a,b]) < R}.
The above class enjoys a very close relationship with the family of Besov den-
sities Θ(R, L) introduced in (8.2). Indeed, the class Θα(L; [a, b]) is contained
in Bα

∞ (L∞([a, b])) (see Section 2.9 of [12]). Since Bα
∞ (L∞) ⊂ Bα

∞ (Lp), (9.4)
holds true on Θ = Θ(R,L). Therefore, the p.p.e.’s on regular splines con-
sidered in the previous section, achieve the minimax rate of convergence on
Θ(R, L). This type of property is called adaptivity in that, without know-
ing the smoothness of s (controlled by α), the p.p.e.’s reach asymptotically
the minimax risk up to a constant. See for instance Section 4 of [5] for a
discussion on adaptivity.

10 Concluding Remarks

• In the present paper we have reviewed a new methodology for the esti-
mation of the Lévy density of a Lévy process. Our methods are quite
flexible in the sense that different type of estimating functions can be
used; for instance, histograms, splines, trigonometric polynomials, and
wavelets. The estimation is model free, easily implementable, and suit-
able for “high-frequency” data. Based on continuous-time data, the
procedures enjoy good asymptotic properties. Oracle inequalities im-
ply that, up to a constant, the procedure will achieve the best possible
risk among the projection estimators. Moreover, it is proved that pe-
nalized projection estimators on splines achieve the optimal rate of con-
vergence, from the minimax point of view, on some classes of smooth
Lévy densities. Simulations show good results in Lévy models with
infinite jump activity such as the variance Gamma model.

• Generalization to some multivariate Lévy models can be readily ob-
tained, since the results behind the construction have multivariate ver-
sions. Indeed, the Lévy-Itô decomposition of the sample paths, the con-
centration inequalities for compensated Poisson integrals, the inference
theory for Locally Asymptotically Normal distributions, and the short-
term properties of the marginal distributions are valid in the multivari-
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ate setting. More precisely, consider a Lévy process X = {X(t)}t≥0

on Rd with Lévy measure ν. Assume that, in a window of estimation
D ∈ B(Rd\{0}), ν is absolutely continuous with respect to a reference
measure η and that s ≡ dν/dη is bounded with also

∫
D

s2(x)η(dx) < ∞.
Then, given a finite-dimensional subspace S of L2 ((D, η)), the projec-
tion estimator of s on S is defined as in Section 2 with J being the
Poisson measure on R+×Rd associated with the jumps of X. Similarly,
penalized projection estimators can be constructed, and the risk bound
of Theorem 7.1, along with the Oracle inequality (7.6), are satisfied.
The results of Sections 4 and 5 are valid as well. However, let us point
out that further specifications of our methods for some semiparamet-
ric models are desirable. Important examples of these models include
multivariate stable processes, and the tempered stable Lévy processes,
recently introduced in [20].

• The methods here focus on the estimation of the jump part of the
Lévy process. It is natural to address the problem of estimating the
continuous part too. In the one-dimensional case, this part is of the
form bt + σW (t), where {W (t)}t≥0 is a standard Brownian motion. In
the multivariate case, it is characterized by a vector b and a symmet-
ric nonnegative-definite matrix Σ. Several approaches deal with the
estimation of Σ, from moment based methods to methods based on
high-frequency data. A simple one is to use the following functional
limit theorem: {

1√
h
X(ht)

}

t≥0

D→{Y(t)}t≥0, h → 0,

where {Y(t)}t≥0 is a centered Gaussian Lévy process with variance-
covariance matrix Σ. This result can be deduced from the proof of the
uniqueness of the Lévy-Khintchine representation as in pp. 40 of [22].
Another simple method will be to consider empirical versions of the
moments:

E [(Xj(t)−Xj(t))(Xk(t)−Xk(t))] = t

(
Σj,k +

∫

Rd
0

xjxkν(dx)

)
,

provided that
∫
‖x‖>1

‖x‖2ν(dx) < ∞ (see Section 25 [22]). Here, Xj(t)

and xj refer to the jth component of the vectors X(t) and x, respec-
tively, while Σj,k is the (j, k) entry of Σ. The second term on the left

21



hand side of the above expression can be estimated using our estima-
tors for ν. In the one-dimensional case, another approach is to use
“threshold estimators” of the form:

n∑

k=1

(∆kX)2 1
(
(∆kX)2 ≤ r(h)

)
,

where ∆kX ≡ X(tnk) − X(tnk−1) is the kth increment of the process
and r(h) is an appropriate cutoff function (see [16] for details). For a
class of semimartingales with finite jump activity, [3] provides another
methodology based on the bipower variation (see also [4]). In the case
of Lévy processes with finite jump activity, [1] disentangles the diffusion
from the jumps using maximum likelihood and the Generalized Method
of Moments. On the other hand, the estimation of the parameter b
can be done by yet different methods. For instance, using the empirical
version for

E [X(t)] = t

(
b +

∫

‖x‖>1

xν(dx)

)
,

valid if
∫
‖x‖>1

‖x‖ν(dx) < ∞. Another approach will be to estimate the

“drift” b0 ≡ b − ∫
‖x‖≤1

xν(dx) (where the integration is component-

wise) using the fact that

P
[
lim
h→0

1

h
X(h) = b0

]
= 1.

The above result holds true if
∫
‖x‖≤1

‖x‖ν(dx) < ∞ and Σ = 0 (see

[22]). Even though our methods are valid for non necessarily pure-
jump Lévy processes, it is expected that the presence of a diffusion
component will reduce the efficiency (in terms of speed of convergence
and accuracy) of our estimators. It would be interesting to study in
greater detail this phenomenon.

11 Figures
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Figure 5: Sampling Distribution for the MLE of the α of the Gamma Lévy
Process.

0.8 0.85 0.9 0.95 1 1.05 1.1 1.15 1.2 1.25
0

20

40

60

80

100

120

140

160

180

200
Sampling Distribution of the MLE for β of the Gamma Process

β

F
re

q
u

e
n

c
ie

s

Gamma Levy Process 

with α = 1 and β = 1 

1000 samples of size 3650 

Sample Mean = .999 

Standard Error = .054 
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