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1 Introduction

In recent years, quasi-Monte Carlo methods have enjoyed increasing popular-
ity among researchers in finance and economics. They have been used as an
alternative to Monte Carlo simulation in a variety of financial problems, for
example, in pricing financial derivatives (Paskov and Traub (1995), Traub
and Papageorgiou (1996), Ninomiya and Tezuka (1996), Joy et. al. (1996),
Boyle et. al. (1997), Caflisch et al. (1997), Owen and Tavella (1997), Fish-
man et. al. (1997), Galanti and Jung (1997)), and in econometric models
(Goggelmann et. al. (2000), Li and Winker (2003)). Another testament to
the growing popularity of these methods is their inclusion in recent introduc-
tory textbooks in finance and economics (Judd (1998), Jackson and Staunton
(2001)). As a result of this growing interest by researchers as well as prac-
titioners working in financial industry, various financial and mathematical
software now include implementations of quasi-Monte Carlo methods!.
Quasi-Monte Carlo methods use the so-called low-discrepancy sequences
in simulating the underlying model, in contrast to the pseudorandom se-
quences used by Monte Carlo. Low-discrepancy sequences do not attempt to
look “random”; they are deterministic sequences designed to have the best
uniformity, or evenness, in their domain of definition. The reason for increas-
ing interest in quasi-Monte Carlo methods is that the estimates they produce
are in general more accurate than the estimates produced by standard Monte
Carlo. Indeed, the quasi-Monte Carlo estimates converge to the true solution
of the problem with O(N~*(log N)¥) (K is the “dimension” of the problem
and N is the number of samples, or, random walks, generated) whereas the
Monte Carlo convergence rate is only O(N~'/2). This is certainly a desirable
feature, considering that the primary objective of simulation is to obtain an
approximate solution to a problem that cannot be solved analytically. For
an in-depth discussion of low-discrepancy sequences and quasi-Monte Carlo
methods, we refer the reader to the monograph of Niederreiter (1992).
There is, however, a drawback of the quasi-Monte Carlo method: al-
though its estimates, in general, are more accurate than Monte Carlo esti-

!'Examples of general mathematical and financial software are Mathematica, Gauss
library LibGRO (http://gro.creditlyonnais.fr/content /rd/home gauss.htm), and S-Plus
(S+FinMetrics module on econometric analysis is currently under development). In ad-
dition, various commercial financial software use these methods in option pricing and
VaR calculations (Caminus Advanced Risk Analytics, QuantRisk.com, Quadrus Financial
Software, FinDer).
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mates, there is no practical way of assessing that accuracy. In other words,
the quasi-Monte Carlo method provides us with a single estimate which sat-
isfies an error bound smaller than the Monte Carlo error bound, but the
method does not provide us with a practical way of measuring the actual
error of that estimate. In the Monte Carlo method, on the other hand, we
can simply use the standard deviation of a number of estimates as a measure
of error. To address this drawback of the quasi-Monte Carlo method, sev-
eral researchers in the last decade or so introduced randomized versions of
quasi-Monte Carlo methods (see, for example, L’Ecuyer and Lemieux (2002)
for a discussion) that would be amenable to a statistical error analysis, yet
each estimate would be at least as accurate as the original quasi-Monte Carlo
method. A particular randomized quasi-Monte Carlo method, the scrambled
(t,m, K)-nets and (¢, K)-sequences, was discussed in a recent paper by Tan
and Boyle (2000). This paper was limited to only one randomized quasi-
Monte Carlo method, and it did not address an issue commonly raised by
financial engineers: whether the advantages of (randomized) quasi-Monte
Carlo methods by the way of increased accuracy (reduced variance of esti-
mates) are outweighed by the substantial increase in computing time. The
reason for this concern is well justified since a typical low-discrepancy se-
quence is computationally more expensive to generate than a pseudorandom
sequence.

In this paper we will present a detailed survey of randomized quasi-Monte
Carlo methods and evaluate their efficiencies in the context of an option
pricing model. Our objective is to give a clear description of the underly-
ing ideas so that the reader can implement the method of his/her choice in
the computer without much difficulty. The efficiency comparisons will be
made when the randomized methods are used to price European and Asian
options. We choose these simple options for the following reasons: (i) they
have analytical solutions so we can compare actual error produced by differ-
ent simulation methods, (ii) they have been used as benchmark problems by
many researchers in the past, providing a source of numerical results that can
be used to assess the effectiveness of a newly introduced simulation method,
and (iii) they are the building blocks of more complicated instruments such
as basket options. The strategy of using simple models that have analyt-
ical solutions in understanding and developing numerical methods appears
in a number of fields, including macroeconomics, where the Cass-Koopmans
one-sector, stochastic growth model in a complete markets setting is used
in developing numerical solution methods that are subsequently applied in
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more complicated environments?.

The efficiency of a simulation method is defined as the product of the
standard deviation of the estimates it produces and the execution time. By
comparing the efficiencies of randomized quasi-Monte Carlo methods with
the Monte Carlo method, we will see if one is really better off using these
“expensive” methods, or simply should run a longer Monte Carlo simulation.
In the literature, the Monte Carlo method is often regarded as a generic
method where the underlying pseudorandom generator is of little significance
(the name of the pseudorandom generator is not even mentioned in most of
the studies). However, not all pseudorandom generators are created equal,
and there is much variation in execution time and uniformity properties of
different generators! For this reason, we will include two popular pseudoran-
dom generators, drand and tt800, and treat them separately in our numerical
results.

We will also investigate the use of two transformation techniques, Box-
Muller method and a variant of the inverse transform method known as
Moro’s method, in generating normal variates. Our numerical results show
that Box-Muller produces estimates with better statistical accuracy than
Moro’s method, which contradicts the folklore that Box-Muller should be
avoided (Joy et al. (1996), Tan and Boyle (2000)).

2 Randomized quasi-Monte Carlo methods

It is convenient to describe randomized quasi-Monte Carlo methods in the
context of numerical quadrature rules, where the problem in hand is the
estimation of the integral

I= /[071)K f(x)dx.

Both Monte Carlo and quasi-Monte Carlo methods estimate this integral
using sums of the form

Lo~ 440
oML

2For example, see den Haan and Marcet (1990) and the other papers in the special
issue of Journal of Business and Economic Statistics 1990 (Volume 8).
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where ™ is a K-dimensional random vector from the uniform distribution
n (0,1)% in the case of the Monte Carlo method, and the nth term of a
K-dimensional low-discrepancy sequence in the quasi-Monte Carlo method.
In randomized quasi-Monte Carlo, we consider a family of K-dimensional
sequences (3, indexed by the random parameter . This in turn yields a family
of quadrature rules

1N )

and the main research problem is the study of the discrepancy of the sequence
8., and the expected value and variance of Q(f,). The (star-) discrepancy
of the first NV terms of the sequence (3, is defined as

An(]0,
D) = swp [P o o,
a€l0,1)K N
where o = (v, ..., ax) and An([0, @)) is the number of elements @(}), s ﬁgN)

that belong to the interval [0,a) = [0,a;1) X ... X [0, ak). Intuitively, the
discrepancy of a sequence measures its deviation from the “ideal” distribution
it is supposed to follow. We want the discrepancy to be as small as possible,
since the accuracy of our quadrature rule depends on it by the Koksma-
Hlawka inequality

1Q(Bu) — I < Var (f)Dy(B.)-

This inequality suggests that the quadrature rule is more accurate if the
terms Vg (f) and D3 (5,) are smaller. The first term, Vi g (f), is the vari-
ation of f in the sense of Hardy and Krause (see Niederreiter (1992) for
its definition). This term measures the variability in the function values,
whereas the discrepancy term measures the variability of the underlying se-
quence (the nodes) from the ideal distribution. The accuracy of a quasi-
Monte Carlo quadrature rule can be improved by “rewriting” the function
so that the variation term is reduced, or by constructing sequences that have
smaller discrepancy. In this paper we will be mostly concerned with the latter
approach. A discussion of variation reduction methods can be found in Okten
(1999). We also note that there are various generalizations of discrepancy
and the Koksma-Hlawka inequality (see Hickernell (2000) for various notions
of discrepancy), and one generalization will be given later in the paper (see
Definition 5).
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In general, the quadrature rules indexed by the random parameter u are
unbiased, i.e.,

E[Q(B,)] =1

and [ is estimated by the sample mean

QBu) + -+ QBuy,)
i :

The random parameter u will typically have uniform distribution on (0, 1)%,
and ug, ..., ups are independent samples from wu.

2.1 Scrambled (t,m,K)-nets and (t,K)-sequences

In the theory of quasi-Monte Carlo methods, a distinction is made between
infinite sequences of points and finite point sets (nets). Constructing a fi-
nite point set of size N with a small discrepancy D} is in a way simpler
than constructing an infinite sequence of points where the first N terms
have small discrepancy consistently as N varies. One particular type of
low-discrepancy nets and sequences is the so-called (¢, m, K)-nets and (¢, K)-
sequences (Niederreiter (1992)). In this section we will discuss a method
called scrambled nets and sequences, introduced by Owen (1995). The method
takes a (¢, K)-sequence (or, a net), call it 3, and constructs a randomized
version of it, call it 3,, by an elaborate algorithm that randomly scrambles
the digits of the numbers in 5. We will explain how this algorithm works by
giving simple examples that will illustrate the underlying ideas. For further
details, the reader should consult Owen (1995), Owen (1997a), and Owen
(1997b). We also note that this method was the method considered by Tan
and Boyle (2000).

Let K > 1,b > 2 be integers. An elementary interval in base b is a
subinterval of [0,1)X of the form

K

[I

Jj=1

a; a;+1
b’ bdi )

where integers a;,d; satisfy d; > 0 and 0 < a; < b%. For 0 < t < m, a
finite sequence of ™ points in [0,1)X is a (¢t,m, K)-net in base b if every
elementary interval in base b of volume b'~™ contains exactly b points of the
sequence. An infinite sequence of points ¢, ¢o, ... is called a (¢, K)-sequence
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in base b if the finite sequence gupm 41, ..., qe41)pm s a (t,m, K)-net in base b
for all £ > 0 and m > t. There are several methods of constructing nets and
sequences, and some of these constructions give the so-called van der Corput
sequence, Sobol’ sequence, Faure sequence, and Niederreiter sequence®. A
detailed investigation of the construction of nets and sequences is given by
Niederreiter (1992).

The main objective in the quasi-Monte Carlo theory is to find the best
way to generate points in [0, 1)X as evenly as possible. Evenness is measured
by the discrepancy of the sequence (or, net, if we only generate a finite set of
points). In contrast, randomness is the key notion in the Monte Carlo theory,
and the main objective there is to find the best way to generate points that
look random. Intuitively, we can achieve evenness if our quasi-Monte Carlo
points are generated in such a way that there are no large gaps, or volumes in
[0,1)%, that do not contain a point. In other words, if we think of [0, 1)¥ as a
region composed of smaller “building blocks” (the elementary intervals) then
we want to have the “right” proportion of points in each building block. To
develop an intuitive understanding of this, we will now examine plots of quasi-
Monte Carlo nets in dimension 2, together with the elementary intervals. In
Figure 1 we plot a (0,3,2)-net in base 2, and in Figure 2 we plot the net
together with the elementary intervals of area 272 to illustrate that exactly
one point (there are eight points total and eight elementary intervals, so the
“right” proportion is one point for each interval) falls in every elementary
interval. The coordinates of the points in the (0,3,2)-net and their base 2
decimal expansions are given in Table 1.

x-coord. y-coord.

5L) (000001 110011
3 193100001 010011
3) 010001 000011

647 64

29.3) 110001 100011
&> 2f) 001001 011011
&%) 101001 111011
2 2) 011001 101011
3 &) 111001 001011

TABLE 1

3Computer codes implementing these low-discrepancy sequences can be found at
WWW.mcqmc.org.
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Figure 1: (0, 3,2)-net in base 2

We now describe Owen’s randomization method using our (0,3, 2)-net.
The first step is to “scramble” the first coordinates. This is done by picking
a random permutation of the digits {0,1}; say 0 — 1 and 1 — 0, and then
applying this permutation to the first digit of the z-coordinates to get:

w2y fooon {1561
647 64

a5 &) 000001 010011
4,2 110001 000011
&,3) 010001 100011
S 2T) 101001 011011
& 27) 001001 111011
3T,2) 111001 101011
% &) 011001 001011

TABLE 2

The new digits are typed in bold in Table 2, and the new point set is plotted
in Figure 3. Comparison of Figures 1 and 3 shows that permuting the first
digit has the effect of swapping the two half-rectangles ([0,1/2] x [0, 1] and
[1/2,1] x [0,1]) in the original net.

The next step will use two random permutations to scramble the second
digits. Assume that the first permutation is 0 — 1 and 1 — 0, and the
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Figure 2: Elementary intervals of area 1/8.

second permutation is the identity permutation 0 — 0 and 1 — 1. We will
use the first permutation to scramble those numbers whose first digits are 0
in Table 2 (or, whose digits are 1 in Table 1). See Table 3 where the new
digits are typed in bold. Geometrically, the effect of this permutation is to
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swap the rectangles [0,1/4] x [0,1] and [1/4,1/2] x [0, 1] in Figure 3.

33 51
647 64
1 19
64° 64
49 3
64° 64
17 35
64° 64
41 27
647 64
9 59
64° 64
57 43
64° 64
25 11

647 64

[

| o] o] e ra] o] ] o] -2

Wl e

o e

r|

| tn

| o

| -a

Figure 3: Scrambling the first digits.

x-coord.

100001
010001
110001
000001
101001
011001
111001

001001
TABLE 3

y-coord.

110011
010011
000011
100011
011011
111011
101011
001011

9

The second permutation is then applied to those numbers in Table 2 whose
first digits are 1. Since the second permutation is the identity permutation,

this does not change anything. We obtain Figure 4 after the scrambling of

the first 2 digits.

If we continue this process until all digits are scrambled, and then scram-
ble the y-coordinates of points in a similar manner, then we obtain a scram-
bled version of the (0, 3,2)-net. However, in a practical computation, one can
only scramble a finite number of digits £*. Owen (1995) makes the following
suggestions: When scrambling a (¢, m, K)-net, take k* large enough so that
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Figure 4: Scrambling the second digits.

b=*" is small compared to the error in approximating real numbers on the
computer, or let k* = M if at most b* points will be ever used (with some
additional modifications in the latter choice). The number of permutations
needed to scramble a (¢, m, K)-net in base b is then K x (1+b+...+b"). This
number becomes very large quickly, and causes computational difficulties, for
large K, b, or k*.

In order to use scrambled nets and sequences in high-dimensional option
pricing problems, Tan and Boyle (2000) suggested a modification of Owen’s
algorithm in which one would scramble only a small number of digits k, and
then use the last random permutations generated to scramble the rest of the
digits. They called this approach “level k randomization”. We will use this
randomization approach in our numerical work in Section 3.

Let 3, denote a scrambled (¢, K')-sequence in base b. Owen (1995) proved

Theorem 1 The scrambled sequence (3, is a (t, K)-sequence in base b with
probability 1. Furthermore the resulting quadrature rules satisfy

1. EQMB =1,

_ o ((log N)**

4The way we generate permutations is adapted from a computer implementation
of the scrambling algorithm written by Hozumi Morohosi (http://www.misojiro.t.u-
tokyo.ac.jp/ morohosi/researchE.html).
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Additional properties of scrambled nets and sequences are established by
Owen (1997 a,b), Hickernell (1996), and Hickernell & Hong (1999). These
results provide certain improvements of the previous theorem. For example,
for “smooth” functions Owen (1997b) shows that the variance of the quadra-
ture rule based on scrambled nets can be as small as O (N “3(log N)& *1). A
central limit theorem for fully scrambled nets was proved by Loh (1996).

2.2 Random digit-scrambling

Owen’s scrambling method, as we discussed in the previous section, is com-
putationally very demanding. Matousek (1998) introduced an alternative
scrambling approach which is efficient, and yet satisfies some of the theoret-
ical properties of Owen’s scrambled nets and sequences. The idea is to limit
the amount of randomness in Owen’s method in return for efficiency. Instead
of generating independent permutations for every value of the previous digits,
we will now generate one permutation for each digit. For example, consider
the (0,3,2)-net in Table 1. There are 6 digits in base 2 for each coordinate.
We generate 6 independent permutations at random to scramble each digit
of the z-coordinates and another 6 permutations for the y-coordinates. Say
the following permutations are selected: ,id,id, ¢, id, p,id,id,id, ¢, p,id,
where ¢ is the permutation that sends 0 to 1 and 1 to 0, and ¢d is the iden-
tity permutation. We then apply the first 6 permutations to each digit of the
x-coordinates of the points in the net, and the other 6 permutations are simi-
larly applied to the digits of the y-coordinates. For example, the z-coordinate
of the first point in Table 1 is 000001. Applying the first 6 permutations to
the digits we obtain: ¢(0),4d(0),id(0), ¢(0),7d(0), (1) = 100100. The next
6 permutations applied to the y-coordinate of the same point gives 110011.
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Continuing this for the other points of the net we obtain the following points:

TR S (L O it
167 64

+,24) 000100 010101
2 Z) 110100 000101
£, 31) 010100 100101
1.2) 101100 011101
2,%) 001100 111101
2 4) 111100 101101
Z,&) 011100 001101

TABLE 4

In Figure 5 we plot the new point set. Notice that the net structure is
preserved by the permutations.

[

| =
Wl -
| e
| =
2
] w2
]

Figure 5: Random digit-scrambling

Matousek (1998) calls this approach random digit scrambling. He also
presents a number of efficient ways to generate the permutations. If we
denote the jth permutation that is applied to digit a; by =;, then a simple
choice is given by

mj(a;) = hja; + g (1)

where h; € {1,2,...,b—1} and g; € {0,1,...,b— 1} are integers to be selected
at random and the arithmetic is done modulo b. Here b is the prime base of
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the net. Another choice is given by

j
mj(a;) = Z;hijai + 9, (2)
a variant of which was used by Tezuka (1995) in generating “generalized
Faure sequences”. Here the arithmetic is again in modulo b, g; and h;;(i < j)
are selected at random and independently from the uniform distribution on
{0,1,...,b — 1}, and h;; are selected at random and independently from the
uniform distribution on {1, ...,b— 1}. Note that in matrix form this equation
can be written as

m(a) = H a+g

where HT is a nonsingular lower-triangular matrix.

Matousek (1998) shows that both choices ((1) and (2)) for generating per-
mutations result in scrambled nets and sequences that satisfy, in particular,
the theoretical analysis given in Hickernell (1996), and many other subse-
quent studies as mentioned in Hong and Hickernell (2003). These theoretical
results show that the mean square L? discrepancy of the alternative scram-
bling approaches is the same as the original scrambling approach of Owen.
However, the variance of the resulting quadrature rule could be worse. Owen
(2003) gives an example, and a detailed analysis of this issue, together with a
discussion of various scrambling algorithms. A description of the scrambling
approach (2) when applied to digital sequences is also given in Hong and
Hickernell (2003). In the numerical results of Section 3, we will implement
(2) which is called random linear scrambling in Matousek (1998).

2.3 Randomly shifted low-discrepancy sequences

Now we are going to describe a randomization method which is very simple
to implement. The idea is to randomize the underlying low-discrepancy se-
quence by shifting its elements by a random vector. To this end, let {g™ 1}
be a K-dimensional low-discrepancy sequence, and u be a random vector se-
lected from the uniform distribution on (0, 1)X. We obtain a randomly shifted
version of {¢™ 1% | by adding u to each vector ¢ (componentwise) and tak-
ing the fractional part of the sum. To give a formal definition, we define an
operation @ on K-dimensional vectors z = (x1,...,2k),y = (Y1, ..., Yx) by

TDY = ({551“‘?/1},---,{1‘]{‘1':91{}), (3)
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(0,2,2)-net Bandomly shifted (0,.23,2)-net
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Figure 6: A (0,3,2)-net and its randomly shifted version

where braces about a number in (3) denote its fractional part. A randomly
shifted version of {g™1}°%, is then given by {¢™ @ u},.

The idea of random shifting was first introduced by Cranley and Patterson
(1976) in the context of good lattice points, and later Joe (1990) applied the
idea to general lattice rules. Tuffin (1996) considered random shifting of
any low-discrepancy sequence, and studied the discrepancy of the shifted
sequence.

We now present an example. In Figure 6 we plot our (0, 3,2)-net in base
2, and a randomly shifted version of it. The random vector u is (0.74,0.62).
As it can be seen from the graph, a randomly shifted net is not necessarily
a net itself: The elementary interval [1/4,1/2) x [0,1/2) does not contain a
point in the second plot.

One geometric interpretation of random shifting is given by Owen (1998):
Consider a particular one-dimensional projection of a randomly shifted se-
quence, and plot the points (projected components) onto a circle by simply
identifying the endpoints of the unit interval [0,1). The randomly shifted
points (components) are then obtained from the original components of the
net by a rotation to the right by a distance of w.

Using the notation we introduced in Section 2, the randomization ap-
proach used by Tuffin (1996) defines the sequence 3, = {5}, as

B =" @, (4)
Tuffin (1996) proved the following results.
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Theorem 2 The discrepancy of a shifted low-discrepancy sequence satisfies

and the corresponding quadrature rules satisfy

2. EQMB =1,

3. Var(Q(B,)) = O (%) .

A detailed investigation of the variance of this quadrature rule is given
by Morohosi and Fushimi (2000). Using the theory of b-adic K-dimensional
Haar functions, the authors obtain expansions for Var(Q(53,)) when Q(53,,) is
obtained using the random shifting method, and Owen’s scrambling method.
They conclude that the variance of scrambled sequences might be smaller
than the variance of randomly shifted sequences, due to possible cancella-
tions in the Haar expansion of the variance of the former method. They
also provide numerical results where the opposite happens in Morohosi and
Fushimi (2002), and Morohosi et. al. (2000). In these two papers, the au-
thors present extensive numerical results that compare scrambled and ran-
domly shifted Sobol’, Faure, and Niederreiter sequences, when they are used
to price several options (barrier, European, Asian, and lookback options)
and mortgage-backed securities. The numerical results suggest that random
shifting gives smaller variance than scrambling when the base of the (¢, K)-
sequence is “small”. We refer the reader to these papers for details.

2.4 Random-start Halton sequences

The Halton sequence is one of the classical low-discrepancy sequences. The
nth term of the Halton sequence in bases by, ..., bx (pairwise relatively prime
integers greater than or equal to 2) is a vector of K components, denoted by

" = (¢, (1), ..., by, (). ()

The ith component of this vector is calculated as follows: First we write n in
its base b; expansion as

n =ag+ albi + agb? + ...+ albﬁ
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where the coefficients a; are between 0 and b; —1, and [ is the greatest integer
less than or equal to log, n. We then evaluate the radical-inverse function in
base b; at n, i.e., compute

ao aq a
gbbi(n):b—i—i-@—i-...—l-béﬁ. (6)

Repeating this calculation for all i = 1,..., K, we obtain the vector (5). The
one dimensional projections of the Halton sequence are known as the van der
Corput sequences. In other words, the one-dimensional sequence {¢, (1)},
is the van der Corput sequence in base b;.

An alternative description of the Halton sequence based on the von Neuman-
Kakutani transformation was introduced by Lambert (1985), and Struck-
meier (1995) used this transformation to introduce a fast way to generate the
sequence. We now describe this alternative approach. Although our treat-
ment will be algebraic, a geometric approach is given by Lambert (1985).

We first define the rightward carry addition in base b of a number z € [0, 1]
and 1/b. Consider the base b expansion of x

Zo x1 Xy
p TR Ty

The rightward carry sum of x and 1/b is

1 14+ u,, U
m—gg— pm+1 + Z pE+1°

k>m

The von Neuman-Kakutani transformation 7}, : [0,1) — [0,1) in base b is
defined as

1

5

The van der Corput sequence in base b is then simply the orbit of 0 under
Ty, i.e., the sequence {T}}(0),TZ(0),...}. For example, if b = 1/2, it can be
verified that

{(T30(0), T25(0), T(0).0} = {575}

Here T" is the nth iteration of the mapping, i.e., Tj*(x) = Typ(x) if n = 1,
and T,(T;" *(z)) if n > 1.

The von Neuman-Kakutani transformation can be generalized easily to
the multidimensional case. If b = (by,...,bx) is a vector of positive integers

T () —
b(z) z+
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that are pairwise relatively prime and x = (z1, ..., 7x) is a vector in [0,1)%,
then we define the K-dimensional von Neuman-Kakutani transformation by

To(x) = (Toy (21), -, Tore (2K)) - (7)

The orbit of the vector (0, ...,0) under T3, gives the Halton sequence in bases
bi, ..., br. In general, we can consider the orbit of any vector x in [0, 1)¥ under
Ty, and use the resulting sequence {77'(x)}5°,to obtain a quadrature rule.
These sequences were called generalized Halton sequences by Struckmeier
(1995).

Wang and Hickernell (2000) observe that if x = (z1, ..., 2x) where z; =
O.d[()i)dgi)...dgf) (in base b;), and ¢, ' (O.d[()i)dgi)...dg)) = m® (see equation (6))
then

To(x) = (8, (MY + 1), ., By (M) 4 1)) (8)

In other words, the sequence {7} (x), T2(x), ...} is simply the Halton sequence
in bases by, ..., bx (see (5)) skipped by the integer vector (m®), ..., m),

Struckmeier (1995) discussed the idea of independently selecting random
starting values x in (7). He used generalized Halton sequences with random
starting values to estimate the expected value E[zyz], where x,y, z are uni-
form random variables on (0,1). He then computed the variance of several
such estimates, although he did not justify the validity of such computa-
tions. A probability model that justifies the computation of variances was
introduced by Wang and Hickernell (2000). They considered the family of
sequences 3, = {8™}2, where

B =T (u), (9)

and v is a random vector from the uniform distribution on [0,1]¥. They
called these sequences, random-start Halton sequences. The discrepancy of
A" satisfies

log(b;N)

1 K
Dy(B,) < N (1 +i:1_[1(bi - 1)@) :

(see Bouleau and Lépingle (1994), page 77) and the analysis of the resulting
quadrature rules is given by the following theorem by Wang and Hickernell
(2000).
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Theorem 3 The quadrature rules based on random-start Halton sequences
satisfy

1. EQMB =1,

2 Var(Q(B,) =0 (M> |

N2

In Figure 7, we plot the first 12 elements of the Halton sequence (left)
and a random-start Halton sequence (right), in bases 2 and 3. The random-
start Halton is obtained by skipping m®) = 28709564263 terms for the first
component and m® = 26896075533 terms for the second component.

1 1

1
i
x| r

=l
1
1
Y
1
1
ra|
1
1

Figure 7: A two dimensional random-start Halton sequence.

2.5 Finite random sampling from low-discrepancy se-
quences

Unlike the randomization methods discussed earlier, this approach samples
from a family of finitely many quadrature rules. Let €2 consist of m low-
discrepancy sequences, q1, ..., ¢m, Where each sequence is K-dimensional. Fur-
thermore let u have discrete uniform random distribution on {1, ....,m}. Then
every randomization of this approach simply selects a random ¢, from the
set €2 to construct the corresponding quadrature rule. Using the notation of
Section 2, we have 3, = ¢,. Okten (2002) showed
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Theorem 4 The quadrature rules based on the finite random sampling ap-
proach satisfy

1. |E[Q(8,)] — T < O (L%

2. Var(Q(8,)) = O (L85=).

N2

This approach produces estimates that are asymptotically unbiased as a
result of sampling from a finite set of low-discrepancy sequences. To populate
2 we will use scrambled Halton sequences of Faure (1992). Each randomiza-
tion of this approach will select K different prime numbers at random from a
list of the first L prime numbers, and construct the corresponding scrambled
Halton sequence, which will be then used in the simulation to obtain a single
estimate. Other choices for populating  are discussed in Okten (2002).

In the next section, we will apply randomized quasi-Monte Carlo methods
to problems whose solutions can be found exactly by analytical methods. We
will construct confidence intervals for each randomized method, and then
verify the accuracy of these intervals by checking how often they contain
the true solution. We note that the finite random sampling method, unlike
the other randomized methods, has a bias that satisfies an upper bound
with the same order as the standard deviation of its estimates (from the
above theorem). Although the accuracy of confidence intervals constructed
for this method in the numerical results of Section 3 was as good as the
other methods, we remark that the theoretical results as provided by the
above theorem do not lead to asymptotically justified confidence intervals.

3 Applications to option pricing

3.1 Generating asset price paths

We assume that the asset price S; follows the risk-neutral geometric Brownian
motion with variance o2 and drift parameter y = r — 0?/2, where r is the
risk-free interest rate. We let z; = In(S;) and generate the (logarithm of)
price paths using

ri=xiq+wWT/K)+0o\T/Kz;, i=1,...,. K (10)
where T is the expiry, K is the number of time steps used in the discretization

of the time interval (0,7") so that At = T/K, and z; is a standard normal
random variable.
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In the Monte Carlo and randomized quasi-Monte Carlo methods, N price
paths wy, ..., wy are generated and the present value of the average option

value is computed. To generate the nth price path w, = (m@, ey m&?)), one

needs to sample from N(0,1) and generate numbers z{n), e z&?) needed in
(10). In the Monte Carlo method, this is done by generating pseudorandom
numbers &, ..., {x from the uniform distribution on (0,1) and then using a
normal random variable generation method (such as the Box-Muller or in-
verse transform technique) to obtain zin), - ,2;?). In randomized quasi-Monte
Carlo methods, one uses the nth term of the K-dimensional sequence 3, to
generate the nth price path. If we denote the components of the nth term of
this sequence by ¢, ..., gx, then a normal random variable generation method

is applied to these numbers to obtain z%n), e zgg).

3.2 Numerical results

In the following, we will use randomized quasi-Monte Carlo methods and the
Monte Carlo method with two popular pseudorandom generators, in pricing
the standard European call option and geometric Asian call option. We
deliberately choose option pricing problems that can be solved analytically
so that we can assess the exact error of the simulation methods, and use this
information to compare them numerically.

3.2.1 European call option

Our first example is the standard European call option. The risk free in-
terest rate is 0.1, the exercise price is 10, the initial price of the underlying
is 10, volatility is 0.4 and the expiry is 0.25. The Black and Scholes value
for the option is 0.916291. We first want to test the hypothesis that the op-
tion estimates obtained from randomized quasi-Monte Carlo methods have
approximately a normal distribution with mean the Black and Scholes value
for the option price. We generate two sets of 1600 estimates for the option
value using each of the following randomized quasi-Monte Carlo methods:
(i) the scrambled Faure sequence (ScrFaure) with level 2 randomization, as
described in Section 2.1, (ii) the linear scrambled Faure sequence (LinScr-
Faure), as described in Section 2.2, (iii) the randomly shifted Halton se-
quence (RShiftHalton), as described in Section 2.3, (iv) the random-start
Halton sequence (RStartHalton), as described in Section 2.4, and (v) the
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finite random sampling method where ) consists of scrambled Halton se-
quences (RS-scrHalton), as described in Section 2.5. The first set of 1600
estimates is generated when the Box-Muller method is used (see Rubinstein
(1981)) to simulate the normal variables, and in the second set, a variant of
the inverse transform method due to B. Moro is used (see Joy et al. (1996)).
The number of random walks (price paths) N is set to 200,000. The number
of prices, or time steps, is K = 20. The number of primes L is set to 40 in
the RS-method.

Figure 8 plots the relative frequency histograms of the option estimates.
To each histogram, we superimpose the normal density curve whose mean is
the Black & Scholes value of the option, and whose variance is the sample
variance of the data. The graphs suggest that the ScrFaure, LinScrFaure, and
RS-scrHalton estimates, when generated using the inverse transform method,
tend to underestimate the true option value. There is no visual indication of
any bias in the other two methods. We now use a number of statistical tests
for a quantitative investigation of the normality assumption and bias.

We conduct three tests as recommended by D’Agostino and Stephens
(1986): (i) Anderson-Darling A? test to check the normality assumption
with known mean, (ii) Anscombe-Glynn test to check the kurtosis, and (iii)
Sy approximation method due to D’Agostino to check the skewness. The
following table gives the A2 values.

A? Statistic Box-Muller Inv.Trans.
ScrFaure (level 2) 3.03 56.71
LinScrFaure 3.967 42.16
RShiftHalton 0.751 1.831
RStartHalton 0.702 1.918
RS-scrHalton (L = 40) 2.858 352.0

At the 10% significance level, the critical value for the A? statistic is 1.743,
and at the 2.5% level, the critical value is 2.898. We make the following
observations:

1. The Box-Muller method produces lower A? values than the inverse
transform method for all randomized quasi-Monte Carlo methods. The
difference is quite substantial especially for the ScrFaure, LinScrFaure,
and RS-scrHalton methods. The high A? values obtained by the inverse
transform technique indicate a substantial bias, which was visible in
the histograms. Indeed, if we drop our requirement that the empirical
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Figure 8: Histograms of option estimates

distribution has mean equal to the option value (the theoretical mean),
and use Anderson-Darling test with unknown mean, then we obtain the
following A? values:

Inverse Transform  A? Statistic (unknown mean)

ScrFaure (level 2) 0.793
LinScrFaure 0.332
RS-scrHalton (L = 40) 0.467

These are perfect values much less than the 10% critical value 1.743.

. At the 10% level, the methods that are not rejected are: RShiftHalton
(Box-Muller) and RStartHalton (Box-Muller). At the 2.5% level, the
inverse transform implementations of these methods pass the test, as
well as the RS-scrHalton (Box-Muller) method. The ScrFaure (level 2)
and LinScrFaure methods fail both tests.
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We now examine the kurtosis and skewness of the data. In the first table,
the numbers in bold are the kurtosis values that do not fail the two-sided
Anscombe-Glynn test for normality at the 10% level.

Kurtosis Box-Muller Inv.Trans.
ScrFaure (level 2) 2.90 2.80
LinScrFaure 3.35 2.86
RShiftHalton 3.01 2.78
RStartHalton 2.85 3.01
RS-scrHalton (L = 40) 3.59 2.99

In the next table, the numbers in bold are the skewness values that do not
fail the Sy approximation test for normality, at the 10% level. The two-sided
10% significance level for 1600 data values is 0.101.

Skewness Box-Muller Inv.Trans.
ScrFaure (level 2) 0.011 -0.064
LinScrFaure -0.032 0.002
RShiftHalton 0.07 0.013
RStartHalton 0.13 -0.054
RS-scrHalton (L = 40) 0.012 -0.16

The Box-Muller and inverse transform methods produce mostly accept-
able kurtosis and skewness values, although we see slight deviations from
normality for some randomized quasi-Monte Carlo methods.

We now use the 1600 estimates generated by the Box-Muller and inverse
transform methods, to construct forty 90% confidence intervals, where each
interval is constructed using forty estimates. The intervals are obtained us-
ing the Student’s t, bootstrap-t, bootstrap percentile and bootstrap BC,
methods. For a discussion of bootstrap methods see Efron and Tibshirani
(1993). In general, bootstrap confidence intervals are used when little is
known about the underlying distribution. The following tables display the
number of confidence intervals that contain the true option value, followed by
the average width of the intervals, when the intervals are constructed using
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the Box-Muller and inverse transform method, respectively.

Box-Muller

coverage, avg.width ~ Student’st  Boot.-t  Boot.perc. Boot.BC,
ScrFaure (level 2) 36, 2.4e-4 36, 2.4e-4 35, 2.3e-4 35, 2.3e-4
LinScrFaure 31, 24e-4 31, 24e-4 30, 2.3e-4 31, 2.3e-4
RShiftHalton 34, 3.0e-4 34, 3.0e-4 32,2.9e-4 34, 2.9e-4
RStartHalton 36, 2.9e-4 36, 2.9e-4 36, 2.8¢e-4 37, 2.8e-4
RS-scrHalton(L = 40) 36, 3.4e-4 35, 3.7e-4 35, 3.6e-4 35, 3.6e-4

Inverse Transform
coverage, avg.width ~ Student’st  Boot.-t = Boot.perc. Boot.BC,
ScrFaure (level 2) 20, 1.8e-4 20, 1.8e-4 20, 1.8e-4 20, 1.8e-4
LinScrFaure 22, 1.8e-4 22, 1.8e-4 21, 1.8e-4 22, 1.8e-4
RShiftHalton 36, 2.6e-4 36, 2.7e-4 35, 2.6e-4 35, 2.6e-4
RStartHalton 35, 2.1e-4 36, 2.1e-4 33, 2.1e-4 36, 2.1e-4
RS-scrHalton(L = 40) 0, 2.4e-4  0,24e-4  0,2.3e4 0, 23e4

We make the following observations:

1. The number of intervals that contain the true option value is close

to the theoretical value 36 for all methods except LinScrFaure, when
the Box-Muller method is used. The inverse transform method gives a
very low coverage for the ScrFaure and LinScrFaure methods and zero
coverage for the RS-scrHalton method.

. The inverse transform method produces intervals that are narrower
(relative improvement varies between 10% and 35%) than the Box-
Muller method.

. There seems to be no significant difference between different confi-
dence interval generation methods. The largest variation occurs in
the RS-scrHalton method (first table), and Student’s ¢ approach gives
the smallest average width.

. The average width of the confidence intervals is smallest for the Scr-
Faure (level 2) and LinScrFaure methods. The former, however, has
significantly better coverage in the Box-Muller implementation.

We now summarize the results of some additional numerical work. We
computed the Kolmogorov-Smirnov statistic for our data, and found that
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the Box-Muller method consistently produced smaller values than the in-
verse transform method, as in the A? statistic. We also repeated all our
calculations when the number of price paths was N = 10°, and obtained
similar results to those reported above. We also computed the A? statistic,
kurtosis and skewness, and confidence interval coverage when two pseudoran-
dom generators were used: (i) drand; a popular linear congruential generator
used in ANSI C library, and (ii) tt800; a recent generator based on general-
ized feedback shift-register methods (Matsumoto and Kurita (1994)). In the
following table, BM and IT stand for the Box-Muller and inverse transform
methods.

A2 A2 Kurtosis Kurtosis Skewness Skewness
IT BM

BM IT BM IT
drand 0.66 1.69 2.84 3.00 -0.0018 0.071
tt800 0.31 0.31  3.01 2.92 0.022 0.060

The Box-Muller method still produces a slightly lower A? value in the case
of the drand generator. There is no difference between the A? values for the
tt800 generator. The kurtosis and skewness results do not suggest a definite
advantage of any of the methods.

As a result of our statistical tests, we decide to use the Box-Muller method
in generating normal random variates. Our results indicate that both Box-
Muller and inverse transform methods produce fairly normal distributions
(based on the kurtosis and skewness results), however, there is significant bias
in the inverse transform method for certain randomized quasi-Monte Carlo
methods (based on the A? test with known mean and confidence interval
results). These findings are rather surprising, since it is often reported in the
literature that the Box-Muller method should be avoided. For example, Joy
et al. (1996) writes (footnote 6, page 930)

Note that it is incorrect to use the standard Box-Muller transform
to map ¢, to the unit interval. This is because the Box-Muller
transform does not preserve the matrix on /° and thus fails to
preserve the low-discrepancy of the original Faure sequence. In
other words, if we use the Box-Muller transform, then the even
spacing of the Faure sequence will be scrambled, resulting in the
loss of our low error bound.

Whether a random variable generation method is “better” than another,
when the underlying number sequence is a low-discrepancy sequence, is re-
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lated to the discrepancy of the transformed sequence. The F-star discrepancy
of a transformed sequence is defined as follows:

Definition 5 The F-star discrepancy of the data x1,...,xn , where F(x) is
a distribution function, is defined by

Dy (i F) = sup [A2(0:0))

— F(a)|. 11
S TN (@) (11)

where o = (o, ...,ax) and An([0,«)) is the number of elements xy,...,xn
that belong to the interval [0,a) = [0,aq) X ... X [0, ak).

The corresponding Koksma-Hlawka inequality to the notion of F-star
discrepancy is

Theorem 6 Let f be of bounded variation on [0,1]% in the sense of Hardy
and Krause and {z;} € [0,1)X, and F be a distribution function on [0,1)¥.
Then for any N > 0

1 & .
2 1) = [ F@FE)| < Ve (£)Dis F) 2)

where Vg (f) is the variation of f in the sense of Hardy and Krause.

We observe that the Kolmogorov-Smirnov statistic for the data z1, ...,z
is the F-star discrepancy of the data, and the A? statistic can similarly
be regarded as a weighted discrepancy of the data. In other words, our
empirical results suggest that the Box-Muller method in fact produces data
with a smaller calculated discrepancy, than the one produced by Moro’s
approximation of the inverse transform method. This, in turn, suggests that
the Box-Muller method is “better”, since it makes the error, i.e., the right-
hand side of the inequality (12) smaller, for the data sets we have considered.

Now we turn our attention to the standard deviation of the option es-
timates produced by the Monte Carlo methods with drand and tt800 gen-
erators, and the randomized quasi-Monte Carlo methods. For a given N
(N = 10°, 2 x 10°,...,105), forty option estimates are computed by inde-
pendent randomizations of each method. We then calculate the standard
deviation of these 40 estimates. The option parameters are as above, except
for the number of time steps, which is increased to 40. We are in particu-
lar interested in observing the performance of the randomized quasi-Monte
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Figure 9: European Call option. Standard deviation of estimates.

Carlo methods as the number of time steps, i.e., the dimension of the prob-
lem, increases, since quasi-Monte Carlo methods are often reported to lose
their competitive “edge” over the Monte Carlo method in high dimensional
problems. In Figure 9, we plot the standard deviation of Monte Carlo and
randomized quasi-Monte Carlo estimates.

We make the following observations:

1. Monte Carlo methods produce the largest standard deviation, and there

does not seem to be a significant difference between generators tt800
and drand.

2. Methods RShiftHalton and RStartHalton come next in the graph, pro-
ducing smaller standard deviation than the Monte Carlo methods.
RShiftHalton gives a slightly smaller standard deviation than RStartHal-
ton.

3. The standard deviation of RS-scrHalton method is smaller than RShiftHal-
ton and RStartHalton, but larger than the ScrFaure and LinScrFaure
implementations.
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4. For most of the samples, the ScrFaure method with a higher level of
randomization produces smaller standard deviation, as expected. How-
ever, there are a few samples where the opposite is observed. This is
certainly not very strange, given the probabilistic nature of the scram-
bling algorithm. There does not seem to be a clear separation between
the LinScrFaure and various ScrFaure implementations, although the
former method gives the smallest standard deviation for half of the
sample sizes.

In a practical implementation of any simulation method, one is interested
in not only the standard deviation of its estimates, but also the computation
time. A standard notion of efficiency of a Monte Carlo method is defined as
the standard deviation (or, variance) multiplied by time. In Figure 10, we
plot the time (in seconds) spent to compute the 40 estimates whose stan-
dard deviations were reported above. The pseudorandom generators are
the fastest, but RShiftHalton, RStartHalton, and RS-scrHalton follow them
closely. Not surprisingly, LinScrFaure and ScrFaure implementations are the
slowest. We note that after level 3, the ScrFaure implementations become
much slower than LinScrFaure. In general, when the dimension is small and
the level of randomization is low, the ScrFaure implementation can be faster
than LinScrFaure. This is due to the fact that the former method involves
the multiplication of an upper diagonal matrix with a vector in generating
the random walks, and thus more efficient than the latter method where
the matrix is no longer upper diagonal. As the dimension and the level of
randomization increases, ScrFaure quickly loses its advantage due to the ge-
ometrically increasing number of permutations that have to be computed.

Finally in Figure 11, we plot the efficiency of the simulation methods.
The Monte Carlo methods have the worst efficiency although they are the
fastest of all methods. The RS-scrHalton has the best efficiency among all
methods and all sample sizes considered. The rest of the methods are not eas-
ily distinguishable, although RShiftHalton separates itself from the rest after
500,000 random walks. In the ScrFaure implementations, level 2 randomiza-
tion has a better efficiency than level 3 randomization for every sample size.
There is no winner between level 1 and level 2 randomizations. When level
1 and level 3 are compared, we see the former give a better efficiency for all
except two sample sizes. In conclusion, level 2 randomization seems to be
the optimal choice in terms of efficiency.
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Figure 11: European Call option. Efficiency of the simulation methods.
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3.2.2 Geometric Asian call option

To eliminate any possibility of bias in the selection of option parameters,
we decide to select them at random in this example. For the distribution
of parameters, we follow Tan and Boyle (2000), and fix the strike price at
100, and assume the initial asset price is uniformly distributed between 50
and 150. The volatility is uniformly distributed between 0.1 and 0.6, and
the interest rate is uniform between 0.05 and 0.15. The expiry is uniform
between 6 months and 2 years. We take the number of time steps to be
K = 80.

Since RS-scrHalton is the only method that produces asymptotically unbi-
ased estimates, we repeat the investigation of the distribution of its estimates
using the A% test with known mean. We generate 1600 estimates using the
Box-Muller method. The sampling is done from L = 100 prime numbers.
The following table displays A? values for a variety of choices for the number
of price paths N.

N=2x10° N=3x10° N=4x10° N=5x10°
A? 30 22 42 0.6

The A? statistic attains values at an acceptable level only after 400,000 price
paths. These results underline the bias in the RS-estimates and the fact that
N should be “sufficiently” large to conduct a valid statistical analysis of its
estimates. The inverse transform method produces much larger A? values for
RS-estimates as in the case of the European call option example.

In Figure 12 we plot the standard deviation of 40 estimates for each
N (N = 105, 2 x 105,...,10°%). Forty estimates are obtained by independent
randomizations of each method. In the RS-scrHalton method we take L =
100, and in ScrFaure, the level of randomization is 2.

It is interesting to note that the RShiftHalton and RStartHalton methods
now produce a higher standard deviation than the two Monte Carlo methods;
a complete reversal of what we observed in the European call example. This
is probably a consequence of the increased dimension of the problem, from
K = 40 (in the European call problem) to K = 80. The ScrFaure (level 2) and
LinScrFaure methods have slightly smaller variance than the RS-scrHalton
method (except for one sample size for LinScrFaure).

In Figures 13 and 14, we plot the time and efficiency of the methods. The
timing results are similar to those obtained for the European call option. The
RS-scrHalton method has the best efficiency; however we emphasize that this
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Figure 12: Geometric Asian option. Standard deviation of estimates.

method failed the A2 test for sample sizes up to 400,000 (see the previous
table). The Monte Carlo methods have now a better efficiency than the
RShiftHalton and RStartHalton methods. The efficiency of the generator
tt800 is better than drand and LinScrFaure except for one data point for the
former, and two data points for the latter method. The ScrFaure efficiency
is between the Monte Carlo methods.

4 Conclusion

Our numerical results suggest that in low-dimensional problems, the random-
ized quasi-Monte Carlo methods can offer gains not only in error reduction
but also in efficiency, when compared to the Monte Carlo method. In higher
dimensions, we observed that the RShiftHalton and RStartHalton methods
produced estimates with larger variance than the Monte Carlo methods. The
ScrFaure, LinScrFaure, and RS-scrHalton methods still provide estimates
with smaller variance, but except for RS-scrHalton, the increased execution
time cancels out gains in error reduction. The asymptotically unbiased RS-
scrHalton method gave the best efficiency results, however, the sample size
should be sufficiently large for the inherent bias to stay within acceptable lev-
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Figure 13: Geometric Asian option. Timing results.
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Figure 14: Geometric Asian option. Efficiency of the simulation methods.
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els. We note that our efficiency results constitute by no means the final word
on this issue, and they are subject to change with faster implementations of
the randomized quasi-Monte Carlo methods.

The adverse effects of high dimensionality to the quasi-Monte Carlo method
can be lessened by using techniques that reduce the “effective” dimension of
the problem. Examples are the Brownian bridge technique (see Caflisch et al.
(1997), who also discuss the notion of effective dimension) and the principal
components technique (see Acworth et al. (1998)). Our numerical results
suggest that these methods may be needed to improve the quasi-Monte esti-
mates in dimensions as small as 80.

We also observed that the Box-Muller transform consistently provided
estimates with better statistical accuracy than that of the inverse transform
method, in the case of randomized quasi-Monte Carlo methods. The in-
teraction of random variable generation techniques (inverse transform, Box-
Muller, etc.) with low-discrepancy sequences poses interesting research ques-
tions.

Acknowledgement 7 We thank the anonymous referee for his/her helpful
suggestions.
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